
{ −= xxA s aqvs P Tviseba  }
 

    magaliTi 1. 2 { }0>xx  warmoadgens yvela dadebiT ricxvTa 

simravles.  

    magaliTi 1. 3 { } { }1;1012 −==−xx  

 

simravles, romelic arcerT elements ar Seicavs carieli simravle 

ewodeba. igi ∅  simboloTi aRiniSneba.  

vTqvaT, mocemulia ori simravle A  da B . A  simravles ewodeba  B  

simravlis nawili, anu qvesimravle, Tu A  simravlis yoveli elementi 

B simravles ekuTvnis. Aam SemTxvevaSi weren BA ⊂  an AB ⊃ . Ees ikiTxeba 

ase: A simravle Sedis B simravleSi. carieli simravle yoveli A  

simravlis qvesimravled iTvleba. (imisaTvis, rom es winadadeba savsebiT 

cxadi gaxdes, sakmarisia zemoT moyvanili ganmarteba aseTi saxiT 

gamoiTqvas: A simravles ewodeba B simravlis qvesimravle, Tu Bx ∉  

damokidebulebidan gamomdinareobs Ax ∉ .) 

 

    MmagaliTi 1. 4 ganvixiloT simravle }{ cbaA ,,= . simravleebi ∅ , }{a , 

}{b , , , , ,  }{c }{ ba, }{ ca, }{ cb, }{ cba ,, A   simravlis qvesimravleebia. 

 

vTqvaT, A  da B  iseTi simravleebia, rom BA ⊂  da AB ⊂ .  maSin 

vityviT, rom A  da B  toli simravleebia da vwerT: BA = . 

 

 

magaliTi 1. 5  vTqvaT, }{ 9,5,1=A  da }{ 9,1,5=B . cxadia, rom BA = . 

 

magaliTi 1. 6 vTqvaT, }{ 065| 2 =+−= xxxA  ,  da }{ 3,2=B
}{ 0)3)(2)(5(sin| =−−+= yyyyC  . cxadia, rom CBA == . 

 

simravles ewodeba sasruli, Tu igi sasruli raodenobis 

elementebisgan Sedgeba. Mmag.: }9,7,1{=A sasruli simravlea. 

 Aaracariel simravles ewodeba usasrulo, Tu igi sasruli araa. 

Nnaturalur ricxvTa simravle aris usasrulo simravlis magaliTi. 

moqmedebebi simravleebze. vTqvaT mocemulia ori, A  da B  

simravle. A  da B  simravleebis gaerTianeba ewodeba yvela im 

elementebis simravles, romlebic A  da B  simravleebidan erT-erTs 

mainc ekuTvnian. A  da B  simravleebis gaerTianeba aRiniSneba A ∪ B  

simboloTi. Aamgvarad, { AxxBA ∈=∪  an }Bx ∈ . 
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                                   BA∪  
            

magaliTi 1. 7  ,}{ 9,7,1=A }{ 11,10,7,1=B  BA ∪ = }{ 11,10,9,7,1 . 

      

A  da B  simravleebis TanakveTa ewodeba yvela im elementebis 

simravles, romlebic erTdroulad ekuTvnian rogorc A  ise B  

simravles. A  da B  simravleebis TanakveTa aRiniSneba BA ∩  

simboloTi. Aamgvarad, { AxxBA ∈=∩  da }Bx ∈ . 

BA∩                                 
                       

     mag.aliTi 1. 8   }{ ,9,7,1=A }{ 11,10,7,1=B }{ 7,1=∩ BA  

      

 

    A  da B  simravleebis sxvaoba ewodeba A  simravlis yvela im 

elementebisagan Semdgar simravles, romlebic B  simravles ar 

ekuTvnian. A  da B  simravleTa sxvaoba aRiniSneba simboloTi. 

amgvarad,        =

BA \
BA \ {  da Axx ∈ Bx ∉ } . 

                                   BA \
    M magaliTi 1. 9.  , }{ 9,7,1=A }{ 11,10,7,1=B }{9\ =BA  

 

        

SeniSvna 1. 1.  sazogadod ( )BA \ ∪ AB ≠  

        

     MmagaliTi 1. 10.  , }{ 9,7,1=A }{ 11,10,17=B . cxadia, rom }{9\ =BA , 

magram  ( )BA \ }{ 11,10,9,5,1=∪ B A≠ . 
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16*. SeamowmeT tolobebi: 

   Aa) ; BXABXBA ×∪=×∪× )()()(
    b) ).()()()( YBXAYXBA ∩×∩=×∩×  

    g) samarTliani aris Tu ara  toloba 

     )()()()( YBXAYXBA ××∪=×∪×  ? 

17. daStrixeT simravleebi a) { | 4 2 0}x x + ≤ ; b) 
2{ | 3 2 0}x x x− + ≤ ;  

   g) ;  d) }1cossin|{ 22 −<+ xxx }21|{ >+
x

xx ;  e) ; }6650|{ 2 <+−< xxx

   v) { | . | 5 3 | 1}x x− <
 

 

 

 

 

2. funqcia 
  

              elementaruli warmodgenebi funqciebze 
  

Ffunqciis cneba maTematikis erT-erTi umniSvnelovanesi cnebaa. 

aRniSnuli cnebis gasaazreblad SevniSnoT, rom  fizikuri da 

geometriuli kanonzomierebebi gamoisaxeba rogorc ricxvebs Soris 

damokidebulebebi. praqtikisaTvis Aam Tanafardobebs Soris 

mniSvnelovania iseTi damokidebulebebi, rodesac erTi sididis 

raime mocemuli mniSvnelobiT calsaxad ganisazRvreba meore 

sididis mniSvneloba. magaliTad, Tu viciT, rom kvadratis gverdis 

sigrZea , maSin mis farTobs gamovTvliT calsaxad,  formuliT 

. swored es formula gamoxatavs funqciur (anu calsaxa) 

damokidebulebas  cvlads (kvadratis gverdis sigrZes) da  

cvlads (kvadratis farTobs) Soris. maSasadame kanonzomierebebi, 

romlis drosac erTi sididis mniSvneloba calsaxad gansazRvravs 

meore sididis mniSvnelobas, aRiwerebian ricxviTi funqciebiT.  

x
2xS =

x S

vTqvaT, E  aris namdvil ricxvTa simravlis raime aracarieli 

qvesimravle, xolo R  _ namdvil ricxvTa simravle. vityviT, rom E -

simravleze mocemulia (gansazRvrulia) funqcia mniSvnelobebiT R  

simravleSi, Tu mocemulia  wesi, romlis saSualebiTac f E  

simravlis yovel elements Seesabameba R  simralis erTaderTi 

elementi. aRniSnul faqts simbolurad ase CavwerT:  an 

.  

