TMC1874 Mathematics For Computing

is not in the subset since the third entry does not satisfies the formula 2a—-b+c¢ = 1.
a
Therefore, the subset of all vectors of the form [ b | where2a—-b+c=1isnota

c

subspace of R3.

6. Consider the circle in the xy-plane centered at the origin whose equation is x% + y? = 1. Let W be
the set of all vectors whose tail is at the origin and whose head is a point inside or on the circle.

Is W a subspace of R2? Explain.
Sﬁe CO ‘u
(Solution e \

Note that the ra?&ﬁmleﬁ Thu%an
*es\Not vector 1@ Vector u= [ 0

F ( ence, the scalar
11 12
o] | o

\is not in W. Therefore, W is not a subspace. )

whose head lies outside

in W and let a scalar r to be 2.

ru=2

7. Determine whether the subsets of all matrices of the following forms of Myg are subspaces.

a b ¢
(a) d 0 0 ,where b=a+c
a b ¢
(b) d 0 ol where ¢ <0
(c) a boc where a =—-3c and f =3e+d
d e f | B B
Solution
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The corresponding linear system is
a1 + as = a
—2a1 s 2(12 = b
3a1 — ag = ¢
3ag = d
Form the augmented matrix and row reduce it.
1 1 0|a 1 1 0 a
-2 2 0|b 2R1+Rs—Rs 0 4 0| b+2a | iR2—R:
3 -1 0] c —3R1+R3—R3 0 -4 0| c—3a
| 0 0 3|d 0 0 3 d
(1 1 0 a 1 1 0 a
0 1 0| 22 | 4pyiry—r, [ 0 1 0| 228 | jR.—R,
0 -4 0| c—-3a 0 0 O0|b+c—-a
| 0 0 3 d 0 0 3 d
[1 1 0 a
0 1 0 bt \(
4
0 0 0|b+c—a CO ‘\)
d
[0 0 1] 4 \6
The system is consistent onN &aa 0. 6erefore the vectors do not span
R4.

J

-A(\"

)é\l\e ,[1(2) D A’l 1,02 1 2 1]
A ag D

Let[a b c¢ d]be an arbitrary vector in Ry4. So we have

a1l 1 0 Ol+aoll 2 -1 1]+agl0 0 1 1l+a4[2 1 2 1]=[a b cdl]

The corresponding linear system is

a1 + as + 2a4 = a
a1 + 2a9 9P ag = b
- ag + a3 + 2a4 = c¢
ay + a3 + as = d
Form the augmented matrix and row reduce it.
1 1 0 2|a 1 1 0 2 a
1 2 0 1 b —-R1+R2—Rs 0 1 0 -1 b-a Rys+R3—R3
0 -1 1 2|c¢ 0o -1 1 2 c —-Ry+R4—R4
0 1 1 1|d 0 1 1 1 d

W. K. Tiong Page 14 of 40



TMC1874 Mathematics For Computing

( Solution

(3 1 4 1|0 ] 1 1 2 110
1 2 3 1|0 | Ri~R, 1 2 3 1|0 —R1+Rs—R,
1 1 2 010 1 1 2 0[O0 | —R,+Rs—Rs
|11 2 10 | 3 1 4 1|0 | PRrfu—h
(1 1 2 1]0 1 01 1]0
0 1 1 0|0 | -R+Ri=R; | 0 1 1 0|0 | -3Ri—Rs
0 0 0 0|0 | 2Ry+Ra—=R, | O 0 0 0|0 | Ry—Ry
|0 2 2 -2]0 000 -21]0
(1 0 1 1|0 ] 1 0 1 0]0
0 1 1 0|0 | -Rs+Ry—R, | O 1 1 010
0 0 0 1/0 0 00 1/0
| 0 0 0 0]0 | 0 0 0 00

\The system has many solutions. Therefore, S is not linearly independent.

J

1\ ¥
GO~
14. Which of the given vectors in R3 are linearly depen%@w hich are, express one vector

as a linear combination of the rest. -‘e

(a[2 -1 o0lL[0 3 2] ]“96] 0
Y ReAa

4 ’9‘0@ W VT ’3_6
P ( (3 Form the e(@ﬁge
a1l2 -1 O0l+agl0 3 2]+as[2 4 3]+a4[3 6 6]1=[0 0 Ol
The corresponding linear system is
2a1 + 2a3 + 3a4 = 0
-a1 + 3a2 + 4a3 + 6a4 = 0.
2a9 + 3a3 + 6ag4 = O
Form the augmented matrix and perform row reduction:
2 0 2 3|0 _— 1 -3 -4 -6]|0 SRR
1 8 4 6|0 | =22 9 0 2 3 | o | ZZEitfe—ie,
| 0 2 3 6|0 0 2 3 60
[ 1 -3 -4 -6|0 i p R 1 -3 -4 -6 SRR
glie—hg 5 5 —alig+lig—hvg
0 6 10 150 0 I o —>3R2+R1_)R1
| 0 2 3 6|0 0 2 3 6|0
10 1 3 1 0 1 310]
001 3 Slo|ZRoRlg oy o5 B | SRRk
? 2 3 2 —R3+R1—>R1
[ 0 0 -3 1|0 0 0 1 -3|0 |

~
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Py

( Solution

Form the equation:

a1+ D +agt—2)+as(t+3) = 02+0t+0,
a1t2+(a2+a3)t+(a1—2a2+3a3) = 0t2+0t+0.

