Putting O = % and B = 0 in (iv) and (ii) respectively, we get

sin(%"' 9) = sin% cosO + cos% sin® = 1-cosO + 0-sin@ = cosO

sin(%*‘e) = cos0O

T . . . .
COS(?"'G) = COS% C‘O.S'e - Sll’l% sme =0- COSG —1- sme = —sme

cos(7+ 9) = —sin0®

and hence, tan(%Jre) = —cot9

Similarly putting, Ot = 3—TE and B =0 in (i) to (iv), we get

sin L _g = —cos0, cos 3L _g = —sind
(5-9) (3

tan(Tn— ) cot®
T

Similarly, sm(% + 6) = —cos0, cos(%“r 9) = sin0O

tan(—"' 9) = —col0
Again putting o0 = 7, B = 0 and o = 27, B = 0 in (i) to (iv), we can prove th an :
sin(Tt — 0) = sind, cos(Tt — 0) = —cos0O, tan(Tt — 0) = —tan® \e C
sin(Tt + 0) = —sin0, cos(T + 9) = —cos0, tan(T
sin(2T — 0) = —sin0, cos(ZTI: &9 %
sin(2T + 0) = ynO Wﬂ: 5) =t cose tan tan6
*l aese for £ or solvmg examples, so it would be very useful to
remem@v ent. As an aid to m;?ﬁ ber the following.

First of all, it is enough to consider values of trigonometric functions sinQl, cosQ etc. where

0 < Ol < 2T, because if O € R then 0 = 2nT + o, 0 < 0L < 27T. We let 0 < B < % Then typical real

numbers % - P, % + B, 377E — B and %t + B correspond to the trigonometric points which
lie in the L, II, III, IV quadrants respectively.
L B T B From figure 4.2 for any real value, trigonometric function change as
2 2 under, sin — cos, cos —> sin, tan — cot, cot —> tan, sec —» cosec,
377t B B 3% + B cosec —> sec.
Figure 4.2 P(%"'B) is in second quadrant.

In the second quadrant sin(%+ B) > 0.

Note : Choice of sign is according to the original function on the left.
sin(%"'f’) = cosP

P(STR— B) is in the third quadrant and in the third quadrant cos(%t— B) is —ve.
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4.5

ST _ (E n) _ & _ Jo+2

Also, szn—12 sin >~ 1o cos5 T
STo_ (E_TC)Z . _ J6—V2

cos5 cos{ 5~ 15 sins 7

(2) @) sin(o + B)-sin(oe — P) = sino — sin®P = cos*} — cos?al
(ii) cos(O + B) - cos(OL — B) = cos?0. — sin2B = cos2[3 — sin0L
(i) sin(o + P)-sin(o. — P)

(sinQ, cosP + coso sinP)(sin0L cosP — cosoL sinf3)
= sin’0L - coszﬁ — cos’0. - sinZB

sin®oL (1 — sinzﬁ) — (1 — sin*Q) - sin2[3

= sin*0L — sin®QL sin’ — sin®P + sin’0L sin’3
= sin’0L — sin2B
sin(0L + B) - sin(ot — B) = sin*o — sin’P
Now, sin(O + [3) - sin(00 — B) = sin*0l — sin2[3
= (1 — cos?0) — (1 — coszﬁ)
= COSZB — cos?OL
s sin(o+ B) - sin(ol — B) = cos?P — cos?o CO ‘\)\(
Similarly, it can be proved that Ea\e .

cos(0L + B) cos(0L — B) = cos?0. — sznz(x

The Range of f (Ol —ac“()ma € R, 16% 6 + 02 #0
t

As @* + b2 N hree cases !

( (2)a?)ag 3)a¢0 b#0
e ( cta=0,b#%0
Then, f(O) = bsinO.. Range of sinQ is [—1, 1].

