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3.21 Segment of a Circle 
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Figure 36. 
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Figure 60. 
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4.3. Signs of Trigonometric Functions 
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4.16 Powers of Trigonometric Functions 
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=

470. fåîÉêëÉ=pÉÅ~åí=cìåÅíáçå==

( ] [ ) KI
OO

IMñëÉÅ~êÅIINNIñIñ=~êÅëÉÅó 




 π
π

∪




 π

∈∞∪−∞−∈=

=
 

Figure 70. 
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Figure 71. 
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4.18 Principal Values of Inverse              
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609. jáÇéçáåí=çÑ=~=iáåÉ=pÉÖãÉåí=

O

ññ
ñ ON

M

+
= I= N=λ K=

=
=
=

7.2 Two-Dimensional Coordinate System 
=
mçáåí=ÅççêÇáå~íÉëW= Mñ I= Nñ I= Oñ I= Mó I= Nó I= Oó =

mçä~ê=ÅççêÇáå~íÉëW= ϕIê =
oÉ~ä=åìãÄÉêW=λ ==
mçëáíáîÉ=êÉ~ä=åìãÄÉêëW=~I=ÄI=ÅI==
aáëí~åÅÉ=ÄÉíïÉÉå=íïç=éçáåíëW=Ç=
^êÉ~W=p=
=
=

610. aáëí~åÅÉ=_ÉíïÉÉå=qïç=mçáåíë=
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O

NO óóññ^_Ç −+−== =

=

=
=

Figure 88. 
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7.3 Straight Line in Plane 
=
mçáåí=ÅççêÇáå~íÉëW=uI=vI=ñI= Mñ I= Nñ I== Mó I= Nó I= N~ I= O~ I=£==

oÉ~ä=åìãÄÉêëW=âI=~I=ÄI=éI=íI=^I=_I=`I= N^ I= O^ I=£=
^åÖäÉëW=α I=β =
^åÖäÉ=ÄÉíïÉÉå=íïç=äáåÉëW=ϕ =
kçêã~ä=îÉÅíçêW= å

r
=

mçëáíáçå=îÉÅíçêëW= ê
r

I= ~
r

I= Ä
r

=
=
=

622. dÉåÉê~ä=bèì~íáçå=çÑ=~=píê~áÖÜí=iáåÉ=
M`_ó^ñ =++ =

=
623. kçêã~ä=sÉÅíçê=íç=~=píê~áÖÜí=iáåÉ=

qÜÉ=îÉÅíçê= ( )_I^å
r

=áë=åçêã~ä=íç=íÜÉ=äáåÉ= M`_ó^ñ =++ K=
=

=
=

Figure 98. 
=

624. bñéäáÅáí=bèì~íáçå=çÑ=~=píê~áÖÜí=iáåÉ=EpäçéÉ-fåíÉêÅÉéí=cçêãF=
Äâñó += K==
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=

=
=

Figure 99. 
=

625. dê~ÇáÉåí=çÑ=~=iáåÉ==

NO
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ññ
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−
−

=α= =

=

=
=

Figure 100. 
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Figure 102. 
=

628. fåíÉêÅÉéí=cçêã=

N
Ä

ó

~

ñ
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=

=
=

Figure 103.  
=
=
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Figure 105.  
=

631. sÉêíáÅ~ä=iáåÉ=
~ñ = =

=
632. eçêáòçåí~ä=iáåÉ=

Äó = =
=

633. sÉÅíçê=bèì~íáçå=çÑ=~=píê~áÖÜí=iáåÉ=

Äí~ê
rrr

+= I==
ïÜÉêÉ==
l=áë=íÜÉ=çêáÖáå=çÑ=íÜÉ=ÅççêÇáå~íÉëI=
u=áë=~åó=î~êá~ÄäÉ=éçáåí=çå=íÜÉ=äáåÉI==
~
r

=áë=íÜÉ=éçëáíáçå=îÉÅíçê=çÑ=~=âåçïå=éçáåí=^=çå=íÜÉ=äáåÉ=I=

Ä
r

=áë=~=âåçïå=îÉÅíçê=çÑ=ÇáêÉÅíáçåI=é~ê~ääÉä=íç=íÜÉ=äáåÉI==
í=áë=~=é~ê~ãÉíÉêI==

→

=luê
r

=áë=íÜÉ=éçëáíáçå=îÉÅíçê=çÑ=~åó=éçáåí=u=çå=íÜÉ=äáåÉK==
=
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Figure 106. 
=