REf →:
RE f⎯→⎯ E  simravles funqciis gansazRvris are ewodeba, -s ki 

_ funqciis mocemis wesi.   zogad 

f
Ex ∈  elements vuwodebT 

funqciis arguments (an damoukidebel cvlads). Tu argumentis 

konkretul  mniSvnelobas mocemuli  wesiT eTanadeba 0x f Ry ∈0  

ricxvi, maSin -s vuwodebT  funqciis mniSvnelobas  wertilSi 0y f 0x
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 := f  → x  +  + x2 2 x 3  

> g:=x->x+3;
:= g  → x  + x 3  

> plot([f(x),g(x)],x=-2..2);
 

> h:=x->f(g(x));
:= h  → x ( )f ( )g x  

> h(x);
 +  + ( ) + x 3 2 2 x 9  

> r:=x->g(f(x));
:= r  → x ( )g ( )f x  

> r(x);
 +  + x2 2 x 6  

> plot([h(x),g(x)],x=-2..2);
 

 

 

 

2. vTqvaT, 
3
2

3
1)(,23)( +=−= xxgxxf  

xxxfxgfxgf =−+=+== 2)
3
2

3
1(3)

3
2

3
1())(())(( D  

xxxgxfgxfg =+−=−==
3
2)23(

3
1)23())(())(( D  

am SemTxvevaSi, rogorc vxedavT ))(())(( xfgxgf DD = . magaliTi 1-dan 

Cans, rom aseT tolobas yovelTvis ara aqvs adgili. 

im SemTxvevaSi, roca xxfgxgf == ))(())(( DD , saqme gvaqvs specialuri 

tipis da f g funqciebTan. 

   

   

Seqceuli funqcia. rogorc zemoT vnaxeT, Tu gvaqvs  da 23)( −= xxf

3
2

3
1)( += xxg  funqciebi, maSin xxfgxgf == ))(())(( DD . 

1
3
2)5(

3
1)5(52)1(3)1( −=+−=−⇒−=−−=− gf  

22
3
43)

3
4(

3
4

3
22

3
1)2( =−⋅=⇒=+⋅= fg  

rogorc vxedavT, -is mniSvneloba -1-Si aris -5, xolo -s 

mniSvneloba -5-Si -1-is tolia, 

f g
g -s mniSvneloba 2-Si 4/3-ia, maSin, 

roca -is mniSvneloba 4/3-Si aris 2. SevniSnoT, rom Cven f
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 magaliTi 2. 13. ganvixiloT  
x

xf 1)( −=   funqcia (0,1] 

SualedSi. Ee.i. .  Rf →]1,0(:

 
      es funqcia zemodan SemosazRvrulia, radgan yoveli 

x -sTvis (0,1]-dan   01)( <−=
x

xf . magram  araa f

SemosazRvruli, radgan igi araa qvemodan SemosazRvruli. 

marTlac, aviRoT nebismieri ragind didi  dadebiTi 0A

ricxvi ( ). aviRoT 1A > ]1,0(,
2
1

00 ∈= x
A

x  amasTan 

                    .21)(
0

0 AA
x

xf >==  

 

 e.i. 
x

xf 1)( −=  araa SemosazRvruli -ze. ]1,0(

L     
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2. funqciis mniSvnelobaTa area 

(cot)E = \  namdvil ricxvTa 

simravle; 

x∀3. funqcia kentia, e.i.  ∈\  

ricxvisaTvis samarTliania 

toloba cot( ) cotx x− = − ; 

4. funqcia periodulia, mas gaaCnia 

umciresi dadebiTi periodi, 

romelic π -s tolia, e.i. x∀ ∈\  

da k∀ ∈]  ricxvebisaTvis 

cot( ) cotx k xπ+ = ; 

5. funqcia dadebiT mniSvnelobebs 

Rebulobs ( , )
2

k k
k

ππ π∪ +
]∈

 simravle-

, xolo uaryofiT ze

mniSvnelobebs Rebulobs ( ,k k)
2k

π π π− +
∈
∪
]

 simravleze; 

6. ( , 2 )k kπ π π+k∀ ∈]  mTeli ricxvisaTvis funqcia klebadia  

saxis yovel intervalSi; 

 

 

          

7. funqciis grafiks aqvs Semdegi saxe  

 

arcsiny x=  funqcia  

   

mtkicdeba, rom siny x=  funqciis SezRudva [ ,
2 2

]π π
−  segmentze 

warmoadgens urTierTcalsaxa funqcias [ ,
2 2

]π π
−  segmentidan [ 1,1]−  

segmentze, amitom arsebobs am funqciis- 
[ , ]

2 2

sin | π π
−

 Seqceuli funqcia, 

in  simboloTi 

aRniSnave

romelsac arcs

n. e.i. arcsin :[ 1,1] [ ,
2 2

]π π
− → − , 

romelic ganimarteba tolobiT: 

sin(arcsin )x x , x∀ ∈ −[ 1,1] . =
SeniSvna 

warmo

2. 6. arcsin  funqcia 

adgens 
[

2 2
, ]

sin | π π  funqciis 
−

Seqceuls da ara  funqciis 

Seqceuls, amit

sin
om arcsin(sin )x x=  

toloba sazogadod arasworia, is 
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)(kxfy =  funqciis grafiki miiReba )(xfy =Aamoxsna.  funqciis 

grafikis k -jer  Sek o k -jer  gaWimviT, roca umSviT, r ca  da 

  RerZis gaswvriv.  Tu 

1>k
10 << k OX 0<k  maSin )(kxfy =  funqciis 

grafiki miiReba  funqciis grafikebi  RerZis mimarT 

simetriuli figurebia. 

sailustracioT ganvixiloT funqcia 

)( kxfy −= OY

dcx
baxy

+
+

=  romelsac wilad-

wrfiv funqcias uwodeben.  skolis rsidan CvenTvis kargadaa 

nobili 

ku

x
ky =c  funqciis Tvisebebi da misi grafiki romelic 

warmoadgens hiperbolas ( 0≠k ). vaCvenoT, rom roca  da 0≠c
d
b

c
a

≠  

maS  

Sev S

 

in wilad wrfivi funqciis grafiki hiperbolaa. 

ni noT, rom samarTliania warmodgena 

                         

c
dx

ca
adbc

cdcx
c

adb

dcx +

−

c
abax

+=
2

+

−

+
. 

avRniSnoT    

+=
+

k
c

adbc

c
dx

k
c
ay

+
+==

−
2 . maSin  funqciis gra  

SegviZlia miviRoT 

fiki

x
ky =  funqciis grafikidan  TanmimdevrobiT  

 d er ar at  3, 

4). 

