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Wave-Particle Duality 15

The previous equation can also be written in the coordinate-free form
n-r=d, (3.6)

where n = (1, 0, 0) is a unit vector directed along the positive x-axis, and r = (x, y, z) rep-
resents the vector displacement of a general point from the origin. Since there is nothing
special about the x-direction, it follows that if n is re-interpreted as a unit vector point-
ing in an arbitrary direction then (3.6) can be re-interpreted as the general equation of a
plane. As before, the plane is normal to n, and its distance of closest approach to the origin
is d. See Fig. 3.1. This observation allows us to write the three-dimensional equivalent to
the wavefunction (3.3) as

P(x,y,z,t) = A cos(k-r—wt+ @), (3.7)

where the constant vector k = (k,, ky, k;) = kn is called the wavevector. The wave
represented above is conventionally termed a three-dimensional plane wave., It is three-
dimensional because its wavefunction, 1\ (x, y, z, t), depends on all three C‘f\ﬁn coordi-
nates. Moreover, it is a plane wave because the wave maxu-ni ée sede)l a

k- r—wt+ (3.8)

" "( pm &‘a 222 (3.9)

where e}@ \1@ = e wavenumber, k, is the magnitude of the
Wave‘@tx ie |k| comparlson with Eq. (3.6), that the wave maxima
consist of a series of parallel planes, normal to the wavevector, which are equally spaced
a distance A apart, and which propagate in the k-direction at the velocity v. See Fig. 3.2.
Hence, the direction of the wavevector specifies the wave propagation direction, whereas
its magnitude determines the wavenumber, k, and, thus, the wavelength, A = 27t/k.

3.4 Representation of Waves via Complex Functions

In mathematics, the symbol i is conventionally used to represent the square-root of minus
one: i.e., one of the solutions of i = —1. Now, a real number, x (say), can take any value
in a continuum of different values lying between —oo and +oo. On the other hand, an
imaginary number takes the general form iy, where y is a real number. It follows that
the square of a real number is a positive real number, whereas the square of an imaginary
number is a negative real number. In addition, a general complex number is written

z=x+1vy, (3.10)

where x and y are real numbers. In fact, x is termed the real part of z, and y the imaginary
part of z. This is written mathematically as x = Re(z) and y = Im(z). Finally, the complex
conjugate of z is defined z* = x —iy.
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Thus, the wave maxima and minima propagate in the x-direction at the fixed velocity

dx

dt

An expression, such as (3.24), which determines the wave angular frequency as a func-
tion of the wavenumber, is generally termed a dispersion relation. As we have already seen,

and as is apparent from Eq. (3.25), the maxima and minima of a plane wave propagate at
the characteristic velocity

=cC. (3.27)

Vp = (3.28)

k )
which is known as the phase velocity. Hence, the dispersion relation (3.24) is effectively
saying that the phase velocity of a plane light wave propagating through a vacuum always
takes the fixed value c, irrespective of its wavelength or frequency.

Now, from standard electromagnetic theory, the energy density (i.e., the energy per unit

volume) of a light wave is
E 2

u__ u\k (3.29)

where €y = 8.85 x 107"2F/m is the permlttmty jgaa\@ -Igence it follows from

Egs. (3.20) and (3.22) that

W 2% (3.30)
Furthermore, a hg ‘%@Qs‘l‘-\ar e@t | as energy. This momentum
is directed alo irectio @ n, and is of density

P( G=—. (3.31)

(¢

3.6 Photoelectric Effect

The so-called photoelectric effect, by which a polished metal surface emits electrons when
illuminated by visible and ultra-violet light, was discovered by Heinrich Hertz in 1887.
The following facts regarding this effect can be established via careful observation. First,
a given surface only emits electrons when the frequency of the light with which it is il-
luminated exceeds a certain threshold value, which is a property of the metal. Second,
the current of photoelectrons, when it exists, is proportional to the intensity of the light
falling on the surface. Third, the energy of the photoelectrons is independent of the light
intensity, but varies linearly with the light frequency. These facts are inexplicable within
the framework of classical physics.

In 1905, Albert Einstein proposed a radical new theory of light in order to account for
the photoelectric effect. According to this theory, light of fixed frequency v consists of a
collection of indivisible discrete packages, called quanta,! whose energy is

E=hv. (3.32)

'Plural of quantum: Latin neuter of quantus: how much?
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The complex conjugate of this expression yields

aq)* _ azlb* : 5
b= me Vi (4.14)
[since (AB)* = A*B*, A** = A, and i* = —i]. Summing the previous two equations, we
get
81])* o 1h , 0% 0%p*\ iR d 81]) 61])
b = ( e Yo )T Imoax - @)
Equations (4.12) and (4.15) can be combined to produce
d 2y op oy
el — S =0. .16
AL [w = ] (4.16)
The above equation is satisfied provided

W —0 as [|x] — oo. 4.17)

However, this is a necessary condition for the integral on the left- hann U£ (4.4) to

converge. Hence, we conclude that all wavefunctions which fegrable [i.e., are

such that the integral in Eq. (4.4) converges] ha é ‘gqhat if the normahzat1on

condition (4.4) is satisfied at one instant i ﬁ t 1s satighed at all subsequent times.
It is also possible to dem st@e“(\ 3 51m11a ;2_the above, that

\(E\Pd g ) 0, (4.18)
where?X X,es defined mQ agand

jx,t) = 2m<¢

is known as the probability current. Note that j is real. Equation (4.18) is a probability
conservation equation. According to this equation, the probability of a measurement of
x lying in the interval a to b evolves in time due to the difference between the flux of
probability into the interval [i.e., j(a,t)], and that out of the interval [i.e., j(b,t)]. Here,
we are interpreting j(x, t) as the flux of probability in the +x-direction at position x and
time t.

