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Interval Sign of f’(x) Nature of function
LY

O,Z >0 f is strictly increasing
T ST
Z ’T <0 f 1is strictly decreasing
St

(T, 275} >0 f is strictly increasing

IEXERCISE 6.2 |

1. Show that the function given by f (x) = 3x + 17 is strictly increasing on R.
Show that the function given by f (x) = ¢* is strictly increasing on R. \(
3. Show that the function given by f (x) = sinx is

(a) strictly increasing in ( j (b) strlct“e%a\%‘ ?
(c) neither increas @ 1r§ 0, T 5
4. Find the ine % e funcio Iz ’g f=2x2-3xis
%’ creasmg e(b Ctly decreasin g
Px the 1ntervals?va& function f given by f(x) = 2x* — 3x* — 36x + 7 is

(a) strictly increasing (b) strictly decreasing
6. Find the intervals in which the following functions are strictly increasing or
decreasing:
(a) x*+2x-5 (b) 10 — 6x — 2¢?
(c) 2 -9x* —12x+ 1 (d) 6—-9x— x?

(e) (x+ 1) (x-3)

X
7. Show that y=log(l+x)— T~ > — 1, is an increasing function of x

throughout its domain.

8. Find the values of x for which y = [x(x — 2)]* is an increasing function.

Asi
9. Prove that y= _dsin®__ 0 is an increasing function of § in [O,E} .
(2+ cosO) 2
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Similarly, if ¢ is a point of local minima of f, then the graph of f around ¢ will be as
shown in Fig 6.14(b). Here f is decreasing (i.e., f(x) < 0) in the interval (¢ — &, ¢) and
increasing (i.e., f'(x) > 0) in the interval (c, ¢ + h). This again suggest that f"(c) must
be zero.

The above discussion lead us to the following theorem (without proof).

Theorem 2 Let f be a function defined on an open interval I. Suppose c € 1 be any
point. If f has a local maxima or a local minima at x = ¢, then either f (¢) =0 or f is not

differentiable at c. v

Remark The converse of above theorem need
not be true, that is, a point at which the derivative
vanishes need not be a point of local maxima or
local minima. For example, if f(x) = x°, then f’(x)
=3x? and so f(0) = 0. But 0 is neither a point of y,
local maxima nor a point of local minima (Fig 6.15). point of inflec \30\(

A point ¢ in the domain of a function
fatwhich either f (¢) = 0 or fis not differentiable te a\

is called a critical point of f. Note that i\

continuous at ¢ and f’(c) = 0, tm i

an h > 0 such thatfis dl*‘h ih the interyal 6 ig 6.15

Y@s 1I"how give 9 or tinding points of local maxima or points of
c | minima using only er derivatives.

(¢ =h, c +=h
Theorem 3 (First Derivative Test) Let f be a function defined on an open interval L.
Let f be continuous at a critical point ¢ in I. Then

fl)=x

(i) If f(x) changes sign from positive to negative as x increases through c, i.e., if
f7(x) > 0 at every point sufficiently close to and to the left of ¢, andf (x) < 0 at

every point sufficiently close to and to the right of ¢, then c is a point of local
maxima.

(i) If f'(x) changes sign from negative to positive as x increases throughc, i.e., if
/(%) <0 at every point sufficiently close to and to the left of ¢, andf "(x) > 0 at
every point sufficiently close to and to the right of ¢, then c is a point of local
minima.

@iii)) Iff”(x) does not change sign as xincreases through c, then c is neither a point of

local maxima nor a point of local minima. Infact, such a point is called point of
inflection (Fig 6.15).
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If c is a point of local maxima of f, then f(c) is a local maximum value of
/- Similarly, if ¢ is a point of local minima off, then f{c) is a local minimum value off.

Figures 6.15 and 6.16, geometrically explain Theorem 3.

point of
local maxima
point of non differentiability
A f(c)=0 and point of local maxima
fi@

point
of local .
minima !

point of non differentiability
and point of local minima

> X

=)
o] SEEEEEEEEEEERE

\ 1 (&3 G

Fig 6.16

Example 29 Find all points of local maxima and local mil\r@of@e@nétion f
.

given by

C,

uk

f&x) =

Solution We have
m XS
or \,\e\l\l f 3)2
P’(e ?ag)—Oatleandx=l
Thus, x =+ 1 are the &nly critical points which could possibly be the points of local
maxima and/or local minima of f. Let us first examine the pointx = 1.

