7. Multiplication by the identity (or unit) matrix
Given matrix 4, there exists a matrix I suchthat Al = A

E.g.

(é g)ZXZ((l) (1))2><2:(é 3)2><2
G e o-(3 )
0 0 1/\-1 8 -1 8

A= )
detA = |A| = ad — bc

a b c
B:(d e f>
g h i

detB = |B| = a(ei — hf) — b(di — gf) + c(dh — ge) \(

o \
e ,@3 a1eC0

P(e\t\e\@“(“aqe 5 O —z

cl=-12-(-12) =0

Determinant

6 3
Can be positive, negative or zero
Minor:

M;; of an element A;; of matrix A is the determinant of the submatrix obtained by deleting the ith

row and j¢* column
Co-factor:

Cij of element A;; is (—1)i+fMij and determines whether the element of the determinant is positive
or negative

E.g.



3 -2 -6
2. B= <4‘ 2 —1) IBI = 311C11 + 321C21 + B31C31
0 5 =3

_ |2 —1 - _1 Cyy = |—52 _63| =36 B3;; =0

|B| = —3 — 144 = 147

Physical application

1. Simultaneous equation:
ax+by=e
cx+dy=f

Cast in matrix form:
a b\(X\_ (ax+ by) _ (€
(c d)(y)_<cx+dy _(f)
Matrix form: Ax =B X=A"1B
2. Rotation: \(
lk A ’f’ + A, i

Eﬁ\ ez =)
preV¥ oage

Ay =Aycos@—A,sin® A, = A, sin® + A, cos @

Notes
1. detA=0 no solution for X = A™1B
2. detA+0

a. A71=0 > X=0 (unlikely to happen)

b. Solution can be: X = E, sum might= 0

<2 2) (Z) fir+f9=0

c. If the equations give the same line there is an infinite number of solutions:
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1. 1= [xe *dx

fuv’dx =uv — f u'vdx = —xe™ — f —eYdx=—xe*—e*+c¢

2. I=[sinxcosx dx
u =sinx v’ = cosx v =sinx u' = cosx

fuv’dx =uv—fu’vdx = sinzx—fsinxcosx dx
2] =sin?x +c¢
1 .,
IZE(Sm x+c)

3. I=x%cosx dx
u = x? v = cosx v =sinx u =2x

I =x? sinx—fosinx
Let/ = [xsinx \‘}\(
u=x v’ =sinx = —COS\ CO":

]——xcosx—f—coﬁ@‘; osx+K1x+c

e\N ﬁt Serr;S.A' Q-‘nx+c

4.
b
f —dx=2Inx|2 =2In—
a X a
Integrand doesn’t fall off enough to produce finite result as b — o, integral divergesasa — 0
5.
(4x— 12
1 4x —1)2
fv4x—1dx:f(4x—1)5dx=T+c
6.
) sin 2x
fcoszx—smzx dx =fc052x dx = 5 +c
7.

14



Implicit differentiation

g = h(x)
By chain rule:

dg dy dh

dy dx dx

dy _ Way

dx dg/dy

y= x% > yt=x
h=x > h'=1 g=y" > g’ =ny" !
E.g.
, 11

Power rule: U\(

Logarithmic functions ( Om
?(e\,\e\l\l ;%g@ 27 x=e¥

tWdifferentiation:

o 1
S
Parametric differentiation
y = u(t) x=v(t)
Ve
P /dt X
E.g.
x = r cos(wt) y = rsin(wt)
r cos(wt) 1

- sin(wt) -  tan(wt) = —cot(wt)
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mean: W, = {(x) = foox P(x)dx

variance: var(x) = 0,2

Mode = median = mean

*2 1 (™ (x - ux)2>
Plx; <x<x =f P(x)dx = f ex (— dx
2 D =) Pedx =] e (-3

Suby=%

1 V2 ) 1 Y2 R Y1 .
P(x; <x<x2):\/—%f 4 dy:\/—EU e dy—f e dy]
V1 0 0

Error function

2 y _yz
erf(y) = \/_E e dy
0

P = Jleri(yy) ~ erf(y,)] o uk
\e-CH
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5t
ATg(ZZ) = 90 + 1T = T

