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7. Multiplication by the identity (or unit) matrix 
Given matrix 𝐴, there exists a matrix 𝐼 such that 𝐴𝐼 = 𝐴 
 
E.g. 
 

(
1 3
5 2

)
2×2

(
1 0
0 1

)
2×2

= (
1 3
5 2

)
2×2

 

 

(
1 0 0
0 1 0
0 0 1

)(
1 3
5 2
−1 8

) (
1 0
0 1

) = (
1 3
5 2
−1 8

) 

 

Determinant 

𝐴 = (
𝑎 𝑏
𝑐 𝑑

) 

𝑑𝑒𝑡𝐴 =  𝐴 = 𝑎𝑑 − 𝑏𝑐 

𝐵 = (
𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖

) 

𝑑𝑒𝑡𝐵 =  𝐵 = 𝑎(𝑒𝑖 − ℎ𝑓) − 𝑏(𝑑𝑖 − 𝑔𝑓) + 𝑐(𝑑ℎ − 𝑔𝑒) 

E.g. 

𝐴 = (
6 1
3 2

)   𝐴 = 12 − 3 = 9 

𝐵 = (

√3

2

1

2

−
1

2

√3

2

)   𝐵 =
3

4
+
1

4
= 1 

𝐶 = (
−4 −2
6 3

)   𝑐 = −12 − (−12) = 0 

Can be positive, negative or zero 

Minor: 

𝑀𝑖𝑗  of an element 𝐴𝑖𝑗 of matrix 𝐴 is the determinant of the submatrix obtained by deleting the 𝑖𝑡ℎ 

row and 𝑗𝑡ℎ column 

Co-factor: 

𝐶𝑖𝑗  of element 𝐴𝑖𝑗 is (−1)𝑖+𝑗𝑀𝑖𝑗  and determines whether the element of the determinant is positive 

or negative 

E.g. 

𝐴 = (
3 −2 6
4 2 −1
0 5 3

) 
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2. 𝐵 = (
3 −2 −6
4 2 −1
0 5 −3

)   𝐵 = 𝐵11𝐶11 +𝐵21𝐶21 +𝐵31𝐶31 

 

𝐶11 = |
2 −1
5 −3

| = −1  𝐶21 = |
−2 6
5 −3

| = 36   𝐵31 = 0 

 
 𝐵 = −3 − 144 = 147 

 

Physical application 
1. Simultaneous equation: 

𝑎𝑥 + 𝑏𝑦 = 𝑒 
𝑐𝑥 + 𝑑𝑦 = 𝑓 

 
Cast in matrix form: 

(𝑎 𝑏
𝑐 𝑑

) (
𝑥
𝑦) = (

𝑎𝑥 + 𝑏𝑦
𝑐𝑥 + 𝑑𝑦

) = (
𝑒
𝑓) 

 
Matrix form: 𝐴𝑥 = 𝐵  𝑋 = 𝐴−1𝐵 
 

2. Rotation: 
 
 
 

 

 

 

𝐴𝑥
′ = 𝐴𝑥 cos ∅ − 𝐴𝑦 sin∅   𝐴𝑦

′ = 𝐴𝑦 sin∅ + 𝐴𝑦 cos∅ 

 

Notes 
1. 𝑑𝑒𝑡𝐴 = 0  no solution for 𝑋 = 𝐴−1𝐵 

 
2. 𝑑𝑒𝑡𝐴 ≠ 0 

a. 𝐴−1 = 0  𝑋 = 0   (unlikely to happen) 
 

b. Solution can be: 𝑋 = 𝐸, sum might= 0 
 

i.e. (
𝑓1 𝑓2
𝑓3 𝑓4

) (
𝑝
𝑞)  𝑓1𝑝 + 𝑓2𝑞 = 0 

 
c. If the equations give the same line there is an infinite number of solutions: 

 

i.e. (
−1 6
1 −2

) (
𝑝
𝑞) = (

0
0
)   𝐴 = 0  𝑦 =

𝑥

2
 

 