634. píê~áÖÜí=iáåÉ=áå=m~ê~ãÉíêáÅ=cçêã=





+=
+=

OO

NN

íÄ~ó

íÄ~ñ
I==

ïÜÉêÉ==
( )óIñ ~êÉ=íÜÉ=ÅççêÇáå~íÉë=çÑ=~åó=ìåâåçïå=éçáåí=çå=íÜÉ=äáåÉI==
( )ON ~I~ =~êÉ=íÜÉ=ÅççêÇáå~íÉë=çÑ=~=âåçïå=éçáåí=çå=íÜÉ=äáåÉI==
( )ON ÄIÄ =~êÉ=íÜÉ=ÅççêÇáå~íÉë=çÑ=~=îÉÅíçê=é~ê~ääÉä=íç=íÜÉ=äáåÉI==
í=áë=~=é~ê~ãÉíÉêK=
=
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^O

^cQba
o

OO −+
= K 

=
=
=

7.5 Ellipse 
=
pÉãáã~àçê=~ñáëW=~=
pÉãáãáåçê=~ñáëW=Ä=
cçÅáW= ( )MIÅcN − I= ( )MIÅcO =
aáëí~åÅÉ=ÄÉíïÉÉå=íÜÉ=ÑçÅáW=OÅ= =
bÅÅÉåíêáÅáíóW=É==
oÉ~ä=åìãÄÉêëW=^I=_I=`I=aI=bI=cI=í=
mÉêáãÉíÉêW=i=
^êÉ~W=p=
=
=

645. bèì~íáçå=çÑ=~å=bääáéëÉ=Epí~åÇ~êÇ=cçêãF 

N
Ä

ó

~

ñ
O

O

O

O

=+  

=
=

Figure 115. 
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======== =
=

Figure 124. 
=

         
=

Figure 125. 
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672. jáÇéçáåí=çÑ=~=iáåÉ=pÉÖãÉåí=
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674. sçäìãÉ=çÑ=~=qÉíê~ÜÉÇêçå=
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676. kçêã~ä=sÉÅíçê=íç=~=mä~åÉ=
qÜÉ=îÉÅíçê= ( )`I_I^å

r
=áë=åçêã~ä=íç=íÜÉ=éä~åÉ=

Ma`ò_ó^ñ =+++ K=
=

=== =
=

Figure 127. 
=

677. m~êíáÅìä~ê=`~ëÉë=çÑ=íÜÉ=bèì~íáçå=çÑ=~=mä~åÉ=
Ma`ò_ó^ñ =+++ =

=
fÑ= M^ = I=íÜÉ=éä~åÉ=áë=é~ê~ääÉä=íç=íÜÉ=ñ-~ñáëK=
fÑ= M_ = I=íÜÉ=éä~åÉ=áë=é~ê~ääÉä=íç=íÜÉ=ó-~ñáëK=
fÑ= M` = I=íÜÉ=éä~åÉ=áë=é~ê~ääÉä=íç=íÜÉ=ò-~ñáëK=
fÑ= Ma= I=íÜÉ=éä~åÉ=äáÉë=çå=íÜÉ=çêáÖáåK==
=
fÑ= M_^ == I=íÜÉ=éä~åÉ=áë=é~ê~ääÉä=íç=íÜÉ=ñó-éä~åÉK=
fÑ= M`_ == I=íÜÉ=éä~åÉ=áë=é~ê~ääÉä=íç=íÜÉ=óò-éä~åÉK=
fÑ= M`^ == I=íÜÉ=éä~åÉ=áë=é~ê~ääÉä=íç=íÜÉ=ñò-éä~åÉK=
=
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====== =
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Figure 131.  
=
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====== =
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Figure 133. 
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684. m~ê~ääÉä=mä~åÉë=
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=
685. mÉêéÉåÇáÅìä~ê=mä~åÉë=
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Maò`ó_ñ^ OOOO =+++ =~êÉ=éÉêéÉåÇáÅìä~ê=áÑ==
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=

