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Remarlk A similar proof may be given for the continuity of cosine function.

Example 18 Prove that the function defined by f(x) = tan x is a continuous function.

sinx
Solution The function f(x) =tan x = . This is defined for all real numbers such

COS X

yis
that cos x # 0, i.e., x # 2n +1) 5 . We have just proved that both sine and cosine

functions are continuous. Thus tan x being a quotient of two continuous functions is
continuous wherever it is defined.

An interesting fact is the behaviour of continuous functions with respect to
composition of functions. Recall that if fand g are two real functions, then

(fog ()=f(gw)
is defined whenever the range of g is a subset of domain of f. The following theor
(stated without proof) captures the continuity of composite functions. ev

Theorem 2 Suppose fand g are real valued functions such thas g) S edatc.
If g is continuous at ¢ and if f is continuous at g (), the a‘ Atinuous at c.

ot
by fi (X) = (xAsjcontlnuous function.

The following examples illustrate thi

Example 19 Show that t ‘K €
Solution Ob unctlon is de&ﬂ efy real number. The function
f as a com, f the two functions g and h, where
nx and h(x)= g and h are continuous functions, by Theorem 2,

1t can be deduced thatf 1% a continuous function.
Example 20 Show that the function f defined by
f@) =11 —x+ lxll,
where x is any real number, is a continuous function.
Solution Define g by g(x) =1 —x+ lxl and h by h(x) = x| for all real x. Then
(hog (x)=h(g(x)
=h(l-x+1xl)
=l1l-x+Ixll=f(x)

In Example 7, we have seen that 4 is a continuous function. Hence g being a sum
of a polynomial function and the modulus function is continuous. But then f being a
composite of two continuous functions is continuous.
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or il =yloga
dx
Th Ly — a1
us I =a' loga
d d d
Alternatively E(ax) = E(e"bg“ )=e"'®¢ E(xlog a)

=e*2e log a =a*log a.

Example 32 Differentiate x*"*, x > 0 w.r.t. x.

Solution Lety = x**. Taking logarithm on both sides, we have

logy =sinxlog x

. d d | .
Therefore — .= = sin x— (logx) +log x— (sin x)
dx dx

or é % (sin xé‘]e;@a\e .

\eW D in
P eV P 20€ ST —

=x -sinx+ x

Example 33 Find %, ify' +x +x =d.

Solution Given that y* + ¥ + x* = &’.

Puttingu=y, v=x"and w = x*, we getu + v+ w=a’

Therefore —+—+—=0

Now, u =y*. Taking logarithm on both sides, we have

logu=xlogy
Differentiating both sides w.r.t. x, we have

sin x

-cosxlog x

. (D
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1 du d d
—— =x—(o +logy—(x
e dx( g y) gy~ )
= x— —+logy-1
du Xdy X Xdy
S —=u ——+10gyj=y {——Hogy} e
© dx ()’ dx y dx @

Alsov=x

Taking logarithm on both sides, we have
logv=ylogx

Differentiating both sides w.r.t. x, we have

1 dv d dy
-— —0x+lox—
o dx y—(logx) gdx \)K

’&
So _‘(Oﬁ\ v —+10gx—i Aj
P(e\, Pa—ge —+10gx—} .. (3)

Again
Taking logarithm on both sides, we have

logw =x log x.
Differentiating both sides w.r.t. x, we have

1 dw d d
—— = x—(log x) +log x- — (x
i dx( g x) +log dx()
1
=x-—+logx-1
x
w
ie. v (1 +1log x)

=x"(1 + logx) . (4
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From (1), (2), (3), (4), we have

* ﬁd—y+lo +x¥ ( +1o. xﬂj
y 7 gy . 2 ) T (1+logx)=0

y dx
: Ho__ .
or (x .y +x . log x) T =—x*(I+logx)—y.x!'—ylogy
dy —[y'logy+y.x"" +x"(I+logx)]
Therefore - = P
dx x.y"7 +x’logx
|EXERCISE 5.5 |

Differentiate the functions given in Exercises 1 to 11 w.r.t. x.
\/ (x=1(x-2)
(x=3)(x—4) (x—5) U\(
3. (log x>~ 4, xt— = e CO .
5. x+3)2.(x+4P. (x+5)¢ (ﬁ&% @
7. (log x) +<T\| _‘( Om (s1 *& A}

x+l

me\n@w?age 32.C d

11. (x cos x) + (xsmx)x

1. cosx.cos2x.cos 3x

Find %of the functions given in Exercises 12 to 15.