Note, finally, that not all wavefunctions can be normalized according to the scheme set
out in Eq. (4.4). For instance, a plane wave wavefunction

B(x,t) = Ppoe! el (4.20)

is not square-integrable, and, thus, cannot be normalized. For such wavefunctions, the
best we can say is that

aw*—q)—9> (4.19)

b

Prcan(t) x J Wix, 02 dx. (4.21)

a
In the following, all wavefunctions are assumed to be square-integrable and normalized,
unless otherwise stated.
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It is a reasonable guess that the operator corresponding to energy (which is called the
Hamiltonian, and conventionally denoted H) takes the form
p?
H=—"— + V(x). (4.59)
2m

Note that H is Hermitian. Now, it follows from Eq. (4.55) that

R 92
H= I Al + V(x). (4.60)
However, according to Schrédinger’s equation, (4.1), we have
R? 92 G
SO 3
H=ih—. .62
iho (4.62)

i ¥ T‘j\;esa (4.63)
Finally, if O(x p,E) is a @ma éal bl is a function of displace-

ment, momentu then a guess for the corresponding opera-

a
tor 1ngx1 an1c¢ é@ x, YH) + Of(x,p, H)], where p = —ih9/0x, and
t.

4.7 Momentum Representation

Fourier’s theorerm (see Sect. 3.12), applied to one-dimensional wavefunctions, yields

P(x,t) = \/1—2_71 r; Pk, t) et > dk, (4.64)
P(k,t) = \/1—2_71 Joooo P(x,t) e **dx, (4.65)
where k represents wavenumber. However, p = k. Hence, we can also write
P(x,t) = \/th_h Jjooo d(p,t) e P dp, (4.66)
o(p,t) = \/%L JOOOO P(x,t) e P¥dx, (4.67)

where ¢(p,t) = P(k,t)/v/h is the momentum-space equivalent to the real-space wave-
function P (x, t).
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4.12 Stationary States

An eigenstate of the energy operator H = i h0/0t corresponding to the eigenvalue E;

satisfies
h alI)E (Xa t) El)

ot
It is evident that this equation can be solved by writing

= Ei le(X, t, El) (4157)

Pe(x, t, E) = i(x) e 1B VR (4.158)

where \);(x) is a properly normalized stationary (i.e., non-time-varying) wavefunction. The
wavefunction g(x, t, E;) corresponds to a so-called stationary state, since the probability
density ¢|? is non-time-varying. Note that a stationary state is associated with a unique
value for the energy. Substitution of the above expression into Schrodinger’s equation
(4.1) yields the equation satisfied by the stationary wavefunction:

2m dx?

L L U \ e. cO- \)\4 (4.159)

This is known as the time-independent Sc ’Xg%?on ])zre generally, this equation

takes the form
(O(Q \ 22 (4.160)
Wo l;‘e a @ué ti @

where Xa ion of t. Of course, the 1; satisfy the usual
ortho % COIldlthIl

J ll)i Il)j dx = 511'. (4161)

Moreover, we can express a general wavefunction as a linear combination of energy eigen-
states:

— Z cii(x) e TR VR (4.162)

where -
ci = J Ui (x)P(x,0) dx. (4.163)
Here, |ci|? is the probability that a measurement of the energy will yield the eigenvalue

E;. Furthermore, immediately after such a measurement, the system is left in the corre-
sponding energy eigenstate. The generalization of the above results to the case where H
has continuous eigenvalues is straightforward.

If a dynamical variable is represented by some Hermitian operator A which commutes
with H (so that it has simultaneous eigenstates with H), and contains no specific time
dependence, then it is evident from Egs. (4.161) and (4.162) that the expectation value
and variance of A are time independent. In this sense, the dynamical variable in question
is a constant of the motion.
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ticle of energy E incident on a square potential barrier of height Vo = 0.75E, as a function of
the ratio of the width of the barrier, a, to the free-space de Broglie wavelength, A.
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5.4 WKB Approximation

Consider a particle of mass m and energy E > 0 moving through some slowly varying
potential V(x). The particle’s wavefunction satisfies

d*P(x)

dx?

= —K*(x) b(x), (5.38)

where

K (x) = ) (5.39)
Let us try a solution to Eq. (5.38) of the form
P(x) =Py exp <J ik(x") dx’) , (5.40)
0
where 1, is a complex constant. Note that this solution represents a part1ﬁ pagating

in the positive x-direction [since the full wavefunction is multlphec&’g ), where
w = E/h > 0] with the continuously varying wavenumbeé\ | S

-S m NQSJ% 222 (5.41)
\,\e\N (’xl)g )—kz( ) b(x), (5.42)

whereg = dk/dx. A comparison of Egs. (5.38) and (5.42) reveals that Eq. (5.40) repre-
sents an approximate solution to Eq. (5.38) provided that the first term on its right-hand
side is negligible compared to the second. This yields the validity criterion |k/| < k?, or

that

(O

k

g >k (5.43)
In other words, the variation length-scale of k(x), which is approximately the same as
the variation length-scale of V(x), must be much greater than the particle’s de Broglie
wavelength (which is of order k™"). Let us suppose that this is the case. Incidentally, the
approximation involved in dropping the first term on the right-hand side of Eq. (5.42)
is generally known as the WKB approximation.® Similarly, Eq. (5.40) is termed a WKB
solution.