RY/4 5t
Zy = ﬁ(cosz—j sinT)
z3=-1+]j |z3] =2 00=tan‘1(—1)=—%

1* quadrant > k=1

3
Arg(z,) =60y +m =—

4
3r 3
Z3 = \/E(COST —j sinT)

Multiplication in polar representation
z = p(cos O — jsinH)

p = |zl

n=cos®+jsin®

eSa\e

z' —zXn—p(cos m(\c +]Sl i]
S(D—sm @ in cos®+sm®c050)]

\,\e [cos(9 + 651
Equiva Xnore complicated) grt@eh ion of rotation:

z=x+]jy 7' =x"+jy
G)=(8 ar))E)
E.g.13=(1) Z, =1+

1. Rotate by %;
T T
z',=14+7) (COSZ+jSinZ) =0+4j

-()

. ﬂ . - n — . .
z, =0 +])(cos§+] smE) =(1+j)j

2. Rotate by g:
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Rotation by - multiply by j

Rotation by —% - divide by j

z; = p1(cosB; — jsin6,) z, = p,(cos @, — j sin @)

7y X z; = p1py(cos(8, + 0;) + j sin(6; + 6;))

z
2= &(cos(el —0,) +jsin(6; — 6,))
Z; D2

Euler’s Theorem

e*t
eX1eX2 = e(x1+x2) R e(x1—x2)
ez
We can identify: e’® = cos @ + jsin@
Introduce exponential notation:
_ 0 _ 0
= p,e/™ z; = pael”?

Multiplication and division in exponential representation:

212, = p1p,e/¥1el% = pp,el1+92) = p p,[cos(6; + 9‘ @O 09\(
Aot
ST “0\‘“ ﬁ 1A
\J\E
pre
1+ )Y = (v2) /1% = 32077 = 32 (cosg +jsing) = 32j

Complex roots
7 = peje — pej(9+2kn:)

6 is the principle argument, k is an integer

1 1 (0 + 2km
’{/E =zn = pﬁ exp <j—( - )>

Fork=0,1,2..n-1 (there are n different roots)
All other values of k are repeats
E.g.
1. V1 =eli2kn = gjkn

2 roots:
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First term component:

We need:

VFAR = —

— - 1 - -
Af = Vf|x0y0 ‘AR +-AR - H(F)AR

Taylor expansion

H(f) = Hessian matrix

of

0x *oYo 9y X0,Yo

< 0 for generic displacement

of
0x

_of

= =0
X0,Yo ay

X0.Yo

OBVIOUS: on tangent to plane parallel to x-y plane

Second component

AR-H(f)AR <0

Scalar product

H(f) has 2 eigenvalues

Write: AR = @\N "

And saP(ev\1,+ |¥,| = 1? ag

[hvy + kv,] - H(f)[hoy + kD] =

We need: AM=<0 A, <0

Conditions for extrema

1) Study Vf = 0 (gradient) and use this to figure out the extrema

2) Build H(f) calculated in extrema
3) Calculate eigenvalues

A
Maxima <0
Minima >0
Saddle >0
<0

ca\eCO"

(‘ﬂ N@Z |genv§c( Avl and ¥,)

<0

>0

<0
>0

e 00 ©

[hvl + k'l—;z] " [hlll_;l + klz'l_;z]

(171 '172 =0)

(<

Uk

= h2A, + k%1, < 0

56



o0 o0 ol
7= =0 —=0 a—g(x.y)—o

E.g.
1. f(x,y) =3x% + 2y? subject to the constraint x + y = 1

O,y 1) =3x* +2y> —p(x +y — 1)

Find the gradient and set to zero:

09
- = 6 — =
dx XTH
9 _

ap 1 —

a =x+y 1=

Solve for x, y, u:
f
12 2 =3
H=7 *=3 y=
|
S\
2. Find the equilibrium position CO .
X
Rigid masslessrod X X0 Sa

|

|
. D I‘ Spring rifg’constant k
preY 'S gace- R

m

Potential energy:

1 2
U(x,y) = —mgy +§[\/(x0 -x)2+y? - L]
Spring length = /(xy — x)? + y?