686. bèì~íáçå=çÑ=~=mä~åÉ=qÜêçìÖÜ= ( )NNN òIóIñm =~åÇ=m~ê~ääÉä=qç=
íÜÉ=sÉÅíçêë= ( )NNN ÅIÄI~ =~åÇ= ( )OOO ÅIÄI~ =EcáÖKNPOF=
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Figure 140. 
=
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699. dÉåÉê~ä=nì~Çê~íáÅ=bèì~íáçå=
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Figure 148. 
=
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Figure 150. 
=
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=
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===== =
=

Figure 152. 
=

727. `çãéçëáíÉ=cìåÅíáçå=
( )ìÑó = I= ( )ñÖì = I= ( )( )ñÖÑó = =áë=~=ÅçãéçëáíÉ=ÑìåÅíáçåK=

=
728. iáåÉ~ê=cìåÅíáçå=

Ä~ñó += I= = oñ∈ I= = α= í~å~ ==áë=íÜÉ=ëäçéÉ=çÑ=íÜÉ=äáåÉI==Ä==áë=

íÜÉ=ó-áåíÉêÅÉéíK=
=
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===== =
=

Figure 169. 
=

744. fåîÉêëÉ=eóéÉêÄçäáÅ=`çëáåÉ=cìåÅíáçå==
ñ~êÅÅçëÜó = I= [ )∞∈ INñ K=

=

===== =
=

Figure 170. 
=

745. fåîÉêëÉ=eóéÉêÄçäáÅ=q~åÖÉåí=cìåÅíáçå==
ñ~êÅí~åÜó = I= ( )NINñ −∈ K=

=
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8.3 Definition and Properties of the Derivative 
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=
=

Figure 177. 
=

829. içÅ~ä=ÉñíêÉã~=
^=ÑìåÅíáçå=ÑEñF=Ü~ë=~=äçÅ~ä=ã~ñáãìã=~í= Nñ =áÑ=~åÇ=çåäó=áÑ=
íÜÉêÉ=Éñáëíë=ëçãÉ=áåíÉêî~ä=Åçåí~áåáåÖ= Nñ =ëìÅÜ=íÜ~í=
( ) ( )ñÑñÑ N ≥ =Ñçê=~ää=ñ=áå=íÜÉ=áåíÉêî~ä=EcáÖKNTTFK==

=
^=ÑìåÅíáçå=ÑEñF=Ü~ë=~=äçÅ~ä=ãáåáãìã=~í= Oñ =áÑ=~åÇ=çåäó=áÑ=
íÜÉêÉ=Éñáëíë=ëçãÉ=áåíÉêî~ä=Åçåí~áåáåÖ= Oñ =ëìÅÜ=íÜ~í=
( ) ( )ñÑñÑ O ≤ =Ñçê=~ää=ñ=áå=íÜÉ=áåíÉêî~ä=EcáÖKNTTFK=

=
830. `êáíáÅ~ä=mçáåíë=

^=ÅêáíáÅ~ä=éçáåí=çå=ÑEñF=çÅÅìêë=~í= Mñ =áÑ=~åÇ=çåäó=áÑ=ÉáíÜÉê=

( )MñÑ ′ =áë=òÉêç=çê=íÜÉ=ÇÉêáî~íáîÉ=ÇçÉëå∞í=ÉñáëíK=

=
831. cáêëí=aÉêáî~íáîÉ=qÉëí=Ñçê=içÅ~ä=bñíêÉã~K=
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8.7 Differential 
=
cìåÅíáçåëW=ÑI=ìI=î=
fåÇÉéÉåÇÉåí=î~êá~ÄäÉW=ñ=
aÉêáî~íáîÉ=çÑ=~=ÑìåÅíáçåW= ( )ñó′ I= ( )ñÑ ′ =
oÉ~ä=Åçåëí~åíW=`=
aáÑÑÉêÉåíá~ä=çÑ=ÑìåÅíáçå= ( )ñÑó = W=Çó=
aáÑÑÉêÉåíá~ä=çÑ=ñW=Çñ=
pã~ää=ÅÜ~åÖÉ=áå=ñW= ñ∆ =
pã~ää=ÅÜ~åÖÉ=áå=óW= ó∆ =
=
=

838. ÇñóÇó ′= =
=

839. ( ) ( ) ( ) ññÑñÑññÑ ∆′+=∆+ =
=

=
=

Figure 178. 