According to the WKB solution (5.40), the probability density remains constant: i.e.,

W (x)1* = Rbol?, (5.44)

as long as the particle moves through a region in which E > V(x), and k(x) is consequently
real (i.e., an allowed region according to classical physics). Suppose, however, that the

LAfter G. Wentzel, H.A. Kramers, and L. Brillouin.



One-Dimensional Potentials 73

This reduces to

m/2 W32
|T!2:exp< 2v2 T .y J Vv1—y dy) (5.52)

or
(5.53)

5 4\/2 m1/2 W3/2
IT|* =exp | — )
3 he&

The above result is known as the Fowler-Nordheim formula. Note that the probability of
emission increases exponentially as the electric field-strength above the surface of the metal
increases.

The cold emission of electrons from a metal surface is the basis of an important device
known as a scanning tunneling microscope, or an STM. An STM consists of a very sharp con-
ducting probe which is scanned over the surface of a metal (or any other solid conducting
medium). A large voltage difference is applied between the probe and the surface. Now,
the surface electric field-strength immediately below the probe tip is proportional to the
applied potential difference, and inversely proportional to the spacing betwee e tip and
the surface. Electrons tunneling between the surface and the probe t1 a weak
electric current. The magnitude of this current is proportlon ehng probability
(5.53). It follows that the current is an extremely ali on of the surface electric
field-strength, and, hence, of the spacing p andathe surface (assuming that
the potential difference is h ld ). Zﬂasr used to construct a very

n

accurate contour map fqt @ fact, STMs are capable of
achieving suth‘ ion to im lgg‘ua toms

20°

Many types of heavy atomic nucleus spontaneously decay to produce daughter nucleii via
the emission of «-particles (i.e., helium nucleii) of some characteristic energy. This process
is know as «-decay. Let us investigate the «x-decay of a particular type of atomic nucleus of
radius R, charge-number Z, and mass-number A. Such a nucleus thus decays to produce a
daughter nucleus of charge-number Z; = Z — 2 and mass-number A; = A — 4, and an «-
particle of charge-number Z, = 2 and mass-number A, = 4. Let the characteristic energy
of the «-particle be E. Incidentally, nuclear radii are found to satisfy the empirical formula

5.6 Alpha Decay

R=15x10""A"m=20x10"2"m (5.54)

for Z > 1.

In 1928, George Gamov proposed a very successful theory of «-decay, according to
which the «-particle moves freely inside the nucleus, and is emitted after tunneling through
the potential barrier between itself and the daughter nucleus. In other words, the «-
particle, whose energy is E, is trapped in a potential well of radius R by the potential
barrier

Z] Zz 62
4dteyr

V(r) =

(5.55)
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Assuming that the 1,, are properly normalized (and real), we have

J Pp P dx = 6rm. (5.107)
Now, Eq. (5.94) can be written
S DO S (5.108)
dyz y n — ny .

where x = dy, and d = \/h/m w. It is helpful to define the operators

1 d

As is easily demonstrated, these operators satisfy the commutation relation
la,,a]=—1. CO \)\L (5.110)
Using these operators, Eq. (5.108) can also be writtégﬁ\@ns

- g‘%, (5.111)
\J\E g @ VOLm +1) .

or

(5.112)

The agrx 0 equations @@g
a b, = vn+ 1., (5.113)
a_ 11)71 = ﬁll)nfl- (5114)

We conclude that a, and a_ are raising and lowering operators, respectively, for the har-
monic oscillator: i.e., operating on the wavefunction with a, causes the quantum number
n to increase by unity, and vice versa. The Hamiltonian for the harmonic oscillator can be
written in the form

H=hw <a+ a_+%> , (5.115)

from which the result
Hy,=n+1/2) hw, =E, P, (5.116)
is readily deduced. Finally, Egs. (5.107), (5.113), and (5.114) yield the useful expression
J_ootl)mxd)n dx = %J_Oolbm(mr—l—a)ll)n dx (5.117)

= 1/% (m 6m,n+1 + ﬁém,n—1) .
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Since the x; are independent variables (i.e., 0x;/0x; = d;;), we conclude that the various
position and momentum operators satisfy the following commutation relations:

[Xi, Xj] = O, (64)
Pyl = O, (6.5)
[Xi, pJ] = ih 61j. (66)

Now, we know, from Sect. 4.10, that two dynamical variables can only be (exactly) mea-
sured simultaneously if the operators which represent them in quantum mechanics com-
mute with one another. Thus, it is clear, from the above commutation relations, that the
only restriction on measurement in a one-dimensional multi-particle system is that it is
impossible to simultaneously measure the position and momentum of the same particle.
Note, in particular, that a knowledge of the position or momentum of a given particle does
not in any way preclude a similar knowledge for a different particle. The commutation
relations (6.4)-(6.6) illustrate an important point in quantum mechanics: ely, that
operators corresponding to different degrees of freedom of a dynamical m to com-
mute with one another. In this case, the different degrees eeflo o‘rrespond to the
different motions of the Var1ous particles making up &é

Finally, if H(x;,x2,...,XxN, t) is the Hm e sys em then the multi-particle
al

wavefunction {(x1, x2, . XN, saﬂ\ 't(miéz ent Schrédinger equation

[see Eq. (4.63)]

\,\G\N %6 1® 6.7)

L1kewP g multi- partlcle ﬁnlte energy E (i.e., an eigenstate of the Hamiltonian
with eigenvalue E) is written (see Sect. 4.12)
1|)(X1 y X2y« « oy XNy t) = 1I)E(X1 y X2y e eny XN) eiiEt/ﬁa (68)

where the stationary wavefunction ¢ satisfies the time-independent Schrédinger equation
[see Eq. (4.160)]

Hye = Ee. (6.9)
Here, H is assumed not to be an explicit function of t.