 

 

 

 

savarjiSoebi 

 

1. qvemoT mocemuli Sesabamisobebidan gamoarkvieT romeli 

 

mniSvnelobaTa . 

are 

OX a mere OY  R Zis gaswvriv p aleluri gad aniT (amocana

warmoadgens funqcias. TiToeuli Sesabamisoba CawereT 

wyvilebis saSualebiT. 

mniSvnelobaTa . 

are 

2) gansazRvris 

are 

1 
 

5 
 

  

 − 2  
 
   0 
 
   2 
 
   4 

  1 
 
     0 
 
     1 

 −
2 
 

7 
 

3 9

1) gansazRvris 

are 
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        a)  
3
3sin2sinsin)( xxxxf ++=  

2
        b)   kxBkxAxf sincos)( +=

( ) cotf x x=          g)  

32
)( xtgxtgxf +=          d)   

 

   70.   SemosazRvrulia Tu ara Semdegi funqciebi  

        

2
2sinsin)( xxxf +=        a)   

  
1

1)(
+

=
x

xf        b)  

        g)  ]3,2[)(,
1

1)( =
−

= fD
x

xf  

2
)( xtgxf =          d)   

 

    71. ipoveT Semdegi funqciebis zrdadoba-klebadobis 

i, lokaluri da globaluri eqstremumis 

⎧

+∞∈−
∈−

−∞∈

),5(,5
]5,3(,5

]2,(,

xx
xx

xx

         

        b)   

         

         g)  

Sualedeb

wertilebi 

        a)  ⎨
∈

=
]3,2(,2

)(
x

xf  

⎪
⎪
⎩

⎪
⎪

⎪
⎪
⎩

⎪
⎪
⎨

⎧

∈−
∈−

∈
−∈

=

]10,5(,5
]5,3(,5

]3,2(,2
]2,5[,

)(

xx
xx

x
xx

xf

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

∈−
∈−

∈

∈
−

=

]01,5(,4
]5,4(,6

]4,3(,2

]3,2[,
1

1

)(

xx
xx

x

x
x

xf  

      

         d)   

 

   

]2,2[,2)( 2 −∈+= xxxxf  
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      72. ipoveT Semdegi funqciebis zrdadoba-klebadobis 

Sualedebi, lokaluri da globaluri eqstremumis 

wertilebi 

a) 

  
 

b) 

 
 

g) 
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⎩
⎨
⎧

≥
<

=
0,1
0,0

)(
x
x

xh  

 

rogorc vxedavT, roca  wertils 

vuaxlovdebiT marjvnidan, funqciis 

mniSvnelobebi uaxlovdebian 1-s, xolo 

Tu -s vuaxlovdebiT marcxnidan, 

maSin funqciis mniSvnelobebi 

uaxlovdebian 0-s. funqciis zRvris 

ganmartebis ZaliT, funqciis 

mniSvnelobebi unda miuaxlovdnen erT 

konkretul sidides, roca  uaxlovdeba 

-s (orive mxridan). am SemTxvevaSi es ar 

xdeba. e.i. am funqcias  wertilSi ara aqvs zRvari. 

0=x

0=x

x
a

0x =
 

    calmxrivi zRvrebi. rogorc vnaxeT, magaliT 3. 3 –Si mocemul 

funqcias zRvari ar gaaCniaT 0=x  wertilSi, radgan funqciis 

mniSvnelobebi ar uaxlovdebian erT konkretul sidides, roca 

gansazRvris aris wertilebi ragind axlos arian 0-Tan. amis mizezi 

aris is, rom funqciis mniSvnelobebi ori sxvadasxva ricxvis 

irgvliv iyrian Tavs, imis da mixedviT, Tu romeli mxridan 

uaxlovdebian -ebi 0-s. am SemTxvevas mivyavarT e.w. calmxriv 

zRvrebamde. 

x

  

   marjvena zRvari. vityviT, rom )(xfy =  funqciis zRvari 

marjvnidan  wertilSi aris ax = A  ricxvi, Tu SegviZlia  

ragind davuaxlovoT 

)(xf
A -s, roca  sakmaod axlosaa -Tan 

marjvnidan. am faqts ase CavwerT: 

x a

Axf
ax

=
+→

)(lim  an, , roca Axf →)(

+→ ax . 

   marcxena zRvari. vityviT, rom 

)(xfy =  funqciis zRvari 

marcxnidan ax =  wertilSi aris 

A  ricxvi, Tu SegviZlia  

ragind davuaxlovoT 

)(xf
A -s, roca 

 sakmaod axlosaa a -Tan 

marcxnidan. am faqts ase CavwerT: 

x

Axf
ax

=
−→

)(lim  an, , roca A)(xf →

−→x a . 

magaliTi 3. 4. kidev erTxel 

davubrundeT zemoT ganxilul  funqcias. 
⎩
⎨
⎧

≥
<

=
0,1
0,0

)(
x
x

xh

rogorc vxedavT, Tu  marjvnidan uaxlovdeba 0-s ( ), maSin 

funqciis mniSvnelobebi uaxlovdebian 1-s. e.i. 

x 0>x

1)(lim
0

=
+→

xh
x

 

analogiurad, Tu  marcxnidan uaxlovdeba 0-s (x 0<x ), maSin 

funqciis mniSvnelobebi uaxlovdebian 0-s. e.i.  

 42
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4. funqciis uwyvetoba 
 

   Cven zemoT SevexeT “karg” funqciebs, romelTac is Tviseba 

hqondaT, rom am funqciebis zRvari mocemul wertilSi amave 

wertilSi funqciis mniSvnelobis tolia.  

 

uwyvetoba wertilSi. vTqvaT  da :[ , ]f a b R→ a c b< < (aseT SemTxvevaSi 

vityviT, rom c  aris [ ,  segmentis Siga wertili) ]a b
 

  gansazRvreba 4. 1.  vityviT, rom )(xfy =  funqcia uwyvetia  c
wertilSi, Tu 

lim ( ) ( )
x c

f x f c
→

= . 

 

 

 

 

 

ganvixiloT Semdegi funqcia.  

radganac 
2

lim ( ) 5 (2)
x

f x f
→

= = . amitom 

mocemuli funqcia uwyvetia  

wertilSi. 

2=

m ( ) 5 (2) 7f x f
→

x

 

 

 

 

 

 

      naxazi 1 

 

 

 

 

 

    Tu funqcia mocemulia Semdegi 

saxiT (ix. naxazi 2) maSin mocemuli 

funqcia ar aris uwyveti  

wertilSi. marTlac, 

2x =

2
li
x

= = =/ . 