𝑨𝒙′ 
𝒙′ 

𝑨𝒙 𝑨𝒚′ 

𝑨𝒚 

𝑨⃗⃗⃗ 

∅ 

𝐴⃗ = 𝐴𝑥 𝑖̂ + 𝐴𝑦𝑗̂ = 𝐴𝑥′𝑖̂′ + 𝐴𝑦′𝑗̂′ 

(
𝐴𝑥′

𝐴𝑦′
) = (

cos ∅ sin∅
−sin∅ cos ∅

)(
𝐴𝑥
𝐴𝑦
) 
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1. 𝐼 = ∫𝑥𝑒−𝑥𝑑𝑥 
𝑢 = 𝑥 𝑣′ = 𝑒−𝑥 𝑣 = −𝑒−𝑥 𝑢′ = 1 

 

∫𝑢𝑣′𝑑𝑥 = 𝑢𝑣 −∫𝑢′𝑣𝑑𝑥 = −𝑥𝑒−𝑥 −∫−𝑒−𝑥𝑑𝑥 = −𝑥𝑒−𝑥 − 𝑒−𝑥 + 𝑐 

 
2. 𝐼 = ∫ sin 𝑥 cos 𝑥  𝑑𝑥 

𝑢 = sin 𝑥  𝑣′ = cos 𝑥 𝑣 = sin 𝑥 𝑢′ = cos 𝑥 
 

∫𝑢𝑣′𝑑𝑥 = 𝑢𝑣 −∫𝑢′𝑣𝑑𝑥 = sin2 𝑥 −∫sin 𝑥 cos 𝑥  𝑑𝑥 

 
2𝐼 = sin2 𝑥 + 𝑐 

 

𝐼 =
1

2
(sin2 𝑥 + 𝑐) 

 
3. 𝐼 = 𝑥2 ∫ cos 𝑥  𝑑𝑥 

𝑢 = 𝑥2  𝑣′ = cos 𝑥  𝑣 = sin 𝑥  𝑢′ = 2𝑥 
 

𝐼 = 𝑥2 sin 𝑥 −∫2𝑥 sin𝑥 

 
Let 𝐽 = ∫𝑥 sin𝑥 

𝑢 = 𝑥  𝑣′ = sin 𝑥  𝑣 = −cos 𝑥  𝑢′ = 1 
 

𝐽 = −𝑥 cos 𝑥 − ∫−cos 𝑥  𝑑𝑥 = −𝑥 cos 𝑥 + sin 𝑥 + 𝑐 

 
𝐼 = 𝑥2 sin 𝑥 + 2𝑥 cos 𝑥 − 2 sin𝑥 + 𝑐 

 
 

4.   

∫
2

𝑥
𝑑𝑥

𝑏

𝑎

= 2 ln 𝑥 𝑎
𝑏 = 2 ln

𝑏

𝑎
 

 
Integrand doesn’t fall off enough to produce finite result as 𝑏 → ∞, integral diverges as 𝑎 → 0 
 
 

5.   

∫√4𝑥 − 1 𝑑𝑥 = ∫(4𝑥 − 1)
1
2 𝑑𝑥 =

(4𝑥 − 1)
3
2

6
+ 𝑐 

 
 

6.   

∫cos2 𝑥 − sin2 𝑥  𝑑𝑥 = ∫cos 2𝑥  𝑑𝑥 =
sin 2𝑥

2
+ 𝑐 

 
 

7.   
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Implicit differentiation 

𝑔(𝑦) = ℎ(𝑥) 

By chain rule: 

𝑑𝑔

𝑑𝑦
×
𝑑𝑦

𝑑𝑥
=
𝑑ℎ

𝑑𝑥
 

𝑑𝑦

𝑑𝑥
=
𝑑ℎ

𝑑𝑥⁄

𝑑𝑔
𝑑𝑦⁄

 

𝑦 = 𝑥
1

ℎ   𝑦𝑛 = 𝑥 

ℎ = 𝑥   ℎ′ = 1   𝑔 = 𝑦𝑛   𝑔′ = 𝑛𝑦𝑛−1 

E.g. 