Note that for values close to 1 and to the right of 1, f”(x) > 0 and for values close
to 1 and to the left of 1, f(x) < 0. Therefore, by first derivative test, x =1 is a point
of local minima and local minimum value is f(1) = 1. In the case of x = —1, note that
f’(x) > 0, for values close to and to the left of —1 and f”(x) < 0, for values close to and

to the right of — 1. Therefore, by first derivative test, x =— 1 is a point of local maxima
and local maximum value is f(-1) =5.

3x-Dx+1

Values of x Sign of f’(x) =3(x —-1) (x + 1)
to the right (say 1.1 etc.) >0

Close to 1 to the left (say 0.9 etc.) <0
to the right (say —0.9 etc.) <0

Close to —1 \ ( the left (say —1.1 etc.) >0
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CQ on AB. Let AP =x cm. Note that AAPD ~ ABQC. Therefore, QB = x cm. Also, by
Pythagoras theorem, DP = QC = .,/10() —x? . Let A be the area of the trapezium. Then

1
A=Ax) = 5 (sum of parallel sides) (height)
% (2x+10+10)(\/100—x2 )

x+10)(N100- 2 )
or Ax) = (x+10)i+(\/100—x2)

24100 — x?

—2x* =10x+100

V100— \(
Now A’(x) =0 gives 2x2+ 10x — 100 =0, i.e.,x =5andx = —]&0 ‘\_)
Since x represents distance, it can not be negative. \e .
So, x=5. Now Otesa

a0k

5 (onsimplification)
(100— x*)?2

2(5)° ~300(5) ~1000 _ 2250 _ —30
100 _(5)2)_3 7575 75

Thus, area of trapezium is maximum at x =5 and the area is given by

AB) = 5+104J100 = (5)> = 15475 = 7543 cm?

Example 38 Prove that the radius of the right circular cylinder of greatest curved
surface area which can be inscribed in a given cone is half of that of the cone.

<0

or A’(5) =

Solution Let OC = r be the radius of the cone and OA = & be its height. Let a cylinder
with radius OE = x inscribed in the given cone (Fig 6.20). The height QE of the cylinder
is given by



228 MATHEMATICS

QE EC .
— = — (since AQEC ~ AAOC)
OA OC
QE r—x
or - =
h r
h(r—x
or QE = ( )

Let S be the curved surface area of the given
cylinder. Then

2nx h(r — x) 2nth
S =Skx) = . == (rx—x%) Fig 6.20

S’ (x)= 2nh (r —2x)

o . _—r47th ‘\)\(
(== s\e cO

eS :
Now S(x)—Oglves x— W&allx,%’(§<0.80 x:—2 isa
point of maxi Wﬂ radlus 0, ﬁ r@’sf greatest curved surface area
Whmé’ é dina that of the cone.
a

give
ximum and agalues of a Function in a Closed Interval

Let us consider a functlon f given by

f)=x+2,xe (0, 1)
Observe that the function is continuous on (0, 1) and neither has a maximum value

nor has a minimum value. Further, we may note that the function even has neither a
local maximum value nor a local minimum value.

However, if we extend the domain of f to the closed interval [0, 1], thenf still may
not have a local maximum (minimum) values but it certainly does have maximum value
3 = f(1) and minimum value 2 = f(0). The maximum value 3 of fat x = 1 is called
absolute maximum value (global maximum or greatest value) of f on the interval
[0, 1]. Similarly, the minimum value 2 of f at x =0 is called the absolute minimum
value (global minimum or least value) of f on [0, 1].

Consider the graph given in Fig 6.21 of a continuous function defined on a closed
interval [a, d|. Observe that the function f has a local minima at x = b and local
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Miscellaneous Exercise on Chapter 6

1. Using differentials, find the approximate value of each of the following:

1
= 1
(a) [1_7) 4 b) (33)7
81
. . log x .
2. Show that the function given by f(x)= has maximum at x = e.
X

3. The two equal sides of an isosceles triangle with fixed base b are decreasing at
the rate of 3 cm per second. How fast is the area decreasing when the two equal
sides are equal to the base ?