6.3 Non-Interacting Particles

In general, we expect the Hamiltonian of a multi-particle system to take the form

H(X1,X2y ...y XNy t) = Z Pi -+ V(X1 %2, .. XN, ). (6.10)

Here, the first term on the right-hand side represents the total kinetic energy of the system,
whereas the potential V specifies the nature of the interaction between the various particles
making up the system, as well as the interaction of the particles with any external forces.
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Suppose that the particles do not interact with one another. This implies that each
particle moves in a common potential: i.e.,

V(x1, X2,y X t) = Y Vi(xg, t). (6.11)
i=1,N
Hence, we can write
H(x1, X2,y Xy t) = ) Hilxi t), (6.12)
i=1,N
where
pi
Hi = ! + V(Xi> t)- (613)
Zmi

In other words, for the case of non-interacting particles, the multi-particle Hamiltonian of
the system can be written as the sum of N independent single-particle Hamiltonians. Here,
H; represents the energy of the ith particle, and is completely unaffected by energies
of the other particles. Furthermore, given that the various partlcles 1(“)%@ up the
system are non-interacting, we expect their instantaneous € completely un-
correlated with one another. This immediately impli E‘Eﬂtl particle wavefunction

P(x7,%2,...XN, t) can be written as the N@ dep;zdent single-particle wave-
functions: i.e.,

oM~ of 2%
\,\1@)\'\‘l XN, ¢ 1 2(X2,t) .. PN (xny t). (6.14)

Here 1, |? dx; is the l@agf of finding the ith particle between x; and x; + dx; at
time t. ThlS probability is completely unaffected by the positions of the other particles. It
is evident that 1;(x;, t) must satisfy the normalization constraint

Jw i (i, ) dxi = 1. (6.15)

If this is the case then the normalization constraint (6.2) for the multi-particle wavefunc-
tion is automatically satisfied. Equation (6.14) illustrates an important point in quantum
mechanics: namely, that we can generally write the total wavefunction of a many degree
of freedom system as a product of different wavefunctions corresponding to each degree
of freedom.

According to Egs. (6.12) and (6.14), the time-dependent Schrodinger equation (6.7)
for a system of N non-interacting particles factorizes into N independent equations of the
form

p OWi

6t

Assuming that V(x,t) = V(x), the time-independent Schrodinger equation (6.9) also fac-
torizes to give

— Hipr. (6.16)

Hibr, = Eqbr, (6.17)
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further apart than two similar distinguishable particles. However, the strength of this effect
depends on square of the magnitude of (x)q,, which measures the overlap between the
wavefunctions \(x, E,) and P (x, Ey). It is evident, then, that if these two wavefunctions
do not overlap to any great extent then identical bosons or fermions will act very much
like distinguishable particles.

For a system containing N identical and non-interacting fermions, the anti-symmetric
stationary wavefunction of the system is written

P(x,E1) W(x,E1) ..o Pxn, Er)

o P(x1,E2) P(x,Er) ... P(xn, E2) (6.50)
Pe(x1, %2y .. XN) = W : : 5 : . .

lb(XhEN) q)(XZ)EN) lb(XN)EN)

This expression is known as the Slater determinant, and automatically satisfies the syrnrne-
try requirements on the wavefunction. Here, the energies of the particles ar

Note, again, that if any two particles in the system have the same \& E = E
for some i # j) then the total wavefunction is null. We c _m{s impossible for

any two identical fermions in a multi-particle s y the same single-particle
stationary state. This important result is }z?mon principle.
Exercises (N.B. N-e 1rﬁXt follo u
?*dea\ks em co genon interacting particles, and three one-particle states,
m

), and any different two-particle states can be constructed if
the particles are (a) dlstmgulshable (b) indistinguishable bosons, or (c) indistinguishable
fermions?

2. Consider two non-interacting particles, each of mass m, in a one-dimensional harmonic os-
cillator potential of classical oscillation frequency w. If one particle is in the ground-state,
and the other in the first excited state, calculate ((x; — x;)?) assuming that the particles are
(a) distinguishable, (b) indistinguishable bosons, or (c) indistinguishable fermions.

3. Two non-interacting particles, with the same mass m, are in a one-dimensional box of length
a. What are the four lowest energies of the system? What are the degeneracies of these
energies if the two particles are (a) distinguishable, (b) indistinguishable bosons, or (c) in-
distingishable fermions?

4. Two particles in a one-dimensional box of length a occupy the n =4 and n’ = 3 states. Write
the properly normalized wavefunctions if the particles are (a) distinguishable, (b) indistin-
guishable bosons, or (c) indistinguishable fermions.
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numbers) can occupy a single-particle energy level corresponding to a particular set of val-
ues of 1, 1, and 1,. Note, from Egs. (7.38) and (7.39), that the associated particle energy
is proportional to 1* = 17 + 17 + 12.

Suppose that our electrons are cold: i.e., they have comparatively little thermal energy.
In this case, we would expect them to fill the lowest single-particle energy levels available
to them. We can imagine the single-particle energy levels as existing in a sort of three-
dimensional quantum number space whose Cartesian coordinates are 1, 1,, and 1,. Thus,
the energy levels are uniformly distributed in this space on a cubic lattice. Moreover, the
distance between nearest neighbour energy levels is unity. This implies that the number
of energy levels per unit volume is also unity. Finally, the energy of a given energy level is
proportional to its distance, 1* = 17 4 17 + 17, from the origin.