𝑦′ =
1

𝑛𝑦𝑛−1
=

1

𝑛𝑥
𝑛−1
𝑛

 

Power rule: 

𝑦′ =
1

𝑛
𝑥
1
𝑛
−1 =

1

𝑛
𝑥
1−𝑛
𝑛 =

1

𝑛

1

𝑥
1−𝑛
𝑛

 

Logarithmic functions 

𝑦(𝑥) = ln 𝑥  𝑥 = 𝑒𝑦  

Implicit differentiation: 

𝑦′ =
ℎ′

𝑔′
=
1

𝑒𝑦
=
1

𝑥
 

Parametric differentiation 

𝑦 = 𝑢(𝑡)  𝑥 = 𝑣(𝑡) 

𝑦′ =

𝑑𝑦
𝑑𝑡
⁄

𝑑𝑥
𝑑𝑡⁄
=
𝑦̇

𝑥̇
 

E.g. 

𝑥 = 𝑟 cos(𝜔𝑡)  𝑦 = 𝑟 sin(𝜔𝑡) 

𝑦′ =
𝑟 cos(𝜔𝑡)

−𝑟 sin(𝜔𝑡)
= −

1

tan(𝜔𝑡)
= −cot(𝜔𝑡) 
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𝑚𝑒𝑎𝑛:     𝜇𝑥 = 〈𝑥〉 = ∫ 𝑥 𝑃(𝑥)𝑑𝑥
∞

−∞

 

𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒:    𝑣𝑎𝑟(𝑥) = 𝜎𝑥
2 

Mode = median = mean 

𝑃(𝑥1 < 𝑥 < 𝑥2) = ∫ 𝑃(𝑥)𝑑𝑥
𝑥2

𝑥1

=
1

𝜎𝑥√2𝜋
∫ 𝑒𝑥𝑝 (−

(𝑥 − 𝜇𝑥)
2

2𝜎𝑥2
)

𝑥2

𝑥1

𝑑𝑥 

Sub 𝑦 =
𝑥−𝜇𝑥

√2𝜎𝑥
 

𝑃(𝑥1 < 𝑥 < 𝑥2) =
1

√𝜋
∫ 𝑒−𝑦

2
𝑦2

𝑦1

𝑑𝑦 =
1

√𝜋
[∫ 𝑒−𝑦

2
𝑦2

0

𝑑𝑦 −∫ 𝑒−𝑦
2

𝑦1

0

𝑑𝑦] 

 

Error function 

erf(𝑦) =
2

√𝜋
∫ 𝑒−𝑦

2
𝑦

0

𝑑𝑦 

𝑃 =
1

2
[erf(𝑦2) − erf(𝑦1)] 
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𝐴𝑟𝑔(𝑧2) = 𝜃0 + 𝜋 =
5𝜋

4
 

𝑧2 = √2(cos
5𝜋

4
− 𝑗 sin

5𝜋

4
) 

 

𝑧3 = −1 + 𝑗   𝑧3 = √2  𝜃0 = tan
−1(−1) = −

𝜋

4
 

1st quadrant  k = 1 

𝐴𝑟𝑔(𝑧2) = 𝜃0 + 𝜋 =
3𝜋

4
 

𝑧3 = √2(cos
3𝜋

4
− 𝑗 sin

3𝜋

4
) 

 

Multiplication in polar representation 
𝑧 = 𝑝(cos 𝜃 − 𝑗 sin 𝜃) 

𝑝 =  𝑧  

𝑛 = cos ∅ + 𝑗 sin∅ 

 𝑛 = 1 

𝑧′ = 𝑧 × 𝑛 = 𝑝(cos 𝜃 − 𝑗 sin 𝜃) × (cos ∅ + 𝑗 sin∅)
= 𝑝[(cos 𝜃 cos ∅ − sin 𝜃 sin∅) + 𝑗(sin𝜃 cos ∅ + sin∅ cos 𝜃)]
= 𝑝[cos(𝜃 + ∅) + 𝑗 sin(𝜃 + ∅)] 

Equivalent (more complicated) representation of rotation: 

𝑧 = 𝑥 + 𝑗𝑦   𝑧′ = 𝑥′ + 𝑗𝑦′ 

(
𝑥′

𝑦′
) = (

cos ∅ − sin∅
sin∅ cos ∅

) (
𝑥
𝑦) 

