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Applying R, — R —R,—-R,1t0A, we get

0 —2c -2
A=|b c+a b
c ¢ a+b
Expanding along R,, we obtain

c+a b c+a
= (—2)‘ ‘ (—2b)‘
c a+b
=2c(@ab+b*-bc)-2b(bc—-c?-ac)
=2abc+2ch?—2bc—2bic+ 2bc?+ 2 abc O \)\(
=4 abc C ’

Example 15 1f x, y, z are different and A=

show that 1 + xyz\('\e

Solutio Page
X X2 1+x
A=y ¥ 1+y
z 722 1+z
X X X XX X
=y ¥* 4+ly ¥ Y| (Using Property 5)
z 7 z 22 Z
1 x x° 1 x X2
= (DL y Vi+xyzll y VP (Using C,«>C, and then C, <> C))
1 z 7 1 z 7
1 x X2
=1y y|U+xyz)

1 z 2
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(i) If areais given, use both positive and negative values of the determinant for
calculation.
(iliy Theareaof thetriangle formed by three collinear pointsis zero.

Example 17 Find the area of the triangle whose vertices are (3, 8), (— 4, 2) and (5, 1).
Solution The area of triangle is given by

3 81

-4 2
51

I\JlH

A= 1
1
1
= 5[3(2-1)-8(-4-5)+1(~4-10)] O ‘u\(
e \e.C
= (3+72-14) = 58-
Example 18 Find the equation of the |ne (l&n gu Lm(Ae(mmants
P

and find k if D(k, 0) isa point trlan
Solution Let P(x m@dion B Th @aof

1
Thisgives E(y—3X) =0ory=3x

N

iszero (Why?). So

N

X P O

< w o
|

which isthe equation of required line AB.
Also, since the area of the triangle ABD is 3 sq. units, we have

13
%0 0 1=+3
k O
This gives, _—gsz_rS, e, k=% 2.
|[EXERCISE 4.3
1. Find areaof thetrianglewith vertices at the point given in each of thefollowing :
() (1,0),(6,0), (43 (i) (2,7),(1,1),(10,8)

(i) (=2,-3),(3,2),(-1,-9)
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Verification
q; 8, a3 An Ax Ay
Let A=|8n 8np au| thenadj A= |Apn An Ay
A 8y ag Az Ap Ay

Since sum of product of elements of a row (or a column) with corresponding
cofactorsis equal to |A | and otherwise zero, we have

Al 0 0 100
AadjA)=| 0 |A] 0|=1]aA] [0 1 O|=|A]I \(
0 0 |A 001 U

Similarly, we can show (adj A) A = |A| | esa\e
Hence A (adj A) = (adj A)A = |A] | NO"

Definition 4 A square,matri S &the‘s.i(r:g}ul i :@
EW YA
For ex e‘h@}!rki nant of n@ @-gies iszero

Hence A isasingular matrix.

Definition 5 A square matrix A is said to be non-singular if |A| # 0

1 2 1 2
Let Az{?’ 4]ThenlAlz‘3 4‘=4—6=—2¢o.
HenceA isanonsingular matrix
We state the following theorems without proof.

Theorem 2 If A and B are nonsingular matrices of the same order, then AB and BA
are also nonsingular matrices of the same order.

Theorem 3 The determinant of the product of matrices is equal to product of their
respective determinants, that is, |AB| = |A| |B|, whereA and B are square matrices of
the same order

Al 0 ©
Remark We know that (adj A)A=|A| 1= 0 [A] 0

0 0 |A
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Writing determinants of matrices on both sides, we have

Al 0 0
(adi A)A| = |0 |A] 0O
0 0 |A
100
ie. adj A)| Al = |Afj0 1 © (Why?)
00 1
ie ladj A)| |A] = |AF (1) \(
e (adi A)] = |AF CO M

In general, if A is a square matrix of order n, then |adj (A) | = ! ga\e

Theorem 4 A square matrix A isinvertibleif and o

qular matrix.
Proof Let A be invertible matrix ofﬁ) ﬁﬂ |dent|ty Ag&der n.
er n su

Then, there emstsasquare pﬂ
B| (smce||| 1|AB|=|A||B])

Now E |AB| | q@

Thisgiv |A|¢O Hence A i$nonsingular.

