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Disclaimer: These solutions are produced for student use, and have no connection to the
department what-so-ever. As such, they cannot be guaranteed to be correct, nor have any
bearing on the actual mark schemes that were used in the exams. Furthermore, they are
almost literally word for word my practise solutions, so they are far from ’model’ solu-
tions. The formatting may suffer somewhat as a result. As to the question of why I typed
them, as supposed to just scanning my solutions; anyone that knows me personally will
attest to the dire state of my handwriting. For queries and corrections, please email me at
toby.adkins@merton.ox.ac.uk
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Question 1 \(

Proper time - The tlme as defined by a clock follovvlng the cooé\ ofgartlcular object.

. oﬁ(‘dﬁt 62
Rapidity - De \1@?@ "(
pP(e p@th,

Proper acceleration - The rate of change of the velocity of an object as measured in its
instantaneous rest frame.

Consider the four acceleration:
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In the second case, we are considering a photon powered rocket. In the rest frame of the

launchpad, the photons have 4-vectors:
1
dP = aMycdt <1>
In the rest frame of the rocket,

dP' = AdP = aMycdt (7(1
(1

The three momentum delivered to the rocket in its rest frame is

dpo dt _
? = 20[M00d7 (]. — /8) = M[)CLO —

Doppler shift due to photons:

@_ 15
dr  \[1+p8

ag :2ac<11g>

such that

)

apg = 2ac—

(1 -5)

\)\4

As B — ¢, ag — 0, meaning that the first spacecraft will éaa'\ h‘1t up

Question 2

Adopt the metric 7,

“preN'® Pad..,

= (E1,p')
Plz = (E27 - )
By the conservation of 4-momentum,
0=Pi+P
(Ph—PY)” = Y
—m2 —m3 — 2Py - P| = —m3
—mg —m} — 2(~=moBY) = —mj
Ny m% + m%
2mg
Consider E} = /m? + p/%:
Ef =m? +p?
p’ = Ef —mj
_ (mg+mi —m3)* — dmimg
B 4m(2]
= p = g (4 = m)? — i}

Nagv@@ﬂ.\ e?)co@l'&( b%omenta in the CM frame
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We are given that pyr = 9541 MeV and p, = 1625 MeV, such that g = tan=1(0.21133...) ~
11.93°. This is a more accurate prediction of the direction of travel of the particle.

Now,

P2 = (Pr + Pr)”
P2 =P2 + P% 4+ 2P, - Px
—mg = —m2 —m¥% +2(—E:Ex + Pr - Pk)

mg = m72r + m%( +2(ExEx — papr cos (0 — Ok))
Noting that
Er = /m2 + p2 ~ 1630.98 MeV
Ex = \/m3 + p} ~ 9553.76 MeV
it follows that the mass of the particle is given by
mg ~ 1896.9 MeV

Let the proper time be 7. In the lab frame, the particle takes v7 to decay. Let £ be the
distance travelled in the lab:

£ _tmo

Then, \e CO *

such that \e\N _‘( Om

In tm@a\m,e we have @ ag

= (mo, 0)
PK = (EKa pK cos 6”K,p’K sin G’K)
Pl = (B, py cos 0, pl sin6;)
By four-vector conservation in the lab frame:
=Pk + P
P, — P =P
P12 _ Pl2 + P/2 o 2P/ . P/
™ — 10 K 0 K

mz = mg +m + 2(—Ejmo)

such that

2 2 9
By = TR T M 999 109 Mev
2m0

Noting that EK = mK —|—pK, it follows that p} = 860.55 MeV /c. Similarly,

2 2 9
Mo M T Mk 871,79 MeV

El =
i 2m0

Py = 860.54 MeV/c
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This means that the proper acceleration v is constant, as required.
Field event - the spacetime event at which the fields are measured.

Source event - The event on the past light-cone of the field event at which the source is
located.

Projected position - The position of the charge at the field event if the charge where to
continue from the source event at a constant velocity.