—1 < sin0l <1
& —b < bsind <b (b>0)
For b > 0, the range of bsinO. is [—b, b] = [-| b], | b|]. (16| =b)

Now; for b < 0, =1 < sin0t < 1 < —b = bsinO, = b
& b < bsinOl < —b
For b < 0, the range is [b, —=b] = [—| b, | b]| ]. (|| =-b)
The range of f(0) = bsinO. is [—| b |, | b |].
Case 2) :a#0,b=0
Then, f(0) = acosO. Its range is [—| a |, | a|] as before.
Case 3) :a#0,b#0
In this case, we shall express acosQ. + bsinO. in the form r cos(0 — QV).

As rcos(® — o) = rcos® cosO + rsin® sin0l, we shall find » and O such that a = r cos0,

b = rsin®. (r > 0)
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Example 7 : Express J3sin0 — cosOL in the form rsin(00 — ©) and find » and ©, where, » > 0,
0<0<2m
Solution : Let f(Ot) = ,/gsinoc — cosOL

Multiplying and dividing by ‘,(ﬁ)z +(=1)2 = Ja =2,

fo) = 2(§sinoc - %cosoc)

= 2(sin0( cos% — cosQL sin%)
= 2sin (OC — %)
= rsin(0L — 0)

r=2,6=%. Here@=% satisfies 0 < 0 < 2m.
Example 8 : If chos(x — sinOt = rcos(0L — 0), find » and 0. r > 0,
where (i) 0 < 6 < 21 (ii)‘T’T<e<0

Solution : Let f(Q) = ﬁcosoc — sinQL

Multiplying and dividing by r = ‘,(,/5)2 + (=% =2,
J(o)= (‘/_cosoc — Lsinor) u\(

T

B )m esa;)e‘
D &
IO 16O

s(0L — 0) t

Now co
Pgr@\‘,ande ga@' n<9<0

2cos (oc + %) = 2cos (OC + % - 21‘C) = 2cos (oc - HTE)

= 2cos (

0= “TTC satisfies 0 < O < 2T.

Example 9 : Prove that sin?A = cos’(A — B) + cos’B — 2cos(A — B)cosA cosB.

Solution : RH.S. = cos’(A — B) + cos’B — 2cos(A — B)cosA cosB.

= cos’B + cos’(A — B) — 2cos(A — B) cosA cosB

= cos’B + cos(A — B) [cos(A — B) — 2cosA cosB]

= cos’B + cos(A — B) [cosA cosB + sinA sinB — 2cosA cosB]
= cos’B + cos(A — B) (sinA sinB — cosA cosB)

= cos’B — cos(A — B) cos(A + B)

= cos’B — (cos’A — sin’B)

= cos’B + sin’B — cos?A

= 1— cos?A

= sin?A = L.H.S.
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Exercise 4.4

Convert into a form of product :

(1) sin70 + sin30 2) szn— + sin== 39 (3) sin30 — sin50
4) sin? - sin% (5) cos110 + cos90 (6) cos22 + coslle
(7) cos50 — cos110 (8) cos— - cosﬁ (9) cos® — 1

(10) sin® + 1 (11) cosO + sin® (12) sin® — cosO

Prove : (2 to 7)

(1) cos55° + cos65° + cos175° =0  (2) cos2Z — cos kL = _—21

12 12
sin 2& — cos 2L 1
o o _ o B o _ L
(3) sin65° + cos65° = 2 cos20 “4) cos 3L + sin & NG}

12

cos TA + cos 5A
(5) Sin7A —sinsa — COIA

(6) cos20 cos% — cos30 cosge = sin50 sznSe

(7) sin® + sm(e"'—) + sm(e +—) =0 CO U\(
(1) (cosOl + cosB)2 + (sinOl + sm[.)))2 = 4cos éba\e

(2) (cosOl — cosB)2 + (si ~®m Asin? o — Bk 68
(ﬁt@\,ﬂ‘esmC ?@g@ 4smA+B . B-;—C sinC—;A

(2) cosA + cosB + cosC + cos(A + B + C) = 4cosA_2|_B cosB;C cosc-;A
. sin(A +B) —2sinA + sin (A — B) 3 A
(D cosS(A +B) —2cosA +cos(A—-B) tan

COS 3A +2coS5A + cosTA )
(2) CosA+2cos3A TcossA — COS2A — sin2A tan3A

1 3o PN 0 o o

() —=-——"5=4 J25in10° + J3c0s35° = 5in55° + 2c0s65

sin cos

(1) sin® = nsin(® + 200) < tan(® + o) = 1+ 1—, tan

(2) sin(2A + 3B) = 5sinB = 2tan(A + 2B) = 3tan(A + B)

*

Miscellaneous Problems :

Example 16 : Prove that 0 < o, B < % = sin(0 + B) < sin0t + sinf and deduce from this that

sind9° + sind1° > 1.