Equating coefficients of like powers of t, we obtain the system

ai = 0
as + ag = 0.
a1 — 2a9 + 3a3 = 0

Next, row reduce the augmented matrix of the system:

[ 1 0O 0|0 0O 0|0

0 1 1 0 —-R1+R3—R3 0 1 1 0 2R2+R3—R3
| 1 -2 3|0 o -2 3|0
[ 1 0 0|0 ] 1

0 1 1|0 |ZFTR 0 *O—B‘R“R” 2 \4
| 0 0 5|0 | 1\e
[ 1 0 0] 0 ]

01 0l0 NO‘_@S

0 0
]W’\ A

=ag &%er@r‘s the vectors are linearly independent. )

(b) 2t2+t,¢2+3,t

( Solution

Form the equation:

02 +0¢+0,
02+ 0t +0.

a122 + ) +as(t® +3)+ast

(2a1 +a2)t2 +(a1+ag)t+3ag

Equating coefficients of like powers of t, we obtain the system

2a1 + as = 0
ai + a3 = 0.
3as = 0

Next, row reduce the augmented matrix of the system:

1 0 1|0
2 1 00
0 3 00

—2R1+Rs—Ry

~
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10 1]07 0o 1 .
- - 1Rs—R

0 1 -2|0 |BBBazRs | g 1 g |22

0 3 o]0 | 00 60

10 1]07 1 0 0]o0

0 1 2|0 |ZBEtEzE | g 1 o0

000 1|0 BETEL g o 110

\The solution is a1 = ag = ag = 0. Therefore the vectors are linearly independent. )

(c) 2t2+t+1,3t2+¢-5,t+13

( Solution \

Form the equation:

a1(2t2 +t+1)+ag(3t2+t—5)+as(t+13) 02+ 0t +0,
(2a1+3a9)t®+(a1+as+as)t+a;—bag+13as = 0t2+0¢+0.

Equating coefficients of like powers of t, we obtain the syst@ uK

e Sa\ et

>\,1\(eé \N g\ e teql @"r @system

0 1 1]o0
P ( G ? o | BimEe 2 s olo | PR
0 1 -5 13|0 | “FrtBa—Es

0 1 0 3o

0 1 —2 0 ]m 01 -2]0

0 6 120 ] BT o 0 oo

The solution is ag = r,as = 2r,a; = —3r. Therefore the vectors is linearly depen-
dent. Take r =1, we have

a122 +t+1)+asBt2+t—5)+as(t+13) =02 +0£+0,
—3@22 +t+1)+2Bt2+t—-5)+(t+13) =02 + 0£ + 0,

\ (t+13)=32t2+t+1)— 232+t —5). )

16. Which of the given vectors in R? are linearly dependent? For those which are, express one vector
as a linear combination of the rest.

1 0 1
(a) [ 0 ]’ 1 ]’[ 2
0 1 -1
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\ofAis{[l 3 -21[2 -4 3]. J

32. Find a basis for the column space of A consisting of vectors that (a) are not necessarily column
vectors of A; and (b) are column vectors of A.

1 -2 7 0
1 -1 4 0
A= 3 2 -3 5
2 1 -1 3

(SOIution \

We could perform column reduction to transform the matrix into rref. However, here
we transpose matrix A and perform row reduction.

1 1 3 2 1 1 3 2
-2 -1 2 1 2R1+Rs—R> 0 1 8 5 3Ry +R3—R3
7 4 -3 -1 | -7R+Rs—R; 0 —3 -24 -15 "—j;giﬁm
| 0 o0 5 3 0 5 C@ —Ri
e é@\
0 1 8 5 —-8R4+R Ry—Ry
0 0 0 44%6
0 0 0
\N 0

[y

c (e\"{e

?9

(a) The basis for the row space of A consisting of vectors that are not necessarily row
vectorsof Ais{[1 0 0 O0L[0 1 O %],[0 01 %]}. Therefore the basis for

column space is
] | \

(b) The basis for column space of A consisting of vectors that are column vectors of A

is o
-2 7
’ 2 || -3
1 -1
N\ _ _J

33. Find the row and column ranks of the given matrices.

coc o r
“- O R O
S =)

DN O = =
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