A matching is the one-to-one pairing of some or all of the elements of
one set, X, with the elements of a second set, Y.

s

Set X SetY Set X SetY

A ing is when every member of X is paired with one
member of Y.

Your turn... a B "
Identify 4 possible matchings from this bipartite graph. g
Coe
|
J

BO-\ e G
ol \ H
Dua - 'w
Ee s — J
As N
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Hall’'s Marriage Theorem

For a bipartite graph G = (V, E), with bipartition (V4, V2), there
exists a matching M C E that covers V4 if and only if for all
SC Vi, |8 < IN(S)I.

cO LK

Example - Dancing Problem Ereity g
» Suppose that we are at a dance were there are 4 Tenn Geeg
boys and 4 girls. Given the following information
we want to use Hall’s Theorem to prove that Claire
every person at the dance will be able to find a
dance partner. ke
+ The four boys are Ryan, Greg, Tim, and Mike
« Each boy is willing to dance with any girl that is Eemly Sana
willing to dance with him \/
» The four girls are Emily, Jenn, Claire, and Katie. Tenn o o Greg
- Emily is willing to dance with Greg and Tim /
- Jenn is willing to dance with Greg Claure ——
» Claire is willing to dance with Ryan, Mike and Tim
= Katie is willing to dance with Mike and Greg.
Earie — + Mike

25



12/4/2016

<31 ()] = \ “Z
e+ X-{Bc]. NG = {31 (NG| =) X %O‘u\(

| ! 3 Y ¢
® &
A b <
kt X- 113‘(.1)}. N(x) ={,'3} ‘ (NG| # [x| wau
2 ¥13 e
th‘-#iA &

26



12/4/2016

Isomorphism

* The word isomorphism comes from the Greek roots isos for “equal”
and morphe for “form.”

* The simple graphs G1 = (V1,E1) and G2 = (V2,E2) are isomorphic if
there exists a bijection (one-to-one and onto) function f from V1 to V2

* with the property that a and b are adjacent in G1 if and only if f (a) and f (b)
are adjacent in G2, for all a and b in V1.

Isomorphism of Graphs

Definition: Two (undirected) graphs

Gl = (V1, E1l) and G2 = (V2, E2) are
isomorphic if there is a bijection, f:V -V, ,
with the property that for all vertices a,bev,

la,bleE, ifandonlyif (f(a),f(b)l€E,

Such a function fis called an isomorphism.

Intuitively, isomorphic graphs are “THE SAME",
except for “renamed” vertices.
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Isomorphism of Graphs (cont.)

Example: Show that the graphs G =(V, E) and
= (W, F) are isomorphic.

H2

by

ity

(6
vy Vs
V3 ¥a

¥
Solution: The function f with f(u;) = vy, f(u2) = vyq, f(u3) = vz, and f(u @2 UK—
to-one correspondence between V and W. To see that this Lmresponden\sﬁ djacency,
note that adjacent vertices in G are uy and w2, uy and u3, u> at u4. and each of the

pairs f(u1) = vy and f(u2) = va, f(ur) = 11 md (u2) = vq and f(ug) = va,
and f(u3) =vyand f(uq) = v con‘:{ats 6 t \BIIIL%][ & <4

preve page

Isomorphism of Graphs (cont.)

It is difficult to determine whether two graphs
are isomorphic by brute force: there are n!
bijections between vertices of two n-vertex

graphs.

Often, we can show two graphs are not
isomorphic by finding a property that only one
of the two graphs has. Such a property is called
graph invariant:

* e.g., number of vertices of given degree, the

degree sequence (list of the degrees), .....
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Paths in directed graphs (same definitions)

Definition: For an directed graph G= (V. E), an integer n > 0,
and vertices u,v € V, a path (or walk) of length n from v to v in
G is a sequence of vertices and edges xo, €1, Xy, €2, ..., Xp, €n,
such that xp = v and x, = v, and such that e; = (x;_1, x;) € E for
allie{1,...,n}.

When there are no multi-edges in the directed graph G, the path
can be denoted (uniquely) by its vertex sequence xo, X1, . . ., Xn.

A path of length n > 1 is called a circuit (or cycle) if the path
starts and ends at the same vertex, i.e., u = v.