MATHEMATICS-2



1 - sin 15°

cos 15°
| — sin (45° = 30°)
T cos(45° —30°)

I Ch}
22

S+

22

22 —-3+1
T B3+

Q2 -3+ W3-
@B+ @B

V6 =22 =3+ 3 +3—-1)

=-Joe+2+2-43
=2+2-V3-V6

Example 13 : If A + B + C = T, then prove that

T—A T-B T-C
sm—+sm—+sm——1+4sm( 7 )sin( 7 )sin( 7 )

s B0) 52 n(25C)
+C)sm +(% , \

1+4sm(B4
| =1+z%q6ﬁ) 9, %%>

=1+ (sin% + sin%) — (sin% - sin%)

Solution : R.H.S.

OU\‘

A+B+C=m)

= inB A T i C
1+sm2 +sm2 sin= +sm2

= ¢pd B S G
sin= +sm2 +sm2 L.H.S.

Example 14 : If o0 and B be the roots of the equation acos® + bsin® = c, prove that

o+p
tan + tank = L. Hence, deduce that ran > = Q.
2 2 a+c a

Solution : acos® + bsin® = ¢

1-tan* 2tan
1+tan29 +b 1+tan2% - ¢
29 0

a — atan“= + 2btan— =c+ ctan29

(a + ¢ tanzg - 2btan% +(c—a=0
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Chapter

TRIGONOMETRIC EQUATIONS
AND PROPERTIES OF A TRIANGLE

If equations are trains threading the landscape of numbers, then no train stops at pi.
— Ri d Preston

Pure mathematics is in its way, the poetry of logical ﬁ@
a\e lbert Einstein

6.1 Introduction tes

In the previous semester and in ﬁ\ ave s dl$ t trigonometric functions, their
graphs and their proPertles i % per ‘d ies. Trigonometry is useful in land
surveying. We @t using tr omet can ﬁnd the height of a hill without actually
measu?€ Radha gnn Indian mathematician and a surveyor from Bengal,
was tha first to 1dent1fy Mount erest s the world’s highest peak, using trigonometric calculations.
Trigonometry is useful in modern navigation such as satellite systems, astronomy, aviation, oceanography.

In this chapter we will learn how to solve trigonometric equations and properties of a triangle using
trigonometry.
6.2 Trigonometric Equations

2

A trigonometric equation is an equation containing trigonometric functions, e.g. sin“x — 4cosx = 1

is a trigonometric equation.
A trigonometric equation that holds true for all values of the variable in its domain is called a

trigonometric identity, e.g. cos20 = 2c0s20 — 1 is a trigonometric identity.
There are other equations, which are true only for some proper subsets of domain of functions involved.
We will learn some techniques for solving such trigonometric equations, as well as how to obtain the

complete set of solutions of an equation based on a single solution of that equation The equations

sinx = l has not only the solution x = E but also x = 5 L x=2m+ 7% x=3n—-L ¢ etc. are also solutions
of sinx = 2 Thus, we can say that x = % is a solutlon of sinx = = but it is not the complete solution

of the equation. A general solution to an equation is the set of all possnble solutions of that equation.
Note that some trigonometric equations may not have any solution, e.g. sinx = T. Due to periodic nature
of trigonometric functions, if a trigonometric equation has a solution it may have infinitely many solutions.
The set of all such solution is known as the general solution.
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2 y=2