Since we expect cold electrons to occupy the lowest energy levels available to them,
but only two electrons can occupy a given energy level, it follows that if the number of
electrons, N, is very large then the filled energy levels will be approximately distributed
in a sphere centered on the origin of quantum number space. The number of gy levels
contained in a sphere of radius 1 is approximately equal to the Volume Pﬂ(\sphere—
since the number of energy levels per unit volume is uni tuy at this is not
quite correct, because we have forgotten that the qua D\éerq l,, and 1, can only

take positive values. Hence, the filled en only occupy one octant of a
sphere. The radius 1; of the octant m evel tum number space can be
calculated by equat1ng the

ergy levﬁﬁ co o the number of electrons,
. Thus, we can V(

P ge 2 X iﬁx — lF (7.40)

Here, the factor 2 is to take into account the two spin states of an electron, and the factor
1/8 is to take account of the fact that 1, 1,, and 1, can only take positive values. Thus,

1/3
- ()" a

According to Eq. (7.38), the energy of the most energetic electrons—which is known as
the Fermi energy—is given by

2. 212 252 2/3
EF:anh:ﬂh 3N ) (7.42)
2me.a? 2mal\ 7
where m, is the electron mass. This can also be written as
R (3n\*’
Er = o <?> , (7.43)

where n = N/a?® is the number of electrons per unit volume (in real space). Note that the
Fermi energy only depends on the number density of the confined electrons.
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8 Orbital Angular Momentum

8.1 Introduction

As is well-known, angular momentum plays a vitally important role in the classical descrip-
tion of three-dimensional motion. Let us now investigate the role of angular momentum
in the quantum mechanical description of such motion.

8.2 Angular Momentum Operators

In classical mechanics, the vector angular momentum, L, of a particle of position vector r
and linear momentum p is defined as

It follows that "esa’\e
Oy WO s 222 (8.2)
YOr Q[% Q) (8.3)

g@ 3— Py — Y Px- (8.4
Let us, first of all, conside?/v'@t-her it is possible to use the above expressions as the defini-
tions of the operators corresponding to the components of angular momentum in quantum
mechanics, assuming that the x; and p; (where x; = x, p; = p,, X2 =y, etc.) correspond to
the appropriate quantum mechanical position and momentum operators. The first point
to note is that expressions (8.2)—(8.4) are unambiguous with respect to the order of the
terms in multiplicative factors, since the various position and momentum operators ap-
pearing in them all commute with one another [see Egs. (7.17)]. Moreover, given that the
x; and the p; are Hermitian operators, it is easily seen that the L; are also Hermitian. This
is important, since only Hermitian operators can represent physical variables in quantum
mechanics (see Sect. 4.6). We, thus, conclude that Egs. (8.2)-(8.4) are plausible defini-
tions for the quantum mechanical operators which represent the components of angular

momentum.
Let us now derive the commutation relations for the L;. For instance,

Lo Lyl = [yp:—2zpy,zpx —xPd =y pxlpz,zl +xpy 2,2l
= ih(xpy—ypx) =ihL; (8.5)

where use has been made of the definitions of the L; [see Egs. (8.2)-(8.4)], and com-
mutation relations (7.15)—(7.17) for the x; and p;. There are two similar commutation
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as well as ,
1 0 0 1 0
12— _p2 e I 2
R [smeae <Smea€)>+sin296¢2]’ (8.29)
and
L. =hetd(+— 0 +1cotei (8.30)
00 0

We, thus, conclude that all of our angular momentum operators can be represented as dif-
ferential operators involving the angular spherical coordinates, 6 and ¢, but not involving
the radial coordinate, r.

8.4 Eigenstates of Angular Momentum

Let us find the simultaneous eigenstates of the angular momentum operators L, and L2
Since both of these operators can be represented as purely angular differ perators,
it stands to reason that their eigenstates only depend on the a élﬂﬁ@rd tes 0 and ¢.

Thus, we can write
L, Ylmm V&Q&% (8.31)
0 \{ 2@% (8.32)

Here, R’qx@re the ej questlon whereas the dimensionless quantities
m ang rameterize t? lues of L, and L2, which are mh and 1 (1 + 1) R?, re-
spectively. Of course, expect the Y, to be both mutually orthogonal and properly
normalized (see Sect. 4.9), so that

Y5 (0, 6) Yin[8,0) A0 = S B (8.33)
where dQQ = sin0 d0 d¢ is an element of solid angle, and the integral is over all solid
angle.

Now,

L, (L, Yl,m) = (L L+ “—z» L.]) Yl,m = (L L +RL}) Yl,m
= (m+1) (L Yim), (8.34)
where use has been made of Eq. (8.18). We, thus, conclude that when the operator L,
operates on an eigenstate of [, corresponding to the eigenvalue m h it converts it to an

eigenstate corresponding to the eigenvalue (m + 1) h. Hence, L, is known as the raising
operator (for L,). It is also easily demonstrated that

L (L Yim) = (m— 1) R (L Yim). (8.35)
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Thus, €123 = €231 = 1, €321 = €132 = —1, and €112 = €131 = 0, etc. Equation (9.6) also makes
use of the Einstein summation convention, according to which repeated indices are summed
(from 1 to 3). For instance, a; b; = a; by + a; b, + a3 b3. Making use of this convention, as
well as Eq. (9.7), it is easily seen that Egs. (9.5) and (9.6) are indeed equivalent.