Find the minimum of U with constant x* + y% = D?:

BCx,y, 1) = Ulx,y) — pu(x? + y* — D?)

09 09 09 2 2 2
a_0 E_O a—x +y“—=D"=0
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Additional knowledge:
t=0 - Q) =0

Q0)=A+&C=0

A= —SbC

Q(t) = ¢g,C [1 — e%t]

Equation of motion W\ R
<N

Moment of inertia:

T = —mgRsinfk = Rxmg
I, = Ic + mR?

d?0 .

pd 2k— —mgRsin@ k \e CO'

2" order differential equ%
For a small oscillation, i.e.: 8 «< 1 m N ’l A

oo
e\, \e\N ; aﬂ‘a order@’&_exgsmn

RO
Solve: 6(t) = sin(wt)
Zi = w cos(wt) ZZTS = —w? sin(wt) = Z—f
—I,w? sin(wt) = —mgR sin(wt)
W = mgR
Iy

There is not only one solution:
6(t) = Asin(wt)

6(t) = B cos(wt)

Most general solution:
0(t) = Asin(wt) + B cos(wt)

To fix A and B use additional knowledge:

Uk
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2" order differential linear equation with constant coefficient:

d’y dy
aw+ba+cy =g(x)

If g(x) = 0 >homogeneous differential equation
If g(x) # 0 >non-homogeneous differential equation

Differential operator

900 =2 =[2]yw =1yw
Define L:
L= i b d
= adx2 + dx +c
Linearity

When the differential operator applied to the sum of functions is equal to the sum of the differential
operators applied to each function

Say 2 function: y; (x), y, (x) and 2 coefficients: 14,1,

d’y, . dy d*y, @ U
LAy1(0) + A2y2(0)] = 4 [ T2 +bd—+Cy1]+lz a%j@ = ®cy,
=MLy, +2;Ly,

Homogeneous linear 2nd orde -ﬁdlf@ml Ntlon _‘ ’l
\ e\N — + b%%y Q
Ifyl(x? ( %lon and y,(x) i galso then y(x) = A1y, + A,y is also a solution

2 linearly independent solutions = any other solution can be obtained from their sum with
coefficients

Linearly dependent and independent functions
Ay1 + Y2 + A3y3 =0

If it is satisfied only for .; = 1, = A3 = 0, y4,¥5, y3 are said to be independent

Ifﬂ.g * 0:

y3(x) = _A—J’1(x) J’Z(x)

V1,Y¥2,Y3 are said to be linearly dependent (1 function can be expressed as a combination of the
other 2)

E.g.

1) Aycos(8) + 2A,sin(6) =0 > 2A2,=2,=0
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1) Find just 1 solution (particular solution, y,(x))

2) Write associated homogeneous equation: (f(x) =0)

d’y  dy
GW-}‘ba-}‘C:y—O

3) Find the general solution/complimentary function:
ye(x) = Ly (x) + A,y,(x)

4) General solution of the non-homogeneous differential equation is:
() = yp(0) + ¥ (x) = (%) + A1y1(x) + 222 (x)

Particular solution + general solution

Then we have:
y(x) = yp(x) + y.(x)

d Z[yp+yc]+b [Yp +YC]+C[Yp+YC] f(x)

dyc dy,
ol Al
d*y,
0+adx2 +b

Solving differential equation% Om N

E.g. \N

Arrowpsr@\, \e P age

Equation of motion: mE2 dtz =mg

In components: % =0 % =—g < D >

Solve the y components
. . d*y
1) Find the general solution ofﬁ =0
Auxiliary equation: a’?=0 > a=0

yc(t) = + At

2) Particular solution:
Try: yp(t) = DO + Dlt + thz

d*y,
dx? 2D, =~y
1
D, = —=gt*
2 29

69