A RPN

\e.
tesa
£ oo of 62
u Q\N Xsisn léﬁﬁe
; t@m\"‘ oEL “{jx@

—ts—i-(ms—mf) =0
—ts = Xs — Ty

source event lies on the past light-cone

Then,
ol — (s —as)® = L°
such that
2xy 2xy

The projected position of the particle is given by
XP = (07 ‘TP) = (Oa Ts + Usts)

where vy is the velocity at the source event:

L2 2212t
’Us = 1 — —2 = —_— =
x4 T Ts
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We want a spinor that has associated four-vector
P=vE(,1,1,0)

We want to rotate so around e, by —m/4 to obtain a spinor along (1,1,0). So:

[(Césg ® cosgr/8> _i(smg ? —sn?w/gﬂ G)
(0" ) ()
()

Snew =

Sl Sl Sl

or equivalently

_ 1 1
Snew—ﬁ 6z'7r/4

Introducing the appropriate energy normalisation, this becomes

E/ 1
SE =\ 5 \ gin/4

In order to boost the spinor using ¢?/2 we need to find an expression for 0 u\(
.

\
In t?ngw%;n,e,

w3 (3 9) () =5 ()

From above,

la]? + |b|? 441/4 17/8

P/ B ab* + a*b B E 6—i7r/4 + eiTr/4 5 1/\/5
li(abt —a*b) | 2 |i(em /A =T/ | T 1/v2
lal? — |b|? —4+1/4 —-15/8

Thus,

17 1 1 15
P=FE|—,—,—= — —
( 8'v2'v2 8 )
AS this four-vector is null, P® = |P|2, allowing us to write that:

P cosh = P'?

0 = cos ' (P?/P%) ~ 151.9°
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such that
ECM = [2(m62)2 + Q(MCQ)Z} 1/2
Now,
vou = DPtot 2
Etot

where pior and Ejoy are evaluated in some given frame. Choose this to be the same frame
as before.

2
prot¢ = \/ B2, —m2ct = QCW(MQ - mz)
Byt = M + Eny = ——(3M2 + m?)

Thus,
VOM M? —m?
c 3M? + m?
The momentum of either particle in the CM is given by

peym = yMvon
ie. we transform the mass M initially at rest into the CM frame.
M? —m? 1 1 M?—m?

TUCM = B2 1 m? L Grem)? T MR VB2 +m?2) \)\L
T (3M2m?2)2 CO
pem =M VUCW a
as required (note c = ﬁ&@g}he gﬂ \@irj\ﬁ v/5m. Then, these results

become: \
pe eN 9@;@ ? o 241/2:2@02

such that

5m? — m? _ _1
c  1m®+m? 16m2 T4
_ 5m? — m? _ 4Am? 1
bon = V80Bm2+m?)  Vi8m? V3 e

where we have reintroduced c.

In the CM frame, both atoms are initially moving towards one another with the frame
momentum in the CM frame. The photon is emitted, and then re-absorbed, after which
the two particles travel away from one another again with the same momenta. Now, we
want to find the velocities in the CM. For ¢ = 1,

_ 1
vM = —m
LAV

1 m

V= — = =

(e S

v2 2
1—0v2/c?
—Sv=

This means that
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Performing the inverse transformation, we find that

v2(1 - %) 0 0 0 1 0 0 0
1 0 —~42(1=p8%) 0 0 1 0 -1 0 0

Tiap = 560 E” 0 7(0 7 10 :ieoEQ 0 0 o1 0| T
0 0 0 1 0 0 0 1

This means that N = 0, as the stress-energy tensors are identical in both frames.
The stored energy in the capacitor remains stored in the electric field between the
two plates, which moves with them in the lab frame (and has the same magnitude).
Energy is being absorbed on the bottom plate, and pulled out of the field on the top
plate.