1 -1
T -7 0 T E oM X

_1 y=-1

i) y=-2

Figure 6.3
Y
2 y=2
1 -

\eW Bl
F?ﬂ‘fa}!n y = tanx, ?eagmey horizontal line in the plane it will intersect the graph of

y = tanx at infinitely many points (figure 6.5). This means that if we take any a € R, then there are

infinitely many real number x such that fanx = a. we need a unique value Ol such that tan0l = a. So we
have to restrict domain suitably. We take (—%, %) as restricted domain of y = tanx. (figure 6.6). We
shall discuss this in more detail when we study the concept of inverse trigonometric functions in the third

semester in 12th standard.
y=tanx Y

y=2
8
X =1
4 Yo
—2T 2
T -t 9o & [ oxm W X
2 2 2 2
-2
—4 y=-—1
s
-8 o
Figure 6.5
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03

& LD

Figure 6.6

Thus, for any a € [—1, 1] there is a unique Ol € [— such that, a = sinQL.

27 2 ]
Also, for any a € [—1, 1] there is a unique Ol € [0, Tt], such that, a = cosOL..

Finally, for any ¢ € R there is a unique O € (—%, %), such that, a = tanO..

We know the set of zeros of sine, cosine and tangent functions. That actually meaﬁx%zve already

know the general solutions of the equations sin® = 0, cos0 = 0, tan\é C

6.3

sin =0& 0=in, ke Z N esa
wse—oqzre—(zk+1)i m "68

tan® = 0 & O 53
\?1?1@\,\\gmeq@ el,— <a<l,cos0=a,—1<a<landtan® =a,a € R.
Géne

ral Solution of sin® % a, where -1<af<1

Here —1 < a < 1. Therefore, there is a unique O € [—?, 3] such that, a = sinOL..
Now, sin@ = a = sinO.
sin® — sin0l = 0

0+0 . 06—«
Sin

O=Qn+ 1)t —orO=2nw+ 0, ne Z

& 2cos 5 =0
= cose+a =0 orsine_a =0
2 2
0+o T 0—o _
= —(2n+1)? or — =nl,n € Z (Why ?)
=
=

O=0Cn+ D+ DT lotor O =2uw + (=)0, n € Z

Therefore, the general solution is given by 0 = kTt + (—1)fo, k € Z.

(We have replaced 2n + 1, 2n by k because any integer is of the form either 2n + 1 or 2n)
Thus, sin® = sin0l & 0 = kTt + (ko k € Z
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Hence, the solution set of sin® = a, —1 < a < 1 is given by {kTt + (—1)*0L | kK € Z} where
-t -], in® = a = si

o€ [ o 2] and sin® = a = sinOL.

(We may take any Ot € R such that a = sinOl. The solution remains same. This convention of

taking Ot € [—%, % is only for the uniformity of the form of the solution set.)

General Solution of cos® = a, where =1 < a < 1

Here —1 < a < 1. Therefore, there is a unique Ot € [0, T] such that, a = cosQL.

Now, cos® = a = cosO.

0+a sine—oc 0

cos® — cosO. = 0 <—2sin 5

O+a _ 0 orsine;a =0

& sin

<:>e-'2_0(=k1t or e;(X:kn,keZ

S O0=2%nT—-CorO=2km+ L k€ Z
Therefore the general solution is given by 8 = 2km + o, k € Z.
Thus, cos® = cosOl & O =2kR T O, k€ Z

Hence, the solution set of cos® = a, —1 < a < 1 is given by {2kt * (de ﬁKhere
.

o € [0, ] and cos® = a = cosO.. a\e -C

General Solution of tan@® = a, where a € PN tes
Here a € R. Therefore, th‘tlvs@me t, a = tanQ..
Now, tane Y@)N
PIE a8 °
1an® — tanol = 0 & - =0

050 coso.

sin® coso. — cosO sind
cosO cosa

sin(@—o)
cos@coso.
< sin® — o) =0
S 0-0o=kn ke Z
S 0=im+o ke Z
Thus, tan® = tan0l < O =kn + O, k € Z
Hence, the solution set of tan® = a, a € R is given by {kKT + O | kK € Z} where

T X - =
o€ ( > 7) and tan® = a = tano..

By the word ‘solve’ we shall mean to obtain the general solution set of the given equation.
Example 1 : Solve : (1) 25in20 — 1 =0 (2) sin*0 — s5in® — 2 =0

Solution : (1) 2sin20 — 1 =0
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cosO = cos(—%) and tan® = tan(—%)
0 = 2km — %, ke Z (P(0) is in fourth quadrant.)