Preview from Notesale.co.uk

Page 231 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

229 
 

880. ( ) ( )
( ) `

Nå~

Ä~ñ
ÇñÄ~ñ

Nå
å +

+
+

=+
+

∫ I= Nå −≠ K=

=

881. `ñäå
ñ

Çñ
+=∫ =

=

882. `Ä~ñäå
~

N

Ä~ñ

Çñ
++=

+∫ =

=

883. `ÇÅñäå
Å

~ÇÄÅ
ñ

Å

~
Çñ

ÇÅñ

Ä~ñ
O

++
−

+=
+
+

∫ =

=

884. ( )( ) `
~ñ

Äñ
äå

Ä~

N

Äñ~ñ

Çñ
+

+
+

−
=

++∫ I= Ä~ ≠ K=

=

885. ( ) `Äñ~äå~Äñ~
Ä

N

Äñ~

ñÇñ
O

++−+=
+∫ =

=

886. ( ) ( ) `Äñ~äå~Äñ~~OÄñ~
O

N

Ä

N

Äñ~

Çññ OO

P

O

+



 +++−+=

+∫ =

=

887. ( ) `
ñ

Äñ~
äå

~

N

Äñ~ñ

Çñ
+

+
=

+∫ =

=

888. ( ) `
ñ

Äñ~
äå

~

Ä

~ñ

N

Äñ~ñ

Çñ
OO

+
+

+−=
+∫ =

=

889. 
( )