E.g. 𝑣⃗ = (
1
1
)   𝑧𝑣 = 1+ 𝑗 

 

1. Rotate by 
𝜋

4
: 

𝑧′𝑣 = (1 + 𝑗) (cos
𝜋

4
+ 𝑗 sin

𝜋

4
) = 0 + 𝑗 

 

𝑣⃗ = (
0
1
) 

2. Rotate by 
𝜋

2
: 

𝑧′𝑣 = (1 + 𝑗) (cos
𝜋

2
+ 𝑗 sin

𝜋

2
) = (1 + 𝑗)𝑗 

 

𝑧 

𝜃 

𝑧’ 

∅ 

𝜃 + ∅ 
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Rotation by 
𝜋

2
  multiply by j 

 

Rotation by −
𝜋

2
  divide by j 

 

𝑧1 = 𝑝1(cos 𝜃1 − 𝑗 sin𝜃1)  𝑧2 = 𝑝2(cos 𝜃2 − 𝑗 sin 𝜃2) 

𝑧1 × 𝑧2 = 𝑝1𝑝2(cos(𝜃1 + 𝜃2) + 𝑗 sin(𝜃1 + 𝜃2)) 

𝑧1
𝑧2
=
𝑝1
𝑝2
(cos(𝜃1 − 𝜃2) + 𝑗 sin(𝜃1 − 𝜃2)) 

Euler’s Theorem 

𝑒𝑥1𝑒𝑥2 = 𝑒(𝑥1+𝑥2)                   
𝑒𝑥1

𝑒𝑥2
= 𝑒(𝑥1−𝑥2) 

We can identify: 𝑒𝑗𝜃 = cos 𝜃 + 𝑗 sin𝜃 

Introduce exponential notation: 

𝑧1 = 𝑝1𝑒
𝑗𝜃1  𝑧2 = 𝑝2𝑒

𝑗𝜃2  

Multiplication and division in exponential representation: 

𝑧1𝑧2 = 𝑝1𝑝2𝑒
𝑗𝜃1𝑒𝑗𝜃2 = 𝑝1𝑝2𝑒

𝑗(𝜃1+𝜃2) = 𝑝1𝑝2[cos(𝜃1 + 𝜃2) + 𝑗 sin(𝜃1 + 𝜃2)] 

𝑧1
𝑧2
=
𝑝1
𝑝2
𝑒𝑗(𝜃1−𝜃2) 

E.g. (1 + 𝑗)10   𝑧 = 2 

1 + 𝑗 = √2𝑒𝑗
𝜋
4 

(1 + 𝑗)10 = (√2)
10
𝑒𝑗∙10

𝜋
4 = 32𝑒𝑗

𝜋
2 = 32 (cos

𝜋

2
+ 𝑗 sin

𝜋

2
) = 32𝑗 

Complex roots 

𝑧 = 𝑝𝑒𝑗𝜃 = 𝑝𝑒𝑗(𝜃+2𝑘𝜋) 

𝜃 is the principle argument, 𝑘 is an integer 

√𝑧
𝑛 = 𝑧

1
𝑛 = 𝑝

1
𝑛 𝑒𝑥𝑝(

𝑗(𝜃 + 2𝑘𝜋)

𝑛
) 

For k = 0, 1, 2 … n-1 (there are n different roots) 

All other values of k are repeats 

E.g. 

1. √1 = √𝑒𝑗∙2𝑘𝜋 = 𝑒𝑗𝑘𝜋  
 
2 roots: 
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∆𝑓 ≈ ∇⃗⃗⃗𝑓|
𝑥0,𝑦0

∙ ∆𝑅⃗⃗ +
1

2
∆𝑅⃗⃗ ∙ 𝐻(𝑓)∆𝑅⃗⃗ 

Taylor expansion 

𝐻(𝑓) = Hessian matrix 

First term component: 