 

 

 

           naxazi 2 
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 = lim
 → +x ( )-1

1
 + x 1 ∞  

> Limit((1-x^2)/(3*x^2-x-1), x=infinity)=limit((1-x^2)/(3*x^2-x-
1), x=infinity);

 = lim
 → x ∞

 − 1 x2

 −  − 3 x2 x 1
-1
3  

 

 

 

 s a v arj iSo e b i  

 
 
    1. gamoTvaleT zRvrebi:  

1.                        2. )52(lim 2

1
+−

→
xx

x
)52(lim 3 2

8
+−

→
xx

x
 

    

3. )12(lim 32

1
++−

→
xxx

x
                 4.  )5cos22(sinlim xxx

x
++

→π

   

5. 
15

3lim 23

2

1 ++
−

→ xx
xx

x
                       6.  )(loglim 2

22

x

x
ex +

→

 

7. 
23
32lim 2

24

1 +−
−+

→ xx
xx

x
                       8. 

45
86lim 2

2

4 +−
+−

→ xx
xx

x
                         

  

9. 
34
23lim 4

3

1 +−
+−

→ xx
xx

x
                       10. 

23
32lim 2

24

1 +−
−+

→ xx
xx

x
 

 

11. 
x

xxx
x

1)31)(21)(1(lim
0

−+++
→

             12. 
4
2lim

4

16 −
−

→ x
x

x
  

 

13. 
3

27lim
327 −

−
→ x

x
x

                          14. 
330 11

11lim
xx
xx

x −−+
−−+

→
 

  

15. 
3 4

33

0 2
2727lim

xx
xx

x +

−−+
→

 

   2. gamoTvaleT: 

1. , Tu  )(lim
2

xf
x→ ⎪⎩

⎪
⎨
⎧

=

≠
−
−

=
2,5

2,
2
2

)(

2

x

x
x

xx
xf  

2. , Tu   )(lim
0

xf
x→ ⎩

⎨
⎧

=
≠

=
0,2
0,5sin

)(
x
xx

xf

3. , Tu  )(lim
1

xf
x→ x

xxf 5cos)1()( 2 −=  
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vTqvaT f  funqcia warmoebadia 0x  wertilSi. wrfes, romelic gadis f  
funqciis  ( )( 0 0, )x f x  wertilze da romlis sakuTxo koeficienti aris 

( )0'f x  uwodeben f  funqciis grafikis mxebs 0 0( , ( ))x f x  wertilSi. 

maSasadame mxebis gantolebas aqvs Semdegi saxe 

 

( ) ( )( )0 0'y f x f x x x− = − 0 . 

 

 

 
 
 
magaliTi 5. 4. vipovoT ( ) 2f x x=  funqciis mxebis gantoleba  0 1x =
wertilSi. 

amoxsna: radganac ,( )' 1 2f = ( )1f 1= , amitom mxebis gantoleba miiRebs 

Semdeg saxes ( ) ( ) ( )1 2 1 , 2 1f x x f x x− = − = − . 
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radganac 

 

(0 ) (0 )f f′ ′− ≠ +  

amitom, Teorema 5. 1-is ZaliT f  funqcia ar aris warmoebadi 0 wertilSi. 

 
magaliTi 5. 11. ganvixiloT funqcia ( ) | |f x x= .  

0 0

( ) (0) | | 0(0 ) lim lim 1
0x x

f x f xf
x x→ − → −

− −′ − = = = −
−

 

 

0 0

( ) (0) 0(0 ) lim lim lim 1 1.
0x x x

f x f xf
x x→ + → − → −

− −′ + = = = =
− 0

 

radganac 

 

(0 ) (0 )f f′ ′− ≠ +  

amitom, Teorema 5. 1-is ZaliT f  funqcia ar aris warmoebadi 0 wertilSi. 

 
 
 
magaliTi 5. 12.  vTqvaT, ( ) 1/3f x x=   da gamovTvaloT am funqciis waroebuli 

0 wertilSi. 

 

( ) ( ) ( ) 1/3

2 /30 0 0

0 1' 0 lim lim lim .
h h h

f h f hf
h h h→ + → + → +

−
+ = = = = +∞  

analogiurad damtkicdeba, rom  

( )' 0f − = +∞ . 

e. i.  

( )' 0f = +∞ . 

 
 
 
magaliTi 5. 13.  vTqvaT, ( ) 2/3f x x=  . maSin 
 

( ) ( ) ( ) 2/3

1/30 0 0

0 1' 0 lim lim lim
h h h

f h f hf
h h h→ + → + → +

−
+ = = = = +∞ , 

 

( ) ( ) ( ) 2/3

1/30 0 0

0 1' 0 lim lim lim .
h h h

f h f hf
h h h→ − → + → +

−
− = = = = −∞  

 
 
 
SeniSvna 5. 2. im SemTxvevaSi, roca ( )0' 0f x + = ∞  an ( )0' 0f x − = ∞ , maSin 0x  

wertilze gavlebuli f  funqciis mxebi oy  RerZis paraleluria. 
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kavSiri funqciis warmoebadobisa da uwyvetobis cnebebs Soris 

 

 

 

SeniSvna. rogorc zemoT vnaxeT, funqciis warmoebuli wertilSi 

SeiZleba iyos rogorc sasruli ricxvi aseve usasruloba. qvemoT 

yvelgan funqciis warmoebulis qveS vigulisxmebT mxolod sasrul 

warmoebuls. 

 

    Teorema 5. 2. vTqvaT, mocemulia  funqcia. Tu  funqcia Rbaf →);(: f
warmoebadia 0x ∈ );( ba  wertilSi, maSin is uwyvetia am wertilSi. 

   damtkiceba. vTqvaT,  funqcia  warmoebadia f 0x ∈ );( ba  wertilSi, e. i. 

adgili aqvs tolobas:  

                          
0

0
0

)()(lim)(
0 xx

xfxfxf
xx −

−
=′

→
.    

maSin         

                    =+−⋅
−
−

=
→→

))()()()((lim)(lim 00
0

0

00

xfxx
xx

xfxfxf
xxxx

 

          )()(0)()(lim))()()((lim 00000
0

0

00

xfxfxfxfxx
xx

xfxf
xxxx

=+⋅′=+−
−
−

=
→→

,  

rac gvaZlevs  funqciis uwyvetobas  wertilSi. Teorema f 0x
damtkicebulia. 