Conversely, let A be nonsingular. Then |A| 0

Now A (adj A) = (adj A) A = |A] (Theorem 1)
or A —adej (—adej =1

(IAI |A]

1

or AB =BA =1, where B = madJA

b . 1 _.
Thus Alisinvertibleand A = madl A

1 3 3

Example241f A= 1 4 3 | thenverify that A adj A = |A|I. Also find A
13 4

Solution We have |A| =1(16-9) -3(4-3) +3(3-4)=1=0
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1 21

8. LeeA= -2 3 1 . Verifythat
1 1 5

(i) [adj A]™ = adj (A™) (i) (A=A
X y X+

9. Evaluate| vy X+y X
X+y X y
1 X y

10. Evauate[l x+y Yy \e C
1 x Xty Sa

Using properties of determinantsin Exeraﬂl\tmg/e th

£(O ok A

a o B+yle \N %0
11. Bﬁ( \&N) (bﬁgﬁe(m *)
X x 1 pX
12,y vy 1 py'l =1 +pxy2) (x=Y) (y—2 (z—X), where p is any scalar.
z z 1 pZ
3a -—at+b -atc
13. |=b+a 3b -b+c| =3(@+b+c) (ab+ bc+ ca)
—-c+a —-c+b 3
1 1+p 1+p+q sina. coso. cos(a +3)
14. |2 3+2p 4+3p+2q| =1 15 |sinB cosp cos(B+38) =0
3 6+3p 10+6p+3q siny cosy cos(y+3d)
16. Solvethe system of equations

2 3 10
X y z

4
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Summary

¢ Determinant of amatrix A =[a, ], isgivenby |a,|=a,

¢ Determinantof amarix A 2 2 isgiven by
a ap
|A|= 8 &p|
a, @& sa,a,-a,a,

a b ¢
¢ Determinantof amatrix A a, b, c, isgivenby (expandingﬂ@ RGO .
by ¢

8
bt 0L ?A?— Q
For yguare matrix A, th$|@ following properties.

¢ |A’'|=]|A|, where A’ = transpose of A.

¢ If we interchange any two rows (or columns), then sign of determinant
changes.

¢ If any two rowsor any two columns areidentical or proportional, then value
of determinant is zero.

¢ If wemultiply each element of arow or acolumn of adeterminant by constant
k, then value of determinant is multiplied by k.

¢ Multiplying a determinant by k means multiply elements of only one row
(or one column) by k.

¢ 1f A=[a]5 then|k. A|=k?|A|

¢ If elements of arow or acolumn in adeterminant can be expressed as sum
of two or more elements, then the given determinant can be expressed as
sum of two or more determinants.

¢ If to each element of arow or acolumn of adeterminant the equimultiples of
corresponding elements of other rows or columns are added, then value of
determinant remains same.
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4 Unique solution of equation AX = B isgiven by X = A= B, where |A| #0.

@ A system of equation is consistent or inconsistent according as its solution
exists or not.

¢ For asquare matrix A in matrix equation AX =B
(i) |A|# 0, there exists unique solution
(i) |[A]=0and (adj A) B # 0, then there exists no solution
(i) |[A]=0and (adj A) B =0, then system may or may not be consistent.

Historical Note O u\(

The Chinese method of representing the coefficients of the unkgo @
several linear equations by using rods on a cal culating board \E the

discovery of ssimple method of elimination. Thear
that of the numbersin adeterminant. The

idea of subtracting columns a(ﬁ‘o@
‘Mikami, China, pp

i m\' est of Oﬁ@@ MAematl cians of seventeenth
centﬁﬁn iSwork ‘Kai Fukud? 1683 showed that he had the idea of
determinants and of their expansion. But he used thisdevice only in eliminating a
quantity from two equations and not directly in the solution of aset of simultaneous

linear equations. ‘T. Hayashi, “The Fakudoi and Determinants in Japanese
Mathematics,” in the proc. of the Tokyo Math. Soc., V.

Vendermonde wasthefirst to recognise determinants asindependent functions.
He may be called the formal founder. Laplace (1772), gave general method of
expanding adeterminant in terms of its complementary minors. In 1773 Lagrange
treated determinants of the second and third orders and used them for purpose
other than the solution of equations. In 1801, Gauss used determinants in his
theory of numbers.

The next great contributor was Jacques - Philippe - Marie Binet, (1812) who
stated the theorem relating to the product of two matrices of m-columns and n-
rows, which for the special case of m= n reduces to the multiplication theorem.

Also on the same day, Cauchy (1812) presented one on the same subject. He
used theword ‘ determinant’ inits present sense. He gave the proof of multiplication
theorem more satisfactory than Binet's.

The greatest contributor to the theory was Carl Gustav Jacob Jacobi, after
this the word determinant received its final acceptance.

aspremsely
re, early d ed the
n simplif'cati@ﬁ inant