4. Find the equation of the normal to curve x? = 4y which passes through the point
1, 2).

5. Show that the normal at any point @ to the curve \(

x=acos® +a 0 sinb, y=a sinb — ab cosd \ CO

is at a constant distance from the origin. %S

5

6. Find the intervals in which the fun®s

v@‘—“
P ( ewl&asmg (iL ?

1
7. Find the intervals th which the function f given by f (x) = x° + ,x#0is

nx-— 2xx

(i) increasing (i) decreasing.
2 2

8. Find the maximum area of an isosceles triangle inscribed in the ellipse — + Zz =1
a’

with its vertex at one end of the major axis.
9. A tank with rectangular base and rectangular sides, open at the top is to be
constructed so that its depth is 2 m and volume is 8 m®. If building of tank costs
Rs 70 per sq metres for the base and Rs 45 per square metre for sides. What is
the cost of least expensive tank?
10. The sum of the perimeter of a circle and square is k, where k is some constant.

Prove that the sum of their areas is least when the side of square is double the
radius of the circle.
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Alternatively, if f'(x) > 0 for each x in (a, b)
(b) decreasing on (a,b) if
x,<x, in (a, b) = f(x)) 2 f(x) for all x, x, € (a, b).
Alternatively, if f'(x) <0 for each x in (a, b)
The equation of the tangent at (x, y)) to the curve y = f(x) is given by

dy . : L
If ; does not exist at the point (x,,y,) , then the tangent at this point is

parallel to the y-axis and its equation is x= x,;.

If tangent to a curve y = f (x) at x = x is parallel to x-axis, then ﬂ} =0. K

Equation of the normal to the curve y = f(x) at a poi%@ )‘QQH ‘by
\e=

P ?@%\at the poi Oaggro, then equation of the normal isx = x .
dx 0

*

*

If % at the point (x,,y,) does notexist, then the normal is parallel to x-axis

and its equationis y =y, .

Let y = f(x), Ax be a small increment in x and Ay be the increment in y
corresponding to the increment in x, i.e., Ay = f(x + Ax) — f(x). Then dy
given by

dy = f’(x)dx or @:(%]Ax.

is a good approximation of Aywhen dx = Ax is relatively small and we denote
it by dy = Ay.

A point ¢ in the domain of a function f at which either f’(c) = 0 or fis not
differentiable is called a critical point of f.
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@ First Derivative Test Let f be a function defined on an open interval I. Let
f be continuous at a critical point ¢ in I. Then

(i) Iff’(x) changes sign from positive to negative as x increases through c,
i.e., if f(x) > 0 at every point sufficiently close to and to the left of c,
and f’(x) < 0 at every point sufficiently close to and to the right of c,
then c is a point of local maxima.

(i) Iff’(x)changes sign from negative to positive as x increases throughc,
i.e., if f(x) < 0 at every point sufficiently close to and to the left of c,
and f’(x) > 0 at every point sufficiently close to and to the right of c,
then c is a point of local minima.

(i) If f’(x) does not change sign as x increases through c, then c is neither
a point of local maxima nor a point of local minima. Infact, such a point
is called point of inflexion.

@ Second Derivative Test Let f be a function defined on an interval I and
c e L. Letf be twice differentiable at c. Then

(i) x=cisa point of local maxima if f’(c) = 0 an é"eO

The values f(c) is local maximum va,
(i) x = cis a point of local ‘niN ]ﬁ nd £ >0
In this case, { &mmum val é%
X‘ "(c) =

(i) Xle = 0 an
( e S case, ﬁgﬂ he Tirst derivative test and find whether c is
P a point of mﬁn a or a point of inflexion.

¢ Working rule for finding absolute maxima and/or absolute minima

Step 1: Find all critical points of fin the interval, i.e., find points x where
either f’(x) = 0 or fis not differentiable.

Step 2:Take the end points of the interval.
Step 3: At all these points (listed in Step 1 and 2), calculate the values of f.

Step 4: Identify the maximum and minimum values of f out of the values
calculated in Step 3. This maximum value will be the absolute maximum
value of f and the minimum value will be the absolute minimum value of f.

O/
L4