   

 

   SeniSvna 5. 4. damtkicebuli Teoremidan gamomdinareobs, rom wertilSi 

funqciis uwyvetoba am wertilSi warmoebadobisaTvis aris aucilebeli 

piroba, magram sazogadod, wertilSi uwyvetoba am wertilSi 

warmoebadobisaTvis ar aris sakmarisi piroba, rasac adasturebs 

magaliTi 5. 10 da 5. 11. 

 

Sedegi. 5. 1 Tu funqcia wyvetilia wertilSi, maSin is warmoebadi ar aris 

am wertilSi. 

    

 

 

funqciaTa wrfivi kombinaciis, namravlis da fardobis warmoebuli  

 

   Teorema 5. 3. mudmivi funqciis warmoebuli nulis tolia (ix. magaliTi 

5. 6) 

 

   Teorema 5. 4.  vTqvaT, mocemulia   da  funqciebi. 

Tu da  funqciebi warmoebadia 

Rbaf →);(: Rbag →);(:
f g x ∈ );( ba  wertilSi, maSin warmoebadia 

x ∈ );( ba  wertilSi da f g  funqciebis jami  da  

 

( ) ( ) ( ) ( )f g x f x g x′ ′ ′+ = + ; 

 

damtkiceba. warmoebulis ganmartebis ZaliT 
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2h

   2h

e. i. 
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magaliTi 5. 19. vTqvaT ( ) | |f x x= . maSin am fuqciis  nazrds  h 0x =
wertilSi eqneba Semdegi saxe 

( ) ( )0 | |f h f h− = . 

vTqvaT adgili aqvs Semdeg warmodgenas 

( )| |h Ah α= + h , 

sadac 

( )
0

lim 0
h

h
h

α
→

= . 

maSin advili dasanaxia, rom 

0

1, 0| |lim
1, 0h

hhA
hh→

>⎧
= = ⎨− <⎩

 

e. i.  ar aris calsaxad gansazRruli.  A
 

  

gansazRvreba 5. 3. vTqvaT f  funqcia x  wertilis midamoSi aris 

gansazRruli. vityviT, rom f  funqcia aris diferencirebadi x  
wertilSi, Tu arsebobs A  ricxvi ( x -ze damokidebuli), iseTi or m 

adgili aqvs warmodgenas 

 

( ) ( ) ( );f x h f x Ah x hα+ − = + ,                            (5) 

 

sadac  

( )
0

;
lim 0
h

x h
h

α
→

= . 

 

  

s uwodeben

 

warmodgena (5)-Si wrfiv nawil  f  funqciis diferencials x  
wertilSi da aRniSnaven ( )df x  simboloTi. e. i. 

 

( )df x Ah= ,                                     (6) 

sadac A  x -ze damokidebuli ricxvia. 

 

 

 

 

kavSirs diferencialsa da warmoebuls Soris amyarebs Semdegi 

 

 

Teorema 5. 9 .  vTqvaT, mocemulia  funqcia. imisaTvis, rom   Rbaf →);(: f
funqcia iyos diferencirebadi x ∈ );( ba  w a

 damtkiceba. aucilebloba. vTqvaT,  funqcia diferencirebadia 

ertilSi, aucilebelia d  

sakmarisi, rom mas am wertilSi qondes sasruli warmoebuli. 

 

 

  f
x ∈ );( ba  wertilSi, maSin adgili aqvs (1) tolobas. vigulisxmoT, rom 
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vTqvaT  

( )
,0 1

0, 1
x x

f x
x

≤ <⎧
= ⎨ =⎩

. 

rolis Teoremis yvela piroba 

Sesrulebulia garda 1)-sa da 

( )' 1 0,0f x x= ≠ ≤ < 1. 
 
 
 
 
 
 

 
 
 

 

 

 

da bolos, funqcia  akmayofilebs rolis TeoremaSi 1) da 2) ( ) , [0,1f x x x= ∈ ]

pirobebs, magram  ( )' 1 0,0f x x= ≠ ≤ ≤1.
 

 

 

 

lagranJis Teorema 

 

 

 

    Teorema 5. 12 (lagranJis). Tu [  segmentze uwyveti funqcia 

warmoebadia  intervalSi, maSin am intervalSi arsebobs erTi mainc 

iseTi  wertili, rom    

], ba f
),( ba

0x
              )(')()()( 0xfabafbf −=−  

 

    damtkiceba. ganvixiloT damxmare funqcia  

              ).)](()([))](()([)( axafbfabafxfx −−−−−=ϕ  

advili SesamCnevia, rom 

               ,0)( =aϕ     0)( =bϕ  

amas garda ϕ  funqcia uwyvetia [  segmentze da warmoebadia  

intervalSi. amrigad 

], ba ),( ba
ϕ  funqcia akmayofilebs rolis Teoremis yvela 

pirobas da, maSasadame,  intervalSi arsebobs erTi mainc iseTi 

wertili, rom                      

),( ba

0x
0)(' 0 =xϕ . 
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SevniSnoT, rom aseTi wertilebi SeiZleba iyos erTze meti. 

 

magaliTi 5. 22.  

 
 
> with(Student[Calculus1]): 
MeanValueTheorem(x*sin(x),0..5); 

 
 

 

 

 

 

 

 

 

 

magaliTi 5. 23.  vTqvaT 

-Tvis vipovoT ( ) 3 22 , 1, 2f x x x x a b= + − = − =

0x  werili, romlisTvisac ( ) ( ) ( )( )0'f b f a f x b a− = − . 

 

f:=x->x^3+2*x^2-x; 
 

> 
 := f  → x  +  − x3 2 x2 x  

> plot(f(x),x=-1..2); 

> 
 

g:=x->diff(f(x),x); 
 := g  → x dif ( )f ,( )f x x  

> g(c); 
 +  − 3 c2 4 c 1  

> g(c)=(f(2)-f(-1))/(2-(-1)); 
 =  +  − 3 c2 4 c 1 4  

> solve(%,c); 

, + 
2
3

19
3 −  − 

2
3

19
3  −

> evalf(-2/3+1/3*19^(1/2)); 

> evalf(-2/3-1/3*19^(1/2)); 

  

inaidan  ar  ekuTvnis gansaxilvel Sualeds, amitom 

 

 

0.7862996483  

-2.119632982  

 
v -2.119632982

0  0.7862x ≈ 996483
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  g) xxxy tanarctan
4
1arccos5 −−= ;      d) xarctgxxy cot26arcsin4 −+= . 

5. a) ;             b) xxey xx lnlog2 2 +−−= 5ln4lg2
3
1

−+−⎟
⎠
⎞

⎜
⎝
⎛= xxy

x

; 

  g) 5logln41

3
1 ++−−= xx

e
y x

x ;          d) 8ln5
4
6log7 5 +−+−= xxey x

x
. 

