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This means that E is a completion of X if E is a Banach space which contains
a dense subset isometric to X.

Theorem 1.1.11 (Hausdorff)

Every normed linear space has a completion.

Definition 1.1.12

Let (X, ||-||y) and (Y, ||-||,) be two arbitrary normed linear spaces. A map
f X — Y is said to be continuous at a point a € X if for every sequence
(2n)n of X converging to a with respect to || - ||, the sequence (f(xy)), con-
verges to f(a) in Y with respect to || - ||,.. f is said to be continuous (on X)
if it is continuous at every point of X.

Equivalently, f is continuous if and only if the pre-image of every open set in
Y is an open set in X.

Recall that given two K-linear spaces X and Y, a map or operator

T:X — Y \4
is said to be linear if for all z;, zo € X and for all 5\ @Qe have

T(Ckl.ﬁlfl + qury) =

Equivalently, T : X YOMrﬁor all -& ’lEQ and for all a € K,
we have \N‘ﬁ(
\J\E

’Peorem 1.1.13

Let (X, ||]|y) and (Y, || -||,) be normed linear spaces. Then a linear map
T : X — Y is continuous if and only if T"is a bounded linear map in the sense
that there exists a constant real number v > 0 such that

IT(z)]], < allz]l, V2 eX.

Notations 1.1.14
Let X and Y be two given arbitrary normed linear spaces.

The set of all bounded linear maps (i.e. continuous linear maps) from X into
Y is a linear space that will be denoted by B(X,Y).

Given a bounded linear map 7' : X — Y, we shall set
Tllgensy = it { k2 IT@)], < kllzll, Yo e X |

that will be simply written as ||T'|| when there is no ambiguity.



We denote by X* := B(X,K) the topological dual of X; that is, the set of all
continuous linear functionals of X.

Proposition 1.1.15

Let (X, || - ||5) be a nontrivial normed linear space and (Y, || - ||,) be an
arbitrary normed linear space. Then for every T € B(X,Y’), we have

IT@I < Tll=lly  VzeX,

and

T(x
el <1 ] =1 el 20 2]«

Theorem 1.1.16
Let (X, || -]|x) and (Y, || -||,;) be normed linear spaces. Then

L. (B(X,Y), || is a normed linear space. \(

| |B(X,Y))

2. If moreover (Y, || -||,) is a Banach space, then &‘equw‘xw) is

a Banach space.
NOte> 0
Corollary 1.1.17 "( Om " ’l
The duéqve\Nlormed h@Ep;&}‘ls (always) a Banach space.

mark 1.1.18

Given a normed linear space (X, || - ||, ), the dual X* being a normed linear
space (in fact a Banach space) has also a dual X** called the bidual of X.
Moreover there exists a canonical injection J : X < X™** defined by

J: X — X
r — J(x),

where J(x) the continuous form on X* defined by
(J(@), f) = (f,2) == flz); VfeX".

Definition 1.1.19 (Reflexive space)

A normed linear space (X, || ||, ) is reflexive if it is a Banach space such that
the canonical injection J: X — X** is surjective.



where

Jo lulPdz)r if 1< p < oo,
Np(u) =
inf{M >0 : |u(z)| <Mae} if p=oo.

(iv) C.°(Q2) denote the space of infinitely many times differentiable functions
u : ) — R with compact support in 2.

(v)
(a)

2(Q) = {u € C™(9); supp(u) is compact and supp(u) C Q} = C.=(Q)
is generally called the set of tests functions. B
(b) 2(Q) is the space of all functions v such that v is the restriction on

of a function of Z(R").
(vi) The space of locally integrable functions is denoted by

loc ﬂ L K
KccQ O ‘u
where K is a compact subset of . \e C

(vii)( | N tesao

\,\ é\Nl “ @u is k:fzﬂ&s—c uously dlfferentlable}
9&&% u cC k(@ 9 is uniformly continuous for all |a| < k. }

Q) = [ CH9).

Thus if u € C*(Q) then D*u continuously extends to € for each multi-index
a, la) < k.

Definition 1.4.1 (Weak derivative)

Let u,v € L',.(92) and « is a multi-index.
We say that v is the aP-weak derivative of u and write D%u = v if

/QuDa¢d1: = (— )'a/Qv(bdx
for all ¢ € 2(Q2).
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CHAPTER 2

Galerkin Method

uk

Partial Differential Equations (PDE’s ?r-l many areas of Math-
ematics such as leferentlal G tﬁn Stoc as‘c? cesses. Nowadays
many natural huma , chemi al, economical or finan-
cial syste b@:]ess S can be esC at macroscopic level by a set of

@ g avera, uch as density, temperature, concentra-
ocity, etc.

As there is no general theory known for solving all PDE’s, and given the vari-
ety of phenomena modelled by such equations, research focuses on particular
PDE’s that are important for theory or applications. For example, for PDE’s
of order 2; elliptic equations are associated to a special state of a system in
principle corresponding to the minimum of the energy, parabolic problems de-
scribe evolutionary phenomena that lead to a steady state described by an
elliptic equation, hyperbolic equations modelled the transport of some physical
quantity such as fluids or waves.