12. w+y =1 13. y'=x

14. (cos x)’ = (cos y)* 15. xy=e?

16. Find the derivative of the function given by f(x) = (1 +x) (1 +x%) (1 +x*) (1 +x°)
and hence find f7(1).

17. Differentiate (x> — 5x + 8) (* + 7x + 9) in three ways mentioned below:
(i) by using product rule
(i) by expanding the product to obtain a single polynomial.
(iii) by logarithmic differentiation.
Do they all give the same answer?
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dy
= .
Therefore i = ﬁ:&zsm—?co.sez_tane:_3z
dx  dx —3acos’0sin® X
do

Had we proceeded in implicit way, it would have been quite tedious.

|[EXERCISE 5.6 |

If x and y are connected parametrically by the equations given in Exercises 1 to 10,
without eliminating the parameter, Find i .

1. x=2af,y=at 2. x=acos0,y=>bcos 0

4
3. x=sint,y =cos 2t 4. x:4ty—— \(

5. x=cos 0 —cos20,y=sin 6 —sin 20 \e_co‘

6. C 0), (1 0) ®= cos !
xX=a — sin y=a CQ, ﬂ \/F JTM

. \NX 35 asecO,y=>btan 0
ang(\co?ews )ag(sme 0 cos )

— - &
1. If x:\las‘“ ’,y:\/aCDS ', show that;yz—l
x

5.7 Second Order Derivative
Let y=f(x). Then

% =f(x) - (1)

If f'(x) is differentiable, we may differentiate (1) again w.r.t. x. Then, the left hand

d
side becomes E(Ej which is called the second order derivative of y w.r.t. x and

2
is denoted by % . The second order derivative of f(x) is denoted by f”(x). It is also
X
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x+1
we need to find all x such that

—< 1, i.e., all x such that 2541 <1 +45 We

1+

1
may rewrite this as 2 < ? + 2% which is true for all x. Hence the function

is defined at every real number. By putting 2* = tan 0, this function may be
rewritten as

B 2x+] :|
.1
= sin
) 144
— sin”! _—Zx 2 }
- 2
L1+(2)
sin_l_ 2tan0 }
- | 1+tan>0

=sin~! [sin 20]

AN
=20=2 tan"! Sa\e ‘CO

Example 46 Find f(x) if f(x) = (sin x)so+ for all 0 < x <.
Solution The function y = (sin x)*"* is defined for all positive real numbers. Taking
logarithms, we have

log y=log (sin x)*"*= sin x log (sinx)

ldy 4 .
Then - = Z (sin xlog (sin x))

y dx

i (sinx)

=cos xlog (sin x) + sin x . —
sinx dx

= cos x log (sin x) + cos x

= (1 + log (sin x)) cos x
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@ Chain rule is rule to differentiate composites of functions. If f=v o u, t =u (x)

and if both ﬁ and ﬂ exist then

dt
L
dx dt dx
# Following are some of the standard derivatives (in appropriate domains):
Z(sin™'x)= ! Z(cos™ x)=— L
1-x* 1-x*

4 (gt x) = —— 4 (et x) = ——
dx 1+ x dx 1+x
i(sec_ x) ! i(cosec_lx) _1 \(
dx xl-x° dx

x 1 —Xx GO U
4()p ég,a\
dx
@ Logarithmic differentiati om echnl m?rentlate functions
of the form f (x x@’ ere both#x) 6 (x to be positive for
this tx% e sense. A
P eore % is continuous on [a, b] and differentiable

on (a, b) such th ), then there exists some c¢ in (a, b) such that

fle) =

® Mean Value Theorem: If f : [a, b] — R is continuous on [a, b] and
differentiable on (a, b). Then there exists some ¢ in (a, b) such that

f(b)—f(a)

fO===
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