6. a) ;        xxexxy xx tan2cossin2 +−=
  b) ; xxxexxy x arctancos3cot4ln3 5 −−=

  g) 
xexxxxxy 9

2
3 4 5logarcsin2cos6 −⋅−⋅= ;   

  d) xxxxxy x arccos2lnsin4cot311 6 +⋅−⋅−= . 

7. a) ;                  b) ; xexy x
2logcos ⋅⋅= xxxy costan3 5 ⋅=

   g) 
xxarcxy 5cot2 2 ⋅⋅= ;               d) xx

x
y lnarcsin3

2 ⋅= . 

8. a) 
x

x
xx

xxy
sin3

cos
23
132

24

2

+
−

++
+−

= ;             b) 
xx

e
xx
xxy

x

lncos13
523

2

3

−
+

−+
+−

= ; 

  g) 
5arccos

3
4

4

2

3

+
−

−
+−

=
x
x

xx
xy

x

 ;            d) xex
xx

xx
xxy

−
+

−
+

−−
=

cos
lg424

 . 

9. a) 
)(cos

sin)2(
3

2

xxe
xxxy x +

−
=  ;                   b) 

)4(arcsin2
tan)23( 4

+
−

=
x

xxxy x ; 

   g) xxx
xxy
3)cot(

ln)3(
2

4

−
+

=  ;                   d) 
xx

exxy
x

tan
)2(

2

3 −
= . 

 

 

 

   gamoiyeneT rTuli funqciis gawarmoebis wesi da ipoveT Semdegi 

funqciis warmoebuli: 

1.  a) ;              b) ; xxy 210 cos5)12( −+= xxxy 2202 sin)3( +−=

   g) ;              d) xxxy 4823 tan)4( −−= xxxy 94 cot3)2( −−= . 

2. a) ;           b) ; )3lg(2cossin 43 xexxy x−= )3ln(24tansin
235 xxxy x−=

  g) ;    d) . 
23 cot)32ln(56sin3cos xxxxy +−= )32ln(4cosarcsin 322 +−⋅= − xexxy x

3. a) 
2

cot
2

tan xxy −= ;                    b) 
3

lnlg3 xxyy −== ; 

   g) 
1
1ln

4
1

2

2

+
−

=
x
xy ;                      d) 

2
1arccos xy −

= ; 

4.  a) ;                   b) ; )3sin(sin xy = ))(tansin(cos 32 xy =
   g) ;                   d) . ))ln(ln(ln xy = )arctan(tan2 xy =
 

 

 

     gaawarmoeT funqcia: 

1. a) ;                          b) ; 
xxy = xxy 2)1( −=

  g) ;                      d) . 
xxy )(cos= 1)(ln += xxy
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   SeniSvna.  funqciis magaliTiT Cans, rom raime intervalze 
3)( xxf =

warmoebadi funqciis zrdadobidan sazogadod ar gamomdinareobs am 

intervalze funqciis warmoebulis dadebiToba. marTlac,  
3)( xxf =

funqcia zrdadia (-1;1) intervalze, magram , e. i. 003)0( 2 =⋅=′f 0)( ≥′ xf , 

roca . ( )1;1−∈x
 

f’(x)≤0 f’(x) 0 ≥

f’(x) 0 ≥

f’(x) 0 ≥

 

   magaliTi 5. 31. vTqvaT, . maSin . radgan 23)( 3 +−= xxxf 33)( 2 −=′ xxf
( )1;−∞−  intervalze ,  amitom funqcia am intervalze zrdadia; 0)( >′ xf
radgan  intervalze ( 1;1− ) 0)( <′ xf ,  amitom funqcia am intervalze 

klebadia, radgan  intervalze ( +∞;1 ) 0)( >′ xf ,  amitom funqcia am 

intervalze zrdadia. 

 

> f:=x^3-3*x+2; 
 := f  −  + x3 3 x 2

 := g  − 3 x2 3

 

> g:=diff(f,x); 
 

> plot([f,g],x=-
2..2,title="Function and its 
Derivative",style=[LINE,POINT],leg
end=["Function","Derivative"]); 

 
 
 

         

 

 

 

 

f’(x)=0 
f’(x) ≤ 0 
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magaliTi 5. 34. ipoveT  funqciis absoluturi xxxxf 96)( 23 +−=
eqstremumebi  segmentze. [ ]4;1−
    > f:=x^3-6*x^2+9*x; 

 := f  −  + x3 6 x2 9 x  

> plot(f,x=-1..4); 
 

> diff(f,x); 
 −  + 3 x2 12 x 9  

> solve(%,x); 
,3 1  

> x:=-1: 
> f; 

-16  

> x:=1: 
> f; 

4  

> x:=3: 
> f; 

0  

> x:=4: 
> f; 

4  

> "AbsMax=4, when x=1 or x=4": 
> "AbsMin=-16, when x=-1 ": 
>  
 

 

 

 

 

funqciis amozneqilobis dadgena warmoebulis gamoyenebiT,  

                      gadaRunvis wertilebi 

 

 

   gansazRvreba 5. 6.  vTqvaT, mocemulia  funqcia, romelic 

warmoebadia ntervalze. f  fun i

);( ba  intervalze, Tu funqciis 

ikis yoveli wertili iqneba 

grafikis nebismier wertilSi 

gavlebuli mxebis zemoT. 

 

Rbaf →);(:
);( ba  i qc as ewodeba amozneqili qvemodan 

graf

 naxazze gamosaxulia qvemodan 

 
+5,x=1,x=0..3); 

  

amozneqili funqciis grafiki: 

 

> with(student):
> showtangent(x^2
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> with(student): 
> showtangent(f(x),x=2,x=0..4); 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
> with(student): 
> showtangent(f(x),x=3,x=2..5); 

 
>  
 

 

 

 

 

 

 

 

 

 

funqciis grafikis asimptotebi 

 

 

   GgansazRvreba. 5. 8  wrfes uwodeben  funqciis grafikis 

vertikalur asimptotas, Tu 

0xx = f

          

±∞=
−→

)(lim
00

xf
xx

        an        . ±∞=
+→

)(lim
00

xf
xx

 

SevniSnoT, rom vertikaluri asimptotebi ar SeiZleba hqondes uwyvet 

funqciis grafiks. aseTi asimptotebi SeiZleba hqondes mxolod iseT 

funqciis grafiks, romelsac aqvs meore gvaris wyvetis werilebi. 

magaliTi 5. 36. vTqvaT, ( ) 1
3

f x
x

=
−

, 
3

1lim
3x x→ −

= −∞
−

 da 
3

1lim
3x x→ +

= +∞
−

. amitom 

3x =  mocemuli funqciis vertikaluri asimptotia. 
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( )( ) 2

1lim lim 0
1x x

b f x kx
x→±∞ →±∞

= − =
+

= . 