`
Äñ~

~
Äñ~äå

Ä

N

Äñ~

ñÇñ
OO +








+
++=

+∫ =

=

Preview from Notesale.co.uk

Page 239 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

236 
 

945. ( ) ( ) +−−−=−∫ OOOOO
P

OO ~ñ~RñO
U

ñ
Çñ~ñ =

`~ññäå
U

~P OO
Q

+−++ =

=

946. `
~

ñ
~êÅëáå

O

~
ñ~

O

ñ
Çññ~

O
OOOO ++−=−∫ =

=

947. ( ) `ñ~
P

N
Çññ~ñ O

P
OOOO +−−=−∫ =

=

948. ( ) `
~

ñ
~êÅëáå

U

~
ñ~~ñO

U

ñ
Çññ~ñ

Q
OOOOOOO ++−−=−∫ =

=

949. `
ñ~~

ñ
äå~ñ~Çñ

ñ

ñ~
OO

OO
OO

+
−+

+−=
−

∫ =

=

950. `
~

ñ
~êÅëáå

ñ

ñ~
Çñ

ñ

ñ~ OO

O

OO

+−
−

−=
−

∫ =

=

951. `ñ~êÅëáå
ñN

Çñ
O

+=
−

∫ =

=

952. `
~

ñ
ëáå

ñ~

Çñ
OO

+=
−

∫ =

=

953. `ñ~
ñ~

ñÇñ OO

OO
+−−=

−∫ =

=

954. `
~

ñ
~êÅëáå

O

~
ñ~

O

ñ

ñ~

Çññ O
OO

OO

O

++−−=
−∫ =

Preview from Notesale.co.uk

Page 246 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

239 
 

975. `ñëáå
P

N
ÇññÅçëñëáå PO +=∫ =

=

976. `ñÅçë
P

N
ÇññÅçëñëáå PO +−=∫ =

=

977. `ñQëáå
PO

N

U

ñ
ÇññÅçëñëáå OO +−=∫ =

=

978. `ñÅçëäåñÇñí~å +−=∫ =

=

979. `ñëÉÅ`
ñÅçë

N
Çñ

ñÅçë

ñëáå
O

+=+=∫ =

=

980. `ñëáå
QO

ñ
í~åäåÇñ

ñÅçë

ñëáåO

+−





 π

+=∫ =

=

981. `ññí~åÇññí~åO +−=∫ =

=

982. `ñëáåäåñÇñÅçí +=∫ =

=

983. `ñÅëÅ`
ñëáå

N
Çñ

ñëáå

ñÅçë
O

+−=+−=∫ =

=

984. `ñÅçë
O

ñ
í~åäåÇñ

ñëáå

ñÅçëO

++=∫ =

=

985. `ññÅçíÇññÅçíO +−−=∫ =

=

986. `ñí~åäå
ñëáåñÅçë

Çñ
+=∫ =

Preview from Notesale.co.uk

Page 249 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

242 
 

1008. `ñÅëÅÜñÇñÅçíÜñÅëÅÜ +−=∫ =

=
=
=

9.6 Integrals of Exponential and Logarithmic 
Functions 

=

1009. `ÉÇñÉ ññ +=∫ =

=

1010. `
~äå

~
Çñ~

ñ
ñ +=∫ =

=

1011. `
~

É
ÇñÉ

~ñ
~ñ +=∫ =

=

1012. ( ) `N~ñ
~

É
ÇññÉ

O

~ñ
~ñ +−=∫ =

=

1013. `ññäåñÇññäå +−=∫ =

=

1014. `ñäåäå
ñäåñ

Çñ
+=∫ =

=

1015. 
( )

`
Nå

N

Nå

ñäå
ñÇññäåñ O

Nåå +







+

−
+

= +∫ =

=

1016. `É
Ä~

ÄñÅçëÄÄñëáå~
ÇñÄñëáåÉ ~ñ

OO

~ñ +
+
−

=∫ =

=

Preview from Notesale.co.uk

Page 252 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

244 
 

∫ −

+
−

− ñÇñÅçëÜñëáåÜ
ãå

Nå ãOå =

=

1026. ∫∫ −− +
−

−= ñÇñí~åÜñí~åÜ
Nå

N
ñÇñí~åÜ OåNåå I= Nå ≠ K=

=

1027. ∫∫ −− +
−

−= ñÇñÅçíÜñÅçíÜ
Nå

N
ñÇñÅçíÜ OåNåå I= Nå ≠ K=

=

1028. ∫∫ −
−

−
−

+
−

= ñÇñëÉÅÜ
Nå

Oå

Nå

ñí~åÜñëÉÅÜ
ñÇñëÉÅÜ Oå

Oå
å I= Nå ≠ K=

=

1029. ∫∫ −− −
+−= ñÇñëáå

å

Nå
ñÅçëñëáå

å

N
ñÇñëáå OåNåå =

=

1030. ( ) ∫∫ −− −
−

+
−

−=
ñëáå

Çñ

Nå

Oå

ñëáåNå

ñÅçë

ñëáå

Çñ
OåNåå

I= Nå ≠ K=

=

1031. ∫∫ −− −
+= ñÇñÅçë

å

Nå
ñÅçëñëáå

å

N
ñÇñÅçë OåNåå =

=

1032. ( ) ∫∫ −− −
−

+
−

=
ñÅçë

Çñ

Nå

Oå

ñÅçëNå

ñëáå

ñÅçë

Çñ
OåNåå

I= Nå ≠ K=

=

1033. 
ãå

ñÅçëñëáå
ñÇñÅçëñëáå

NãNå
ãå

+
=

−+

∫ =

∫ −

+
−

+ ñÇñÅçëñëáå
ãå

Nã Oãå =

=

1034. 
ãå

ñÅçëñëáå
ñÇñÅçëñëáå

NãNå
ãå

+
−=

+−

∫ =

Preview from Notesale.co.uk

Page 254 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

249 
 

1063. cìåÇ~ãÉåí~ä=qÜÉçêÉã=çÑ=`~äÅìäìë=

( ) ( ) ( ) ( )~cÄcñcÇññÑ
Ä

~

Ä

~

−==∫ =áÑ= ( ) ( )ñÑñc =′ K=

=
1064. jÉíÜçÇ=çÑ=pìÄëíáíìíáçå==

fÑ= ( )íÖñ = I=íÜÉå==

( ) ( )( ) ( )∫∫ ′=
Ç

Å

Ä

~

ÇííÖíÖÑÇññÑ I==

ïÜÉêÉ=
( )~ÖÅ N−= I= ( )ÄÖÇ N−= K=

=
1065. fåíÉÖê~íáçå=Äó=m~êíë=

( ) ∫∫ −=
Ä

~

Ä

~

Ä

~

îÇììîìÇî =

=
1066. qê~éÉòçáÇ~ä=oìäÉ=

( ) ( ) ( ) ( )







