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Isomorphism

• The word isomorphism comes from the Greek roots isos for “equal” 
and morphe for “form.”

• The simple graphs G1 = (V1,E1) and G2 = (V2,E2) are isomorphic if 
there exists a bijection (one-to-one and onto) function f from V1 to V2 
• with the property that a and b are adjacent in G1 if and only if f (a) and f (b) 

are adjacent in G2, for all a and b in V1.
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Path-example
Which of the following are paths in the directed graph shown in Figure 1:

a, b, e, d; 

a, e, c, d, b;

b, a, c, b, a, a, b; 

d, c; c, b, a; 

e, b, a, b, a, b, e? 

What are the lengths of those that are paths? Which of the paths in this list are 

circuits?
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Weighted Graphs

Graphs that have a number assigned to 

each edge are called weighted graphs.
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Weighted Graphs
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The question is whether it is

possible to walk with a route

that crosses each bridge

(edge) exactly once, and

return to the starting point.

Euler’s Theorem
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Dijkstra’s Algorithm
• Dijkstra’s algorithm is used in problems relating to finding the 

shortest path.

• Each node is given a temporary label denoting the length of the 
shortest path from the start node so far. 

• This label is replaced if another shorter route is found.

• Once it is certain that no other shorter paths can be found, the 
temporary label becomes a permanent label. 

• Eventually all the nodes have permanent labels. 

• At this point the shortest path is found by retracing the path 
backwards.
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Dijkstra’s Algorithm
• Dijkstra’s algorithm is used in problems relating to finding the 

shortest path.

• Each node is given a temporary label denoting the length of the 
shortest path from the start node so far. 

• This label is replaced if another shorter route is found.

• Once it is certain that no other shorter paths can be found, the 
temporary label becomes a permanent label. 

• Eventually all the nodes have permanent labels. 

• At this point the shortest path is found by retracing the path 
backwards.
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Euler’s Formula (Cont.)

•Corollary 1: If G is a connected planar 
simple graph with e edges and v vertices 
where v  3, then e  3v - 6.

• Is K5 planar?

K5

Euler’s Formula (Cont.)

• K5 has 5 vertices and 10 edges. 

• We see that v  3.  

• So, if K5 is planar, it must be true that e  3v – 6.

• 3v – 6  =  3*5 – 6  =  15 – 6  =  9.

• So e must be  9. 

• But e = 10.

• So, K5 is nonplanar.

K5
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L25 173

Euler Characteristic

L25 174

Euler Characteristic

Thus to prove that  is always 2 for planar graphs, one calculate  for 
the trivial vertex graph:

 = 1-0+1 = 2

and then checks that each possible move does not change  .
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L25 175

Euler 
Characteristic

Check that moves don’t change  :

1) Adding a degree 1 vertex:

r is unchanged.  |E | increases by 1.  |V | increases by 
1.    += (0-1+1)

2) Adding an edge between pre-existing vertices:

r increases by 1. |E | increases by 1.  |V | unchanged.   
 += (1-1+0)

EG:

EG:

L25 176

Animated Invariance of
Euler Characteristic

|V | |E | r
 =

r - |E | + |V |

1 0 1 2
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L25 177

Animated Invariance of
Euler Characteristic

|V | |E | r
 =

r - |E | + |V |

2 1 1 2

L25 178

Animated Invariance of
Euler Characteristic

|V | |E | r
 =

r - |E | + |V |

3 2 1 2
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