 

maSasadame funqcias gaaCnia horizontaluri asimptoti da es aris 0y =  

wrfe. 

 
 

    

 

magaliTi 5. 39. programa MAPLE-is gamoyenebiT vipovoT ( )
3

2 3
xf x

x
=

−
 

funqciis grafikis asimptotebi. 
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   ipoveT Semdegi funqciis eqstremumebi: 

 a) ( ) 153
3
1 23 ++−= xxxxf ; 

 b) ( ) 918
2

15 23 −+−= xxxxf . 

 g) ; ( ) 463 24 +−= xxxf

 d) ( ) 2
2
1 42 +−= xxxf ; 

    

 

 

   

  ipoveT Semdegi funqciis lokaluri da globaluri eqstremumebi: 

a)    
⎪
⎩

⎪
⎨

⎧

≤<
≤<−

−≤≤−

+−

+
=

.32
,21
,14

,145
,
,2

)( 2

x
x
x

x
x

x
xf

 
 
 
 
 
 

b)  

⎪
⎩

⎪
⎨

⎧

≤<
<<−

−<≤−

−−
−
+

=
.41
,11
,14

,)2(
,

,)2(
)(

2

2

x
x
x

x
x

x
xf

 

 

g)  

⎪
⎩

⎪
⎨

⎧

≤<
≤<−

−<≤−

−
−

−−
=

.32
,22
,23

,145
,

,82
)( 2

x
x

x

x
x
x

xf
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2
11 <− a  da .

2
11 <−− a  

maSin gveqneba .1
2
1

2
111)1()1(2 =+<−−+−≤−−−−= aaaa  e.i. 2<1, rac 

SeuZlebelia. maSasadame, mocemul mimdevrobas zRvari ara aqvs.  

   moviyvanoT aRniSnuli faqtis geometriuli interpretacia: 

 L   

      

 

 

          

   8)  ,   vinaidan  , roca +∞=
∞→

2limn
n

Mn >2 1][ +=> MNn . 

   9) ,  vinaidan  ,  roca −∞=−
∞→

)(lim 3n
n

Mn −<− 3 1][3 +=> MNn . 

   10) ,   vinaidan ∞=⋅−
∞→

nn

n
)1(lim Mnn >− )1(  , roca     ][MNn =>

                            

     Teorema 6. 1. yovel krebad mimdevrobas aqvs erTaderTi zRvari. 

     damtkiceba. moviyvanoT damtkicebis geometriuli varianti: 

vTqvaT,  mimdevroba krebadia ricxvisaken. aviRoT ricxvisgan 

gansxvavebuli raime ricxvi. vaCvenoT, rom b  ar SeiZleba iyos 

mocemuli mimdevrobis zRvari.  

1)( ≥nnx a a
b

vTqvaT, (0, ),
2

b a b aε −
∈ > .  

maSin, rogorc naxazidan Cans, roca 

,   mimdevrobis wevrebi 

Cavardebian ricxvis (

Nn > 1)( ≥nnx
a ), εε +− aa  

midamoSi. amitom mimdevrobis 

romeliRac nomridan dawyebuli 

vercerTi wevri ver Cavardeba 

, )b
b ricxvis 

b( ε ε− +   midamoSi.

      

 

 

 

 

 

 

     Teorema 6. 2. yoveli krebadi mimdevroba SemosazRvrulia. 

    Ddamtkiceba. vTqvaT, axnn
=

∞→
lim  . maSin 1=ε  ricxvisTvis arsebobs iseTi 

ricxvi, rom roca  , maSin N Nn > .1<− axn  

 

    

c naxazze Cans , miTiTebuli zolis 

om 

  

rogor

gareT rCeba 1)( ≥nnx  mimdevrobis mxolod 

sasruli raodenobis wevrebi, amitom 

arsebobs iseTi 1c   da  2c  ricxvebi, r

Sesruldeba 21 cc n <x<  utoloba yvela n -
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     vTqvaT,  da ( )  ori usasrulod mcire mimdevrobaa. 

Aamboben, rom 

( ) 1≥nnx 1≥nny
( ) 1≥nnx da  ekvivalenturi usasrulod mcire 

mimdevrobebia, Tu 

( ) 1≥nny

1lim
∞→n

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

n

n

y
x

 da weren: ( ) 1≥nnx  ≈ ( ) 1≥nny  

     vTqvaT,  da ( )    ori usasrulod didi mimdevrobaa. Tu ( ) 1≥nnx 1≥nny

1lim =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∞→

n

n

n y
x

, maSin  da ( ) 1≥nnx ( ) 1≥nny  mimdevrobebs ekvivalenturi usasrulod 

didi mimdevrobebi ewodeba. 

 

magaliTebi 1. ( ) 1≥nnx , 01lim,1
==

→ nn
x

nn  

                ( ) 0
1

1lim,
1

1,1 =
++

=
∞→≥ nn

yy
nnnn  

        111lim1lim

1
1

1

limlim =⎟
⎠
⎞

⎜
⎝
⎛ +=

+
=

+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∞→∞→∞→∞→ nn

n

n

n
y
x

nnn
n

n

n
 

e.i.  ( )   1≥nnx ≈ ( ) 1≥nny
 

             2. ( ) 1≥nnx , ( ) +∞=++=
∞→

1lim,1 22 nnx
nn  

 

                ( ) 1≥nny ,                  +∞==
∞→

22 lim, nny
nn

111lim11lim1limlim 222

2

=⎟
⎠
⎞

⎜
⎝
⎛ +=⎟⎟

⎠

⎞
⎜
⎝
⎛ +=

+
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∞→∞→∞→∞→ nnn

n
y
x

nnn
n

n

n
 

 

e.i.  ( )   1≥nnx ≈ ( ) 1≥nny
 

 

 

zogierTi mimdevrobis zRvari: 

 

1. ( ) , 1≥nnx .1lim, ==
∞→

n

n

n
n nnx  

2.  7,211lim,11 ≈=⎟
⎠
⎞

⎜
⎝
⎛ +⎟

⎠
⎞

⎜
⎝
⎛ +=

∞→
e

nn
x

n

n

n

n  – neperis ricxvi 

3.   ( ) +∞=>=
∞→

n

n

n
n qqqx lim,1,

4.   .0lim,10, =<<=
∞→

n

n

n
n qqqx

damtkiceba. radganac 
loglog n

nx
n

=  da 
log 1lim lim 0

x x

x
x x→∞ →∞

= = , amitom Teorema 6. 7-

is ZaliT  
loglim log lim 0nn n

nx
n→∞ →∞

= = . Tu gamoviyenebT logariTmuli funqciis 

uwyvetobas, miviRebT log lim 0, lim 1n nn n
x x

→∞ →∞
= = . 
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yovel  ricxvs Seesabameba (6. 1) mwkrivis  -uri kerZo jami . 

amgvarad, miiReba (6. 1) mwkrivis Sesabamisi -uri kerZo jamebis  

mimdevroba. 