++

−
= ∑∫

−

=

Nå

Ná
áåM

Ä

~

ñÑOñÑñÑ
åO

~Ä
ÇññÑ =

=Preview from Notesale.co.uk

Page 259 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

256 
 

• fÑ= ( )∫
∞

~

ÇññÑ =áë=ÅçåîÉêÖÉåíI=íÜÉå= ( )∫
∞

~

ÇññÖ =áë=~äëç=

=====ÅçåîÉêÖÉåíI=

• fÑ= ( )∫
∞

~

ÇññÖ =áë=ÇáîÉêÖÉåíI=íÜÉå= ( )∫
∞

~

ÇññÑ =áë=~äëç=ÇáîÉêÖÉåíK=

=
1075. ̂ ÄëçäìíÉ=`çåîÉêÖÉåÅÉ=

=

fÑ= ( )∫
∞

~

ÇññÑ =áë=ÅçåîÉêÖÉåíI=íÜÉå=íÜÉ=áåíÉÖê~ä ( )∫
∞

~

ÇññÑ =áë=~Äëç-

äìíÉäó=ÅçåîÉêÖÉåíK===
=

1076. aáëÅçåíáåìçìë=fåíÉÖê~åÇ=
iÉí= ( )ñÑ =ÄÉ=~=ÑìåÅíáçå=ïÜáÅÜ=áë=Åçåíáåìçìë=çå=íÜÉ=áåíÉêî~ä==
[ )ÄI~ =Äìí=áë=ÇáëÅçåíáåìçìë=~í= Äñ = K=qÜÉå==

( ) ( )∫∫
ε−

+→ε
=

Ä

~
M

Ä

~

ÇññÑäáãÇññÑ =

=

=
=

Figure 187. 

Preview from Notesale.co.uk

Page 266 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

260 
 

= ( ) ( )∫∫∫∫ ≤
op

Ç^óIñÑÇ^óIñÑ K=

=

=
=

Figure 191. 
=

1084. fÑ= ( ) MóIñÑ ≥ =çå=o=~åÇ=o=~åÇ=p=~êÉ=åçå-çîÉêä~ééáåÖ=

êÉÖáçåëI=íÜÉå= ( ) ( ) ( )∫∫∫∫∫∫ +=
∪ popo

Ç^óIñÑÇ^óIñÑÇ^óIñÑ K==

eÉêÉ= po∪ =áë=íÜÉ=ìåáçå=çÑ=íÜÉ=êÉÖáçåë=o=~åÇ=pK=
=

=
=

Figure 192. 
=
=

Preview from Notesale.co.uk

Page 270 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

280 
 

1130. iÉåÖíÜ=çÑ=~=`ìêîÉ=

( ) ∫∫∫
β

α

β

α







+






+






=== Çí

Çí

Çò

Çí

Çó

Çí

Çñ
Çíí

Çí

êÇ
Çëi

OOO

`

r

I=

ïÜÉêÉ=`=á~=~=éáÉÅÉïáëÉ=ëãççíÜ=ÅìêîÉ=ÇÉëÅêáÄÉÇ=Äó=íÜÉ=éçëá-
íáçå=îÉÅíçê= ( )íê

r
I= β≤≤α í K=

=
fÑ=íÜÉ=ÅìêîÉ=`=áë=íïç-ÇáãÉåëáçå~äI=íÜÉå=

( ) ∫∫∫
β

α

β

α







+






=== Çí

Çí

Çó

Çí

Çñ
Çíí

Çí

êÇ
Çëi

OO

`

r

K==

=
fÑ=íÜÉ=ÅìêîÉ=`=áë=íÜÉ=Öê~éÜ=çÑ=~=ÑìåÅíáçå= ( )ñÑó = =áå=íÜÉ=ñó-
éä~åÉ= ( )Äñ~ ≤≤ I=íÜÉå==

∫ 





+=

Ä

~

O

Çñ
Çñ

Çó
Ni K==

=
1131. iÉåÖíÜ=çÑ=~=`ìêîÉ=áå=mçä~ê=`ççêÇáå~íÉë=

∫
β

α

θ+






θ

= Çê
Ç

Çê
i O

O

I==

ïÜÉêÉ=íÜÉ=ÅìêîÉ=`=áë=ÖáîÉå=Äó=íÜÉ=Éèì~íáçå= ( )θ= êê I=
β≤θ≤α =áå=éçä~ê=ÅççêÇáå~íÉëK===