A path or circuit is called simple if it does not contain the S\I’E Q‘O .

edge more than once. (And we call it tidy if it does
the same vertex more than once, except @&é st and
last in case u = v and the pal th i Rmu cle)

Path-example

Which of the following are paths in the directed graph shown in Figure 1:
abed,

aecdb;

b,ac b, a a,b,

dccb, a;

e, bab, abe?

What are the lengths of those that are paths? Which of the paths in this list are

circuits?

12/4/2016
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Weighted Graphs

Graphs that have a number assigned to
each edge are called weighted graphs. gos

MILES
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Weighted Graphs

FARES

Weighted Graphs

FLIGHT
TIMES
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The Kdnigsberg Bridge Problem

Leonard Euler (1707-1783) was asked to solve the following:

D The MeGrarw-Hll Companigs. InG. 3l fights rdasrved

A
((F\ §\ /// The question is whether it is

possible to walk with a route
that crosses each bridge

/ ;__ ' _,; ) \‘--\.. (edge) exactly once, and
--.lﬁ\/ 3 “"“/\j\\\ return to the starting point.

Question: Can you start a walk somewhere in Kénigsberg, walk \(
across each of the 7 bridges exactly once, and end up back CO \)

where you started from? sa.\e .

Euler (in 1736) used “graph theory” to answerg @Q@

Euler paths and Euler Circuits

Recall that an (undirected) multigraph does not have any loops,
but can have multiple edges between the same pair of vertices.

Definition: An Euler path in a multigraph G is a simple path that
contains every edge of G.
(So, every edge occurs exactly once in the path.)

An Euler circuit in an multigraph G is a simple circuit that
contains every edge of G.
(So, every edge occurs exactly once in the circuit.)

Question: Is there a simple criterion for determining whether a
multigraph G has an Euler path (an Euler circuit)?
Answer: Yes. Euler's Theorem
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A '1 .

Shortest Path Properties

Property:1:
A subpath of a shortest path is itsalf a shortest path

Property 2:
There is a tree of shortest paths from a start vertex to all the other
vertices

Example:
Tree of shortest paths from Providence

Dijkstra's Algorithm

Dijkstra's al%ori‘rhm is used in problems relating to finding the
shortest path.

Each node is given a temporary label denoting the length of the
shortest path from the start node so far.

This label is replaced if another shorter route is found.

Once it is certain that no other shorter paths can be found, the
temporary label becomes a permanent label.

Eventually all the nodes have permanent labels.

At this point the shortest path is found by retracing the path
backwards.
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Dijkstra's Algorithm

* Dijkstra's al%or'i‘rhm is used in problems relating to finding the
shortest path.

+ Each node is given a temporary label denoting the length of the
shortest path from the start node so far.

* This label is replaced if another shorter route is found.

* Once it is certain that no other shorter paths can be found, the
temporary label becomes a permanent label.

+ Eventually all the nodes have permanent labels.

* At this point the shortest path is found by refracing the path
backwards.

12/4/2016
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Euler’s Formula (Cont.)

* Corollary 1: If G is a connected planar
simple graph with e edges and v vertices
where v > 3, thene < 3v - 6.

*Is Kg planar?

cO LK

Ks

(o
e\ \;age 82"

Euler’s Formula (Cont.)

prev!

* K5 has 5 vertices and 10 edges.

* We see that v > 3.

* So, if Ky is planar, it must be true that e < 3v — 6.
*3v-6 = 3*5-6 = 15-6 = 9.

« So e must be <9.

* Bute = 10.

* S0, Ky is nonplanar.
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Euler Characteristic

]

-
=

BIPUNEIC D L

Euler Characteristic

Thus to prove that y is always 2 for planar graphs, one calculate y for
the trivial vertex graph:

x=1-0+1=2
and then checks that each possible move does not change v .

L25 174
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Euler

Check that moves don’t change ¥ : Ch teristi
aracteristic

1) Adding a degree 1 vertex:
risunchanged. |E | increases by 1. |V | increases by

1. y +=(0-1+1)
2) Adding an edge between pre-existing vertices: I

rincreases by 1. |E | increases by 1. |V | unchanged.
x += (1-1+0)

o\
o Nootod -

Animated Invariance of
Euler Characteristic

L25 176
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Animated Invariance of
Euler Characteristic

Animated Invariance of
Euler Characteristic

B vy
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