Question 4

_ 4 I
¢_47T€()T'Sf, TSf_‘rs rf‘

A=0

in the rest frame of the charge. This means that the four-vector potential in its rest frame

is
1
A0:< a ,0)
4dmepc rsp

0.V¥

We can find the velocity potential in any other frame by a ROPGQZ transformation
with some velocity vs. Now, the only quantitigs @’ 1cally contribute to rg are
Xst = (ctgr.rsp), and the four-velocity g v&

A0 ot B2,
In t@rft@a\,e\ghe cha@ a@ tes to —rsc, 50

1,0
47T€0 (— Xsf U )( )
The general result is thus:
_ 1 Ve
~ dmeg (-R-U)

where U = four-velocity of the source event, R = Xy —X; = null four-displacement from the
source event to the field event. This result must be generally covariant as we have found a
rank-1 tensor expression that agrees with the result in the rest frame of the charge. This
must be a generally true result, with the potential in other frames being obtained by a
simple Lorentz transformation.

rs = (acoswtg,asinwtg, 0)

te=t—rsf/c
By definition,

Tsf = s — Tyl
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Now, we note that

lu)| = ucost

|luy| = usinf

where

u= \/uﬁ—i-u?l = \/u%—i-u;
such that

Yt cos ' = v,y (ucos § — v)
Yt sin ' = ~y,usin 6
Taking the ratio of these expressions, we arrive at the desired result of

, u sin 0
tanf = ———
Yo (ucosd — v)

Consider the magnetic field to be orientated along z, so B = (0,0, B). Assume the adiabatic
approximation; that there are many loops of the helix for a given distance moved along e,
such that we can write that

/dth—O —  p! !—\pﬂ u\(

meaning that momentum is conserved in the perpendicular &u armor radius
is given by R = |p_|/(eB), this means that it does out the motion.

E?=m % @
preve pa@%@

Now, E; = 17m since v; = 17. Noting that we initially have that p; = p, it follows that

By the conservation of ener? {

(17m)* = m® + pf +p?
2 2 2
289m* = m” + 2p
—pL=p| =12m

Since v > 1, v - 1/4/2 throughout, such that

Apy~V2fd  —> fd—T \2/7;
Then:

12
qFd = —m = 4.33 MeV
V2

gF = 4.33 MeV/m
E =433 MV/m

At the end of the deceleration,

(vpm)? = m? + (12m)? = 145m?
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e | direction:

B _h
pPL=—"Dy= b\
Now,
E% = (me +myp)? ct + p?c?
—_———
M2
=M+ (p1 +p7)c”
hQ
=M%t + 2 + 202 (my, — me)?| &
but
- 1
7 V1—v2/c?
S0
B2 M2t — M2c2v? + v2c?(my — me)? 2y (me +myp)2ct — dmempvic?
! K 1—v2/c? v (1 —-v2/c?)E2

Thus, the minimum total energy is given by

1/2
(me + mp)2ct — dmemyvie? /

(1 - 02/P)E?

o V¥

EtotEg [1 +

G
where E, = hc/ is the energy of the emitted PhOt{esa e )

O
Consider the field equations: m N 62
(oW SO a7 o ©
E \ e\, 5»@“ a@@ =" (0uA") = — o

Lorentz gauge, 0,A* %0, so
00 AY = —ppl”

In the absence of a source term,

_ 19 | g2
A =0 — 0= @ TV
@ T VA
Without loss of generality, set ¢ = 0. Then,
ot
such that
Ey
A= —/dt E= —EO/dt cos(wt — kz) ey = —— sin(wt — kz) e,
w
Thus,

=0
E

A= (O, -=0 sin(wt — kz), 0>
w
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For the last case, consider the transformation:
E, =v(E, -vxB)

1
BL:7<BL+2VXE/>
C

where again the primed field are in S’. We want to find a frame in which E; = E =0. In
S’ B’ =0, so

E, =1E/
B = lvxE
L—CQV 1

This means that it is not possible to find a frame in which the force is purely magnetic as
there will always be an electric field. We can also consider:

a=E-B/c
D=B*-FE?/

We have a = 0, so D = —E?/c? < 0 the magnetic field can be taken to zero, but not the
electric field (as D is sign definite).
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