Let us calculate the value of L? using Eq. (9.6). According to our new notation, L? is
the same as L; L;. Thus, we obtain

2
L% = €4k Xj Pk €itm X1 Pm = €ijk €itm Xj Pk X1 Pm- (9.8)

Note that we are able to shift the position of €, because its elements are just numbers,
and, therefore, commute with all of the x; and the p;. Now, it is easily demonstrated that

€ijk €itm = Oj1 Oxm — Ojm Ot (9.9)

Here 6y is the usual Kronecker delta, whose elements are determined according to the rule

if i and j th
5, :{ 1 if i and j the same O‘u\k ©9.10)

0 if i and j dlffere\ C

It follows from Egs. (9.8) and (9.9) that NO"e

-‘( Gm 67(@& P222 (9.11)
Here, ‘a“)f the f@ﬁsel ent result that 6; a; b; = a; b;. We have also

been preserve he various terms on the right- hand side of the above
expression, since the x; a t e p;: do not necessarily commute with one another.

We now need to rearrange the order of the terms on the right-hand side of Eq. (9.11).
We can achieve this by making use of the fundamental commutation relation for the x; and
the p; [see Eq. (7.17)]:

[Xi, p]] =i héij. (912)

Thus,

L = x0ap— Kol py—xpy (pixs + [, pil)
= XixiPjpj —1Rdyxipy —xiPjPixy — 1Ry xi s
= XiXip]'p]'—Xipiijj—ZihXipi. (913)

Here, we have made use of the fact that p;p; = pip;j, since the p; commute with one
another [see Eq. (7.16)]. Next,

Lz =XiXiPjPj — XiPi (Xj pj — [Xj,pj]) —2i FLXi Pi- (914)
Now, according to (9.12),

[x;, pil = [x1, pil + [x2, pal + [x3,p3] = 3ih. (9.15)
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Hence, we obtain
2= XiXiPjPj — XiPiXpj +1hxipi. (9.16)

When expressed in more conventional vector notation, the above expression becomes
L2=v*p?—(r-p)*+ihr-p. (9.17)

Note that if we had attempted to derive the above expression directly from Eq. (9.5),
using standard vector identities, then we would have missed the final term on the right-
hand side. This term originates from the lack of commutation between the x; and p;
operators in quantum mechanics. Of course, standard vector analysis assumes that all
terms commute with one another.

Equation (9.17) can be rearranged to give

p'=12[(r-p)’—ikr-p+17. (9.18)

Now,
r.p:rpr:—1hr§, CO ‘\)\4 (9.19)
where use has been made of Eq. (9.4). Hence, Wx%ga\e .

p ;«dﬂz\( s : 0% ’2%@ (9.20)
Finall W t10n can b c@b&gﬁuth Eq. (9.2) to give the following expression
for th nian: Q

o R* (92 20 L
- or2  ror R’r2

) +V(r). (9.21)

2m

Let us now consider whether the above Hamiltonian commutes with the angular mo-
mentum operators L, and [%. Recall, from Sect. 8.3, that [, and L? are represented as
differential operators which depend solely on the angular spherical polar coordinates, 0
and ¢, and do not contain the radial polar coordinate, r. Thus, any function of r, or any
differential operator involving r (but not 0 and ¢), will automatically commute with L? and
L,. Moreover, L2 commutes both with itself, and with L, (see Sect. 8.2). It is, therefore,
clear that the above Hamiltonian commutes with both L, and L°.

Now, according to Sect. 4.10, if two operators commute with one another then they
possess simultaneous eigenstates. We thus conclude that for a particle moving in a central
potential the eigenstates of the Hamiltonian are simultaneous eigenstates of L, and L?. Now,
we have already found the simultaneous eigenstates of L, and L>—they are the spheri-
cal harmonics, Y1,,(0, ¢), discussed in Sect. 8.7. It follows that the spherical harmonics
are also eigenstates of the Hamiltonian. This observation leads us to try the following
separable form for the stationary wavefunction:

’Lb(T,e,d)) = R(T) Yl,m(e)d))° (922)
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Nthat ‘(

where the angle-brackets denote
(9.72)

strated (after much tem Xe
P(e\,\e ﬁrag %'5n+1—31(1+1)]
= 70[3n —1(1+1)], (9.73)
G 07
1y _ 1 (9.75)
/) (1+1/2)nad’ ‘
(9.76)

1

1
<F> T Ol+1/2)(1+1)ndag
According to Eq. (9.55), the energy levels of the bound-states of a hydrogen atom only
depend on the radial quantum number n. It turns out that this is a special property of
a 1/r potential. For a general central potential, V(r), the quantized energy levels of a

bound-state depend on both n and 1 (see Sect. 9.3)
The fact that the energy levels of a hydrogen atom only depend on n, and not on 1 and
m, implies that the energy spectrum of a hydrogen atom is highly degenerate: i.e., there are
many different states which possess the same energy. According to the inequality (9.61)

(and the fact that n, 1, and m are integers), for a given value of 1, there are 2 1+ 1 different
allowed values of m (i.e., —l,—1+ 1,---,1—1,1). Likewise, for a given value of n, there
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leads to the null state [see Eq. (10.31)]. If this is not the case then we will inevitably
obtain eigenstates of S, corresponding to ms > s, which we have already demonstrated is
impossible.