2.1 Analysis of PDEs. 0.
\e.C

Thus in our dissertation, we would like to present a constructive method for
solving Boundary Value Problems (i.e., PDE’s subjected to Boundary Condi-
tions) of variational type that have the variational formulation :

P) Find w € H such that,
A(u,v) = L(v), YweH

where H is an infinite dimensional Hilbert space, £ : H — R is a bounded
linear form and A : H x H — R is coercive and continuous bilinear form.
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V. Then there exists a sequence (wy,), C W such that v, = Aw, for every n.
Moreover for all m, n, we have

Alw,, —w v, —
L

by the inequality (2.5) and the linearity of A. Therefore (w,), is a Cauchy
sequence and so converges in the Hilbert 1 to some element w. It follows from
the continuity of A that w = Awv. This completes the proof of the closedness
of ImA.
Now let v, € (ImA)*. Then (v,, v)y = 0 for all v € ImA which means also
that

(v, Aw)y = (Aw, vy)y = 0, Vwe W,

And so
A(w,v,) = 0, YweW.

Therefore v, = 0 according to (2.3).

Hence A is a continuous linear bijection with a continuous inverse (cf. the
inequality (2.5)).

Besides, by applying Riesz Representation Theorem to £ € V*, there \K\{
v € V such that

L) = 0,0y, W e V. {@9@«\ I ||v
By setting v = ), it is Ci eﬁnes ‘ﬁ h‘?%z@ontmuous and iso-

metric map from

P&@J is r@\oa‘@adm%g, for any given £ € V* an element
such that

= B(L). (2.6)
Thus we have a unique solution
w = AN (B(L))
that satisfies moreover
ullw < I\Azllv
_ Bl
_  lLlv
O

Let us now consider the particular case in which V' = W in problem ().
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Let us show that

V, = {vh € C(la,b)); vny, €Py, Vie {1,...,N}}ﬂv

is a finite dimensional subspace of V' = H{(a,b). Tt suffices to show that the
functions defined above constitute a basis for V},. First of all, these functions
are continuous on each intervals K; = [x;_1,x;] as polynomials, and piecewise
linear and they vanish on {a,b}, so ¢; € V. Observe also that ¢;(x;) = 6;;.
Let {o;}¥7! € R, such that f(z) = SN,  augy(x) = 0, Va € [a, b]. Therefore

flr1))=a1 =0, ..., fan-1) =an_1=0

Hence, {¢;}2 " are linearly independent. Furthermore, any v, € Vj, is uniquely
written (because a polynomial of degree 1 on an interval [c,d] is uniquely
determined by its values on ¢ and d) by v, = Zf\:ll ;. This implies that

Uh(ilfl) =B, -, Uh<37N71) = Bn-1 -
This identity shows that {¢;};_ N ’1 is a basis for V},. Therefore

Vi, — span{gﬁz, 1<2<N—1} —  dimV, =N d \)\4

Note that the support of ¢; is Sa\

suppeg; = mvzwcx‘ A?@
P(I two di @9 gonal domain, covered with finite element
shés 7, such that e g K. € 15, is a triangle. So let K. be a triangle
with vertices (x;,v;),(x;,y;) and (xk, yx) taken in the anti-clockwise direction.
We write a linear approximation inside each element of the form
uBe) (z,y) = ay + asx + asy (%)

with a; € R. At the nodes we get

uB) (25, y;) = u; = ay + agw; + agy;,

u) (25, ;) = u; = ay + agx; + azy;,

u) (2, ) = ug = a1 + aswy + asyr.

For the solution of a, as, az we have the following system

1z oy a1 U;
1 Tj Y as = Uj s
1z oy ag ug,

using Cramer’s rule, the solution of the system is obtained as

Ay JAD) As

NG @2=K, a3:K

a; =

20



Theorem 3.3.10

Let 7, be a regular triangulation of ) containing only triangles if n = 2 or
tetrahedrals if n = 3. Let us denote by

N, = {ci: ’i:l,...,Nh}

the set of nodals in the mesh satisfying hypothesis (Hy), (Hy), (Ha).
Then there exists a basis system ¢; Vi = 1, ..., N}, defined by

{ ¢7'|K GPma v¢67h7
¢i(cj) = 51']'7 v.] = 17 "'7Nh>

called shape functions such that for all v, € V" |

How to construct shape functions? ¥

It is appropriate to use reference element technique. It is partl

for higher dimensional problems. When n = 1, it co ﬁ tmg a shape

funtion on, a suitably choosen reference el § or each element K;

in the mesh we define then an a map « — K; and use
ﬁf ay one obtains the

it to transfer the shape i -g
desired finite \e ]Y in the ph %{ﬂ
ﬁ%&ﬁgi&u E“BG:

Suppose that the trlangulamon Tp, contains only triangles. Let us choose as
reference element the triangle T, with vertices t; = (0,0), to = (1,0), t3 =
(0,1). Shape functions ¢;, i = 1,2,3, are given by the following barycentric
coordinates functions \; 1 =1,2,3

Pre(r,y) =1—x—y=Az,y),
¢2,7”(x7y) =T = )\Q(xay)a
¢3,r($7y) =y = Ag(l’,y),

for all (z,y) € T,.