∇⃗⃗⃗𝑓∆𝑅⃗⃗ =
𝜕𝑓

𝜕𝑥
|
𝑥0,𝑦0

∆𝑥 +
𝜕𝑓

𝜕𝑦
|
𝑥0,𝑦0

∆𝑦 ≤ 0 

≤ 0 for generic displacement 

We need: 

𝜕𝑓

𝜕𝑥
|
𝑥0,𝑦0

=
𝜕𝑓

𝜕𝑦
|
𝑥0,𝑦0

≡ 0 

OBVIOUS: on tangent to plane parallel to x-y plane 

Second component 

∆𝑅⃗⃗ ∙ 𝐻(𝑓)∆𝑅⃗⃗ ≤ 0 

Scalar product 

𝐻(𝑓) has 2 eigenvalues (𝜆1 and 𝜆2) and 2 eigenvectors (𝑣⃗1 and 𝑣⃗2) 

Write:   ∆𝑅⃗⃗ = ℎ𝑣⃗1 + 𝑘𝑣⃗2 

And say:   𝑣⃗1 +  𝑣⃗2 = 1 

[ℎ𝑣⃗1 + 𝑘𝑣⃗2] ∙ 𝐻(𝑓)[ℎ𝑣⃗1 + 𝑘𝑣⃗2] = [ℎ𝑣⃗1 + 𝑘𝑣⃗2] ∙ [ℎ𝜆1𝑣⃗1 + 𝑘𝜆2𝑣⃗2] = ℎ
2𝜆1 + 𝑘

2𝜆2 ≤ 0 

(𝑣⃗1 ∙ 𝑣⃗2 = 0) 

We need: 𝜆1 ≤ 0  𝜆2 ≤ 0 

Conditions for extrema 

1) Study ∇⃗⃗⃗𝑓 = 0 (gradient) and use this to figure out the extrema 
2) Build 𝐻(𝑓) calculated in extrema 
3) Calculate eigenvalues 

 𝝀𝟏 𝝀𝟐  
Maxima <0 <0  

 
Minima >0 >0  

 
Saddle >0 

<0 
<0 
>0 
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𝜕∅

𝜕𝑥
= 0                   

𝜕∅

𝜕𝑦
= 0                   

𝜕∅

𝜕𝜇
= 𝑔(𝑥, 𝑦) = 0 

E.g. 

1. 𝑓(𝑥, 𝑦) = 3𝑥2 + 2𝑦2 subject to the constraint 𝑥 + 𝑦 = 1 
 

∅(𝑥, 𝑦, 𝜇) = 3𝑥2 + 2𝑦2 − 𝜇(𝑥 + 𝑦 − 1) 
 
Find the gradient and set to zero: 

𝜕∅

𝜕𝑥
= 6𝑥 − 𝜇 = 0 

𝜕∅

𝜕𝑦
= 4𝑦 − 𝜇 = 0 

𝜕∅

𝜕𝜇
= 𝑥 + 𝑦 − 1 = 0 

Solve for 𝑥, 𝑦, 𝜇: 
 

𝜇 =
12

5
  𝑥 =

2

5
  𝑦 =

3

5
 

 

 

2. Find the equilibrium position 
 

 

 

 

 

 

Potential energy: 

𝑈(𝑥, 𝑦) = −𝑚𝑔𝑦 +
1

2
[√(𝑥0 − 𝑥)2 + 𝑦2 − 𝐿]

2
 

 

Spring length = √(𝑥0 − 𝑥)2 + 𝑦2 
 
Find the minimum of U with constant 𝑥2 + 𝑦2 = 𝐷2: 
 

∅(𝑥, 𝑦, 𝜇) = 𝑈(𝑥, 𝑦) − 𝜇(𝑥2 + 𝑦2 − 𝐷2) 

𝜕∅

𝜕𝑥
= 0                   

𝜕∅

𝜕𝑦
= 0                   

𝜕∅

𝜕𝜇
= 𝑥2 + 𝑦2 −𝐷2 = 0 

 

 

2

5
 𝑥 

𝑓 

𝒎 

𝑫 

𝑥 𝑥0 

𝑦 

Rigid massless rod 

Spring with spring constant k 
and rest length L 
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Additional knowledge: 
𝑡 = 0         →           𝑄(𝑡) = 0 