=
1132. j~ëë=çÑ=~=táêÉ=

( )∫ρ=
`

ÇëòIóIñã I==

ïÜÉêÉ= ( )òIóIñρ =áë=íÜÉ=ã~ëë=éÉê=ìåáí=äÉåÖíÜ=çÑ=íÜÉ=ïáêÉK=
=

fÑ=`=áë=~=ÅìêîÉ=é~ê~ãÉíêáòÉÇ=Äó=íÜÉ=îÉÅíçê=ÑìåÅíáçå 
( ) ( ) ( ) ( )íòIíóIíñíê =
r

I==íÜÉå==íÜÉ==ã~ëë==Å~å==ÄÉ==ÅçãéìíÉÇ=Äó=

íÜÉ=Ñçêãìä~=

Preview from Notesale.co.uk

Page 290 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

293 
 

ïÜÉêÉ= ( )êî
rr

=áë=íÜÉ=ÑäìáÇ=îÉäçÅáíóK=
==

1161. j~ëë=cäìñ=E~Åêçëë=íÜÉ=ëìêÑ~ÅÉ=pF=

( )∫∫ ⋅ρ=Φ
p

pÇêî
rrr

I==

ïÜÉêÉ= îc
rr

ρ= =áë=íÜÉ=îÉÅíçê=ÑáÉäÇI=ρ =áë=íÜÉ=ÑäìáÇ=ÇÉåëáíóK=
=

1162. pìêÑ~ÅÉ=`Ü~êÖÉ=

( )∫∫σ=
p

ÇpóIñn I==

ïÜÉêÉ= ( )óIñσ =áë=íÜÉ=ëìêÑ~ÅÉ=ÅÜ~êÖÉ=ÇÉåëáíóK=
=

1163. d~ìëë∞=i~ï=
qÜÉ=ÉäÉÅíêáÅ=Ñäìñ=íÜêçìÖÜ=~åó=ÅäçëÉÇ=ëìêÑ~ÅÉ=áë=éêçéçêíáçå~ä=
íç=íÜÉ=ÅÜ~êÖÉ=n=ÉåÅäçëÉÇ=Äó=íÜÉ=ëìêÑ~ÅÉ=

Mp

n
pÇb

ε
=⋅=Φ ∫∫

rr
I==

ïÜÉêÉ==
Φ =áë=íÜÉ=ÉäÉÅíêáÅ=ÑäìñI==

b
r

=áë=íÜÉ=ã~ÖåáíìÇÉ=çÑ=íÜÉ=ÉäÉÅíêáÅ=ÑáÉäÇ=ëíêÉåÖíÜI=

ã

c
NMURIU NO

M
−×=ε =áë=éÉêãáííáîáíó=çÑ=ÑêÉÉ=ëé~ÅÉK==

=
=

Preview from Notesale.co.uk

Page 303 of 338



CHAPTER 10.  DIFFERENTIAL EQUATIONS 

298 
 

1172. mçéìä~íáçå=aóå~ãáÅë=EiçÖáëíáÅ=jçÇÉäF=







 −=

j

m
Nâm

Çí

Çm
I==

ïÜÉêÉ= ( )ím =áë=éçéìä~íáçå=~í=íáãÉ=íI=â=áë=~=éçëáíáîÉ=Åçåëí~åíI=
j=áë=~=äáãáíáåÖ=ëáòÉ=Ñçê=íÜÉ=éçéìä~íáçåK==
=
qÜÉ=ëçäìíáçå=çÑ=íÜÉ=ÇáÑÑÉêÉåíá~ä=Éèì~íáçå=áë==

( ) ( ) âí
MM

M

Émjm

jm
ím −−+
= I=ïÜÉêÉ= ( )MmmM = =áë=íÜÉ=áåáíá~ä=éçéì- 

ä~íáçå=~í=íáãÉ= Mí = K===
=
=
=

10.2 Second Order Ordinary Differential 
Equations 

=
1173. eçãçÖÉåÉçìë=iáåÉ~ê=bèì~íáçåë=ïáíÜ=`çåëí~åí=`çÉÑÑáÅáÉåíë==

Mèóóéó =+′+′′ K==
qÜÉ=ÅÜ~ê~ÅíÉêáëíáÅ=Éèì~íáçå=áë==

MèéO =+λ+λ K==
=
fÑ= Nλ = ~åÇ= Oλ = ~êÉ= ÇáëíáåÅí= êÉ~ä= êççíë= çÑ= íÜÉ= ÅÜ~ê~ÅíÉêáëíáÅ=
Éèì~íáçåI=íÜÉå=íÜÉ=ÖÉåÉê~ä=ëçäìíáçå=áë==