It follows, from the above argument, that

Msmax — Msmin = 2s = k) (1032)

where k is a positive integer. Hence, the quantum number s can either take positive integer
or positive half-integer values. Up to now, our analysis has been very similar to that which
we used earlier to investigate orbital angular momentum (see Sect. 8). Recall, that for or-
bital angular momentum the quantum number m, which is analogous to ms, is restricted
to take integer values (see Cha. 8.5). This implies that the quantum number 1, which is
analogous to s, is also restricted to take integer values. However, the origin of these re-
strictions is the representation of the orbital angular momentum operators as differential
operators in real space (see Sect. 8.3). There is no equivalent representation of the corre-
sponding spin angular momentum operators. Hence, we conclude that ther 0 reason
why the quantum number s cannot take half-integer, as well as int u

In 1940, Wolfgang Pauli proved the so-called spin- em using relativistic
quantum mechanics. According to this theor g éﬁ'possess half-integer spin (i.e.,

S

a half-integer value of s), whereas a S mt (i.e., an integer value of
s). In fact, all presently kno 1nclud1ng e&; protons, possess spin one-
rized by s =1/2 and m; = +1/2.

half. In other Wordw prot
RS Qe o
10.5 * Pauli Represdant
Ra

Let us denote the two independent spin eigenstates of an electron as

X+ = X1/2,41/2- (10.33)

It thus follows, from Egs. (10.16) and (10.17), that

SZX:l: = ﬂ:z hX:I:) (1034)
3
Sixy = ZhZXi- (10.35)

Note that x, corresponds to an electron whose spin angular momentum vector has a pos-
itive component along the z-axis. Loosely speaking, we could say that the spin vector
points in the +z-direction (or its spin is “up”). Likewise, x_ corresponds to an electron
whose spin points in the —z-direction (or whose spin is “down”). These two eigenstates
satisfy the orthonormality requirements

xixy =xix =1, (10.36)
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-1,-1/2 -1,1/2 0,—-1/2 0,1/2 1,—-1/2 1,1/2 | m, m4

3/2,-3/2 1
3/2,—1/2 V173 \2/3

1/2,—1/2 \/2/3 /173

3/2,1/2 V2/3 V173

1/2,1/2 173 —\/2/3

3/2,3/2 1

j>mi

Table 11.2: Clebsch-Gordon coefficients for adding spin one-half to spin one. Only non-zero

coefficients are shown.
o _ 1o 2 (11.57)
Py = 11)3/2,1/2 3 Pi21/2 .

K
W = 2 wsm/ﬁ ke cOoV

11’((1%1/2 w@&% 1/2 AZYL’Z, (11.59)

P(e\,\e\l\l H/QE\A}A‘)Z -2t 11’1/2 ~1/2) (11.60)

Thus, if we know that an electron in a hydrogen atom is in an | = 1 state characterized by
m = 0 and m; = 1/2 [i.e., the state represented by 1|)o,1 /2] then, according to Eq. (11.58), a
measurement of the total angular momentum will yield j = 3/2, m; = 1/2 with probability
2/3,and j = 1/2, my = 1/2 with probability 1/3. Suppose that we make such a measure-
ment, and obtain the resultj = 3/2, m; = 1/2. As a result of the measurement, the electron
is thrown into the corresponding eigenstate, wgz/)m /- 1t thus follows from Eq. (11.52) that
a subsequent measurement of L, and S, will yield m = 0, my, = 1/2 with probability 2/3,
and m = 1, mg = —1/2 with probability 1/3.

The information contained in Egs. (11.51)-(11.59) is neatly summed up in Table 11.2.
Note that each row and column of this table has unit norm, and also that the different
rows and different columns are mutually orthogonal. Of course, this is because the !
and \'? eigenstates are orthonormal.

(11.58)

11.4 Two Spin One-Half Particles

Consider a system consisting of two spin one-half particles. Suppose that the system does
not possess any orbital angular momentum. Let S; and S, be the spin angular momentum
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(a) In the spin singlet state.
(b) In the spin triplet state.

3. Consider two electrons in a spin singlet state.

(a) If a measurement of the spin of one of the electrons shows that it is in the state with
S, = h/2, what is the probability that a measurement of the z-component of the spin of
the other electron yields S, = h/2?

(b) If a measurement of the spin of one of the electrons shows that it is in the state with
Sy = h/2, what is the probability that a measurement of the x-component of the spin
of the other electron yields Sy, = —h/2?

Finally, if electron 1 is in a spin state described by cos a; x; + sin«; eiP1x_, and electron
2 is in a spin state described by cos &, X + sin «; e'P2x_, what is the probability that the
two-electron spin state is a triplet state?
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Finally, if \ is a spinor then we have
Ay =] A;. (12.17)
We can represent all of the above possibilities by writing
Ay = (bilAlb;) = (iAlj). (12.18)

The expansion (12.14) thus becomes

(A) = (a]Ala) = Z(a!i><i|A|j><j!a). (12.19)

L)
Incidentally, it follows that [see Eq. (4.58)]
(UAL)* = GIATT). (12.20)
Finally; it is clear from Eq. (12.19) that \e CO ‘u
> Iy z{esa
i O 2
where the 1; are a conﬁﬁte“ (@Mu%esgnﬂ@& tffzzmity operator.
\©
12.3?[@@?7!a\te Sy@eage L

Consider the simplest possible non-trivial quantum mechanical system. In such a system,
there are only two independent eigenstates of the unperturbed Hamiltonian: i.e.,

(12.21)

Howy = Eqbr, (12.22)
Hol, = E;¥,. (12.23)

It is assumed that these states, and their associated eigenvalues, are known. We also expect
the states to be orthonormal, and to form a complete set.
Let us now try to solve the modified energy eigenvalue problem

(Ho + Hy) We = Ee. (12.24)

We can, in fact, solve this problem exactly. Since the eigenstates of H, form a complete
set, we can write [see Eq. (12.12)]

Ye = (1E) Py + (2[E) Py (12.25)