 
𝑄(0) = 𝐴 + 𝜀𝑏𝐶 = 0 

 
𝐴 = −𝜀𝑏𝐶 

 

𝑄(𝑡) = 𝜀𝑏𝐶 [1 − 𝑒
−𝑡
𝜏 ] 

 
2. Equation of motion 

 
Moment of inertia: 

𝐼𝑝 =
𝑑𝜔̅

𝑑𝑡
= 𝑇̅ 

𝑇̅ = toque 
 

𝜔̅ = 𝜔𝑘̂ 
 

𝑇̅ = −𝑚𝑔𝑅 sin 𝜃 𝑘̂ = 𝑅̅ × 𝑚𝑔̅ 
 

𝐼𝑝 = 𝐼𝐶 +𝑚𝑅
2 

 

𝐼𝑝
𝑑2𝜃

𝑑𝑡2
𝑘̂ = −𝑚𝑔𝑅 sin𝜃 𝑘̂ 

2nd order differential equation, non-linear 
 
For a small oscillation, i.e.: 𝜃 ≪ 1 

sin 𝜃 ≈ 𝜃 
First order Taylor expansion 

 

𝐼𝑝
𝑑2𝜃

𝑑𝑡2
= −𝑚𝑔𝑅𝜃 

 
Solve: 𝜃(𝑡) = sin(𝜔𝑡) 

𝑑𝜃

𝑑𝑡
= 𝜔 cos(𝜔𝑡)                    

𝑑2𝜃

𝑑𝑡2
= −𝜔2 sin(𝜔𝑡) =

𝑑𝜔̅

𝑑𝑡
 

 
−𝐼𝑝𝜔

2 sin(𝜔𝑡) = −𝑚𝑔𝑅 sin(𝜔𝑡) 

 

𝜔2 =
𝑚𝑔𝑅

𝐼𝑝
 

 
There is not only one solution: 

𝜃(𝑡) = 𝐴 sin(𝜔𝑡) 
 

𝜃(𝑡) = 𝐵 cos(𝜔𝑡) 
 
Most general solution: 

𝜃(𝑡) = 𝐴 sin(𝜔𝑡) + 𝐵 cos(𝜔𝑡) 
 
To fix A and B use additional knowledge: 

𝒎𝒈̅ 

𝑹 

𝒚 

𝒙 
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2nd order differential linear equation with constant coefficient: 

𝑎
𝑑2𝑦

𝑑𝑥2
+ 𝑏

𝑑𝑦

𝑑𝑥
+ 𝑐𝑦 = 𝑔(𝑥) 

If 𝑔(𝑥) = 0 homogeneous differential equation 

If 𝑔(𝑥) ≠ 0 non-homogeneous differential equation 

Differential operator 

𝑔(𝑥) =
𝑑𝑦

𝑑𝑥
= [

𝑑

𝑑𝑥
] 𝑦(𝑥) = 𝐿 𝑦(𝑥) 

Define 𝐿: 

𝐿 = 𝑎
𝑑2

𝑑𝑥2
+ 𝑏

𝑑

𝑑𝑥
+ 𝑐 

Linearity 
When the differential operator applied to the sum of functions is equal to the sum of the differential 
operators applied to each function 

Say 2 function: 𝑦1(𝑥), 𝑦2(𝑥) and 2 coefficients: 𝜆1, 𝜆2 

𝐿[𝜆1𝑦1(𝑥) + 𝜆2𝑦2(𝑥)] = 𝜆1 [𝑎
𝑑2𝑦1
𝑑𝑥2

+ 𝑏
𝑑𝑦1
𝑑𝑥

+ 𝑐𝑦1] + 𝜆2 [𝑎
𝑑2𝑦2
𝑑𝑥2

+ 𝑏
𝑑𝑦2
𝑑𝑥

+ 𝑐𝑦2]