)( Nnn ∈ n nS
n 1)( ≥nnS

    Aamboben, rom (6. 1) mwkrivi krebadia da  aris misi jami, Tu krebadia 

misi kerZo jamebis  mimdevroba da 

S
1)( ≥nnS SSn =lim . aseT SemTxvevaSi weren 

......21 ++++= nxxxS  

     im SemTxvevaSi, roca  mimdevroba ganSladia, (6. 1) mwkrivs 

ganSladi mwkrivi ewodeba.       

1)( ≥nnS

Teorema 6. 9. Tu (6. 1) mwkrivi krebadia, maSin .0lim =
∞→ nn

x  

damtkiceba. marTlac, vTqvaT mwkrivis  kerZo jamTa mimdevroba 

krebadia. maSin 

1)( ≥nnS
0limlim)(limlim 11 =−=−=−= −∞→∞→−∞→∞→

SSSSSSx nnnnnnnnn
. Teorema 

damtkicebulia. 

 

magaliTebi 6. 17. ganvixiloT mwkrivi 

...... ++++ aaa  

       Tu  maSin yoveli -Tvis ,0=a n 0=nS  da 0lim =
∞→ nn

S . Aam SemTxvevaSi 

mwkrivi krebadia da misi jami 0=S . roca ,0≠a  piroba araa 0lim =
∞→ nn

x

Sesrulebuli da amitom Teorema (6. 9)-is ZaliT, es mwkrivi ganSladia. 

        

 

magaliTebi 6. 18. ganvixiloT mwkrivi, romlisTvisac mas aseTi .)1( n
nx −=

saxe aqvs: 

"" +−++−++− n)1()1(1)1( +… 

Aaq piroba  araa Sesrulebuli da amitom mwkrivi ganSladia. 0lim =
∞→ nn

x

      

 

 magaliTebi 6. 19.  ganvixiloT raime  da q  ricxvebi  da a )0( ≠a
SevadginoT mwkrivi 

                                             (6. 2) ......2 +++++ naqaqaqa
e.i. aq        .1−= n

n aqx
 

    Tu ,1≥q maSin ,011 >≥== −− aqaaqx nn
n  nebismieri -sTvis. Aamitom Nn∈

piroba  araa Sesrulebuli, rac amtkicebs, rom (2) mwkrivi 0lim =
∞→ nn

x

ganSladia. 

     Aaxla ganvixiloT SemTxveva, roca .1<q maSin 
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vTqvaT  funqcia niSans ar inarCunebs. 

Sin 

f
ma

 

   ( )
b

a

f x dx S S+ −= −∫ . 

rimanis integralis Tvisebebi 

 

 

 

 

 

Tviseba 1.  

( ) 0
a

f x dx
a

=∫ . 

marTlac, Tu a b= , maSin 0ix∆ =  da maSa .=  

 

sadame ( ) ( ), , 0L f P U f P I= =

Tviseba 2.  vTqvaT, , maSin 

b

a b>

( ) ( )
b a

a

f x dx f x dx= −∫ ∫ . 

 

 

 

 

Tviseba 3.  

( ( ) )
b

a a a

 
b b

( ) ( )( )Af x Bg x dx A f x dx B g x dx+ = +∫ ∫ ∫ . 

 

 

 

 

 

Tviseba 4. vTqvaT, a c b< < . maSin 

 

( )
c b

c a

( )
a

( )
b

f x dx f dx f x dx+ = ∫ . 

 

 marTlac 

      

b

c

x∫ ∫

 1 2( ) ( ) ( )
b c

a a

f x dx S S f x dx x= + +∫ ∫ ∫ . f x d=
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gansazRvreba 7. 4.  uban-uban uwyveti funqciaa  segmentze. f 0[ , ]nc c vTqvaT, 

maSin  funqciis gansazRvruli integrali  segmentze  f 0[ , ]nc c
ganisazRvreba Semdegnairad 

 

( ) ( )
0 1

1

n i

i

c cn

i
ic c

f x dx F x dx
−

=

= ∑∫ ∫ . 

 

 

SeniSvna 7. 1. rogorc zemoT vnaxeT, segmentze uwyveti an uban-uban 

uwyveti funqcia i Seexeba SemosazRvrulobas, is aris ntegrebadia. rac 

mxolod aucilebeli piroba. sxva sityvebiT rom vTqvaT, yvela 

SemosazRvruli funqcia ar aris integrebadi.  

 

 

 

kalkulusis ZiriTadi Teoremebi 

 
eorema 7. 2 (ZiriTadi Teorema I) vTqvaT  funqcia uwyvetia  

gmentze da

f [ , ]a bT

 a x b≤ ≤se . ganvixiloT Semdegi funqcia 

. 

Sin  warmoebadia  segmentze da adgili aqvs tolobas 

( ) ( )
x

a

F x f t dt= ∫
F [ , ]a bma
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3 2 12
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x∫ − )11( 2 . 

a) ;        b)  ∫ −+ dxxx )5cos3sin2( dx
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cos

5( 22 +−∫5. ; 
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6. a) dx
x 12 +x
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12 dx
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   g) 

7. a) ∫ dxe xx )2( dxe xx )2( 32 +∫ ; 

dxx
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32 22

;                 d) dxxx 2)32( +∫  g) . 

 

T ganusazRvreli integrali cvladis gardaqmnis gziT: 
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ipove

∫ − dxx 20)12( ∫ − dxx 10)5
3
1( ; 

∫ − dxx∫x3 dx2 ;                    d) −3 24  .    g) 

dx
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− 292
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;                      b) d
x∫ − 21

1 x ;  2. a) 
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dx

x 232
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dx
x 243

1
   g) . 
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dx
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sin1
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xdx
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2
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dx 5. a) ∫ + xx)1(
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dx
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x

∫
sin

∫ − 58
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x
dxx
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x

x∫ 2

1cos
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 6. a) ∫                     b) dx
x

x2ln
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dx

x
x

2

arctan
; ∫ 1

∫ x
dx

sin
; ∫ x

dx
cos

                         d)    g) ; 
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x
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∫ −2
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