Hence, required solution set is {2le: —% ‘ k e Z}.

6.4 The General Solution of acosx + bsinx = ¢, a, b, c € R and a* + b> # 0

For the given real numbers @ and b, we can find » > 0 and &0 € [0, 27) such that @ = rcosOl and
b = rsinQl. (chapter 4)

@ + b? = 12 cos?oL + 12 sinoL = 2

r=Ja+p r > 0)

Now, acosx + bsinx = ¢
rcosOL cosx + rsinOl sinx = ¢

rcos(x — Q) = ¢
cos(x — Q) = % ()

The last equation will have a solution if and only if | %| 1, that is if and onﬂ\é< r=, that
is if and only if ¢Z < a? + b2 \e C

If cos(x — o) = cosP, where cosB = gthe general solution of (i) is

x — O =2k £ BkeZW n)s% and b = rsinQL.
the g @ut acosx + bsinx = c is

Thus, 1fe eneg
ot [3 k G o € [0, 2TT) such that a = rcosO. and b = rsinO, and

cosB = 7, B € [0, ], r = ‘,a +p2.

If ¢2 > a? + b2, the equation has no solution. In this case the solution set is §.
Example 6 : Solve : chosx + sinx = ﬁ
Solution : Method 1 : Here a = JE, b=1c¢c= ﬁ
P=a+p=3+1=4

Hence, 7 = 2. Here ¢2 < a* + b2. So the given equation has a non-empty solution.

a = rcosO. and b = rsinQl gives cosOl = @ and sinQl = % Therefore oL = %

-2

1
Now,cosB=%—T=f

b=

Hence, required solution set is {2k + L X B | k€ Z} = {ZkTC + % i% ‘ ke Z}.
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10.

11.

12.
13.

14.
15.

16.

17.
18.

19.

20.

21.

T 2T _
tan® + tan(e + 3) + tan(e + T) =3
sinx — 3sin2x + sin3x = cosx — 3cos2x + cos3x
2sin0 + chose +1=0
For AABC, prove (11 to 14) :

abc
2R?

acosA + bcosB + ccosC = 4RsinA sinB sinC =
a(cosC — cosB) = 2(b — c)cos2%

a’cos(B — C) + b3cos(C — A) + 3cos(A — B) = 3abc

b+tc _c+ta _ a+b N cosA _ cosB _ cosC
11 12 13 7 19 25

Prove : cosine rule using sine rule.

Prove : (a — b)? cos? % + (a + b)? sin? % =2

Prove : abc(cotA + cofB + cotC) = R(a? + b2 + ¢?)

If length of the sides of a triangle are 4, 5 and 6, prove that the largest measure of an angle is twice
that of the angle with smallest measure.

If length of the sides of a triangle are m, n, ‘,mz +mn +n? » prove that the largest ﬁsure of an
angle of the triangle is 2;1

If length of the two sides of a triangle are the rou{( 6&&10n ¥ — 2\/_ 3x +2 =0 and if

the included angle between them m 3 the6 w that the perimeter of the

triangle is 2\/_ + ‘/;l(\!

Select a E\, , (c c@' ﬁ@n options and write in the box given on the right
@ ( statement beco

tan3x —tan2x

(1) The set of values of x for which T97———"m = 1 is ... ]

T
(@) ¢ ® { %}
T
(c){kn+Z|keZ} (d){2k1t+ |kez}
(2) Number of ordered pairs (a, x) satisfying the equation sec? (a + 2)x + a*> — 1 =0;
—NM<x<Tis...
(a) 2 (b) 1 (c) 3 (d) infinite
(3) The general solution of the equation sin>% — cos>'x = 1 is ... ]
(@ 2%t + % ke z b)2%4n + L. ke z
(c)k‘n:+%,kez (d)kn+%,kez
(4) The number of solutions of the equation 3sin’x — 7sinx + 2 = 0, in the interval [0, 5T
is ... [ ]
(@ o0 (b) 5 (c) 6 (d) 10
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