ñ
O

ñ
N

ON É`É`ó λλ += I=ïÜÉêÉ==

N` =~åÇ= O` =~êÉ=áåíÉÖê~íáçå=Åçåëí~åíëK==
==

fÑ=
O

é
ON −=λ=λ I=íÜÉå=íÜÉ=ÖÉåÉê~ä=ëçäìíáçå=áë==

( ) ñ
O

é

ON Éñ``ó
−

+= K==
=
fÑ= Nλ =~åÇ= Oλ =~êÉ=ÅçãéäÉñ=åìãÄÉêëW=

Preview from Notesale.co.uk

Page 308 of 338



304 
 

Chapter  11  

Series 
=
=
=
=

11.1 Arithmetic Series 
=
fåáíá~ä=íÉêãW= N~ =
kíÜ=íÉêãW= å~ =
aáÑÑÉêÉåÅÉ=ÄÉíïÉÉå=ëìÅÅÉëëáîÉ=íÉêãëW=Ç=
kìãÄÉê=çÑ=íÉêãë=áå=íÜÉ=ëÉêáÉëW=å=
pìã=çÑ=íÜÉ=Ñáêëí=å=íÉêãëW= åp =
=
=

1184. ( )ÇNå~ÇO~Ç~~ NOåNåå −+==+=+= −− K =
=

1185. áNåáNåOåN ~~~~~~ −+− +==+=+ K =
=

1186. 
O

~~
~ NáNá

á
+− +

= =

=

1187. ( )
å

O

ÇNå~O
å

O

~~
p NåN

å ⋅
−+

=⋅
+

= =

=
=
=
=
=

Preview from Notesale.co.uk

Page 314 of 338



CHAPTER 11.  SERIES 

317 
 

1248. ( ) ( )∑
∞

=

++=
Nå

åå
M åñëáåÄåñÅçë~

O

~
ñÑ =

=

1249. ( )∫
π

π−π
= ÇñåñÅçëñÑ

N
~å ==

=

1250. ( )∫
π

π−π
= ÇñåñëáåñÑ

N
Äå ==

=
=

Preview from Notesale.co.uk

Page 327 of 338



CHAPTER 12.  PROBABILITY 

320 
 

1260. o~åÖÉ=çÑ=mêçÄ~Äáäáíó=s~äìÉë=
( ) N^mM ≤≤ =

=
1261. ̀ Éêí~áå=bîÉåí=

( ) N^m = =
=

1262. fãéçëëáÄäÉ=bîÉåí=
( ) M^m = =

=
1263. ̀ çãéäÉãÉåí=

( ) ( )^mN^m −= =
=

1264. fåÇÉéÉåÇÉåí=bîÉåíë=
( ) ( )^m_L^m = I==
( ) ( )_m^L_m = =

=
1265. ̂ ÇÇáíáçå=oìäÉ=Ñçê=fåÇÉéÉåÇÉåí=bîÉåíë=

( ) ( ) ( )_m^m_^m +=∪ =
=

1266. jìäíáéäáÅ~íáçå=oìäÉ=Ñçê=fåÇÉéÉåÇÉåí=bîÉåíë=
( ) ( ) ( )_m^m_^m ⋅=∩ =

=
1267. dÉåÉê~ä=^ÇÇáíáçå=oìäÉ=

( ) ( ) ( ) ( )_^m_m^m_^m ∩−+=∪ I==
ïÜÉêÉ==

_^∪ =áë=íÜÉ=ìåáçå=çÑ=ÉîÉåíë=^=~åÇ=_I==
_^∩ =áë=íÜÉ=áåíÉêëÉÅíáçå=çÑ=ÉîÉåíë=^=~åÇ=_K=

=
1268. ̀ çåÇáíáçå~ä=mêçÄ~Äáäáíó=

( ) ( )
( )_m

_^m
_L^m

∩
= =

=
1269. ( ) ( ) ( ) ( ) ( )^L_m^m_L^m_m_^m ⋅=⋅=∩ =

Preview from Notesale.co.uk

Page 330 of 338