Proof : From theorem 3.3.12 we have seen that for all o; € R i =1,2,3,
there exists a unique p € Py such that p(t;) = «;, i = 1,2,3 with p(z,y) =
a1 A1 (z,y) +Faghe(,y) +asAs(z,y) Yo,y € T,. On the other hand by assuming
p(z,y) = a+ by + cx, a,b,c € R, Yo,y € T, we obtain a unique solution
c=ay—ay,b=a3—ay, and a = oy from p(t;) = a;. So p(x,y) = (g —aq)x+
(g —aq)y+a; = (1 —x —y)ag + zag + yag. Thus for (ay, az, as) = (1,0,0),
(0,1,0), and (0,0, 1) we have respectively by unicity of p
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pi(z,y) =1—2—y=M\(2,9)
p2(£7y) =T = )\2((13,3/)
p3(w,y) =y = As3(w,y) .

Vx,y € T,. Which constitute a basis on 7, from Theorem 3.3.4 called shape
functions.

The transfer affine map which transfer 7T, to a given triangle T' € 7,, with
vertices (t1 = (z1,y1),t2 = (72, y2),t3 = (r3,¥3)), is then defined by,

F: 7, —T

_ (= z)s+ (z3—x)t a1 .
(5:8) = (@, 0) = Fls, 1) = ( (y2 —v1)s + (ys — y)t + 1 )

where F is fixed such that F(0,0) = t1, F((1,0) = to, F'(0,1) = t3

In general, the stiffness matrix and the load vector are not easy to compute
exactly. In such cases one use numerical quadrature methods. Among the wide
scale of existing numerical quadrature methods, the Gaussian quadrature rules

are of high efficiency. \(

3.4 Gaussian Quadrature Ruleéa\e C

One dimensional cas N O
Deﬁmtlon % Om 2 O“ ’l

neb\,pomt Gau@la@:gure rule in the interval K, = (—1,1) has
form

/ §)d§ ~ Zwm+1,i9(§m+1,z‘)>

-1 =0

where ¢ is a real bounded continuous function on [—1,1], &n41; € (—1,1),
i = 0,...,m, are the integration points, and w,,+1, € R are the integration
weights which satisfies

m

Zwm—l—l,i = 2.

i=0

Definition 3.4.2 (Legendre polynomial):

Let the integer m > 0. Polynomials of the form

Lin(%) = grmy g (2% = 1),

2mm! dx™
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. Then

1 m
/ plz)dr = Zp<xm+1,i)wm+1,i Vp € Py (—1,1)

1 i=0

In order to have the Gauss-Radau formula to include the point x = 1, the
variable a is taken in such a way that ¢(1) = 0 and a similar result as the
previously presented is valid.

Gauss-Lobatto-Legendre quadrature formula:

Finally, the Gauss-Lobatto-Legendre quadrature formula is obtained by con-
sidering

q(x) = Lpy1(2) + aLly(x) + 0Ly, (c)
where a and b are chosen such that ¢(—1) = ¢(1) = 0.

Let g < x7 < ... < x,, be the roots of (¢) and let wy, ..., w,, be the solution
of the linear system

zm:xgwi:/lxjdx, 0<73<m \(
i=0 -1 O u

Then

C
/ x)dr = Zp Tm+1,i ﬂ t@é%m 1(
w SO ) of 1
Remar ‘if\‘e

ration pomts (aagntegratlon weight exist and they are unique
since they are roots of the Legendre polynomial. Furthermore we have the
relation

2 .
w ;= 1=0,..m.
m—+1,: (1_£T2n+1,i)L{m+1(£)27 )

Quadrature in arbitrary intervals

Let K = (x;_1,x;) C R be an arbitrary interval. To transfer data from K, to
K we use an affine map Fx : K, — K, such that

Fr (&) = 1 + €, for some ¢, ¢ € R,
Fr(=1) =z,

Therefore, the new integration points ém+1,i € K are then defined as

£m+1,z' = Fr(&mt14), 1 =0,...,m

o8



Thus, K is the following matrix :

R R
5+ g Rl 0 0 0
ho 1 ho+hy 1 1 —hy 1
% " hg 3  ThReTAL i Y
0 —hy 1 hithe 1 4 1 —ha 1
3 3 D hz 3 )
—hg 1 hoths | 1 , 1 —hy _ 1
0 0 3 g 3 TRy T hg 3 T3 0
o 0 —hn—1 1 hny_1thy 41 41 —hn _ 1
3 AN_1 3 Anv—1i T RN 3 3
h

Which is a tridiagonal matrix, and it is obviously sparse.
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