= 𝜆1𝐿𝑦1 + 𝜆2𝐿𝑦2 

Homogeneous linear 2nd order differential equation 

𝑎
𝑑2𝑦

𝑑𝑥2
+ 𝑏

𝑑𝑦

𝑑𝑥
+ 𝑐𝑦 = 0 

If 𝑦1(𝑥) is a solution and 𝑦2(𝑥) is a solution also then 𝑦(𝑥) = 𝜆1𝑦1 + 𝜆2𝑦2 is also a solution 

2 linearly independent solutions  any other solution can be obtained from their sum with 
coefficients 

Linearly dependent and independent functions 
𝜆1𝑦1 + 𝜆2𝑦2 + 𝜆3𝑦3 = 0 

If it is satisfied only for 𝜆1 = 𝜆2 = 𝜆3 = 0, 𝑦1, 𝑦2, 𝑦3 are said to be independent  

If 𝜆3 ≠ 0: 

𝑦3(𝑥) = −
𝜆1
𝜆3
𝑦1(𝑥) −

𝜆2
𝜆3
𝑦2(𝑥) 

𝑦1, 𝑦2, 𝑦3 are said to be linearly dependent (1 function can be expressed as a combination of the 
other 2) 

E.g. 

1) 𝜆1 cos(𝜃) + 𝜆2 sin(𝜃) = 0           𝜆1 = 𝜆2 = 0 
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1) Find just 1 solution (particular solution, 𝑦𝑝(𝑥)) 

 
2) Write associated homogeneous equation:     (𝑓(𝑥) = 0) 

𝑎
𝑑2𝑦

𝑑𝑥2
+ 𝑏

𝑑𝑦

𝑑𝑥
+ 𝑐𝑦 = 0 

 
3) Find the general solution/complimentary function: 

𝑦𝑐(𝑥) = 𝜆1𝑦1(𝑥) + 𝜆2𝑦2(𝑥) 
 

4) General solution of the non-homogeneous differential equation is: 
𝑦(𝑥) = 𝑦𝑝(𝑥) + 𝑦𝑐(𝑥) = 𝑦𝑝(𝑥) + 𝜆1𝑦1(𝑥) + 𝜆2𝑦2(𝑥) 

 
Particular solution + general solution 

 
Then we have: 

𝑦(𝑥) = 𝑦𝑝(𝑥) + 𝑦𝑐(𝑥) 

 

𝑎
𝑑2

𝑑𝑥2
[𝑦𝑝 + 𝑦𝑐] + 𝑏

𝑑

𝑑𝑥
[𝑦𝑝 + 𝑦𝑐] + 𝑐[𝑦𝑝 + 𝑦𝑐] = 𝑓(𝑥) 

 

𝑎
𝑑2𝑦𝑐
𝑑𝑥2

+ 𝑏
𝑑𝑦𝑐
𝑑𝑥

+ 𝑐𝑦𝑐 + 𝑎
𝑑2𝑦𝑝

𝑑𝑥2
+ 𝑏

𝑑𝑦𝑝

𝑑𝑥
+ 𝑐𝑦𝑝 = 𝑓(𝑥) 

 

0 + 𝑎
𝑑2𝑦𝑝

𝑑𝑥2
+ 𝑏

𝑑𝑦𝑝

𝑑𝑥
+ 𝑐𝑦𝑝 = 𝑓(𝑥) 

 

Solving differential equations 
E.g. 

Arrow mass = 𝑚 

Equation of motion: 𝑚
𝑑2𝑅̅

𝑑𝑡2
= 𝑚𝑔̅ 

In components:  
𝑑2𝑥

𝑑𝑡2
= 0  

𝑑2𝑦

𝑑𝑡2
= −𝑔 

Solve the y components 

1) Find the general solution of 
𝑑2𝑦

𝑑𝑡2
= 0 

 
Auxiliary equation:  𝛼2 = 0   𝛼 = 0 
 

𝑦𝑐(𝑡) = 𝜆1 + 𝜆2𝑡 
 

2) Particular solution: 
Try: 𝑦𝑝(𝑡) = 𝐷0 +𝐷1𝑡 + 𝐷2𝑡

2 

𝑑2𝑦𝑝

𝑑𝑥2
= 2𝐷2 = −𝑔 

 

𝐷2 = −
1

2
𝑔𝑡2 

D 
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