It follows from (12.24) that
(ilHo + Hy|E) = E (Q[E), (12.26)
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where i = 1 or 2. Equations (12.22), (12.23), (12.25), (12.26), and the orthonormality
condition

(i) = 8y, (12.27)
yield two coupled equations which can be written in matrix form:
E;—E 1[E 0
(P ) (1))
e, E;,—E+en (2|E) 0
where
e = <]|H]|1>, (1229)
€y = <2|H]|2>, (1230)
e = (1[Hil2) = (2[Hq[1)". (12.31)

Here, use has been made of the fact that H; is an Hermitian operator.
Consider the special (but not uncommon) case of a perturbing Hamilt%n whose
diagonal matrix elements are zero, so that

en =ex =0. a_\e -CO ‘ (12.32)

The solution of Eq. (12.28) (obtained by N@x& ete;rjn- of the matrix to zero) is

N2
@M'\e\l\tim e 1259
Let us@* the supwagga parameter

e le1z
|E; — E,

(12.34)

We obtain | |
Eﬁz(a+E2):|:§(E1—Ez)(1+2€2+~-~). (12.35)

The above expression yields the modification of the energy eigenvalues due to the perturb-
ing Hamiltonian:

leraf?
B = E 12.36
1 1 + E] _ Ez + ) ( )
B, = E,— el (12.37)
E - E

Note that H; causes the upper eigenvalue to rise, and the lower to fall. It is easily demon-
strated that the modified eigenstates take the form

;o b
ll)l - 1|)1+E1_E21b2+ )

/ p— —_— e]z DY
P, = E1—E2‘1”+ . (12.39)

(12.38)
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The 11’n1m are also chosen so as to be orthonormal: i.e.,
(n, VD mn, 1Y m) = 5y (12.94)
It follows that
(, VY mH i, 1Y) m) = Ay Sy (12.95)

Thus, if we use the new eigenstates, instead of the old ones, then we can employ Egs. (12.88)
and (12.89) directly, since all of the singular terms vanish. The only remaining difficulty
is to determine the new eigenstates in terms of the original ones.
Now [see Eq. (12.21)]
Z n,l,m)(n,l,m| =1, (12.96)
1=1,Nn

where 1 denotes the identity operator in the sub-space of all coupled unperturbed eigen-
states corresponding to the eigenvalue E,,. Using this completeness relation, the eigenvalue
equation (12.93) can be transformed into a straightforward matrix equatlon

> VymlHyn, 17, m) (n, 1, min, 1Y, m) = Ay ( n\ |@®m\) (12.97)

17=1Nn a
This can be written more transpare (tl%\asN ‘,e 2 22

"( O 0" (12.98)
Wher&ﬁe\e@\g‘;&@\t&! &bﬂ matrix U are
ik = (,j, miHin, k, m). (12.99)

Provided that the determinant of U is non-zero, Eq. (12.98) can always be solved to give N,
eigenvalues A,; (for 1 =1 to N,), with N, corresponding eigenvectors X,;. The normalized
eigenvectors specify the weights of the new eigenstates in terms of the original eigenstates:
ie.,

(Xn = (n, %, min, 11, m), (12.100)
for k =1 to N,. In our new scheme, Egs. (12.88) and (12.89) yield
! |en’l’nl|2
E=EntAut+ D S (12.101)
n/#n /=141
and e
q)nlm = 1I)nlm + ,#; o E —E. Wnrt/me (12.102)

There are no singular terms in these expressions, since the summations are over n’ # n:
i.e., they specifically exclude the problematic, degenerate, unperturbed energy eigenstates
corresponding to the eigenvalue E,,. Note that the first-order energy shifts are equivalent
to the eigenvalues of the matrix equation (12.98).
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However, Schrodinger’s equation for a unperturbed hydrogen atom can be written

pzlbn,l,m Zme ( )ll)nlmy (12118)
where V = —e?/(4me, 7). Since p? is an Hermitian operator, it follows that
1
AEnm = —5—— (m,L,m|(E,—V)n, 1, m)

2m.c

1
= — (Ei —2E, (n,,m|[Vn,l,m) + (n, 1, m[Vn, 1, m))

2m,c?
2 1 e2 \2/1
249 € - LY .
E242E, (4 )<>+<4ﬂ) <>] (12.119)

It follows from Egs. (9.74) and (9.75) that

_ 1
2m,c?

1 e? 1 e?
AEim —— |E242E,
! 2mec2 | ™ + <47’te0> n2 a, + <47’te0 @ZJMH
\ (12.120)
Finally, making use of Egs. (9.55), (?ﬁ) N S’S) th xpressmn reduces to

where

e\N ‘A&m 2 % 3, (12.121)
ceN\
PY pad® L

*= dneohe 137

is the dimensionless fine structure constant.

Note that the above derivation implicitly assumes that p* is an Hermitian operator. It
turns out that this is not the case for | = 0 states. However, somewhat fortuitously, our
calculation still gives the correct answer when 1 = 0. Note, also, that we are able to use
non-degenerate perturbation theory in the above calculation, using the 1, eigenstates,
because the perturbing Hamiltonian commutes with both L2 and L.. It follows that there is
no coupling between states with different 1 and m quantum numbers. Hence, all coupled
states have different n quantum numbers, and therefore have different energies.

Now, an electron in a hydrogen atom experiences an electric field

(12.122)

er

= 12.123
4mtey 3 ( )

due to the charge on the nucleus. However, according to electromagnetic theory, a non-
relativistic particle moving in a electric field E with velocity v also experiences an effective

magnetic field

E
B:_VX

> (12.124)
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where A(r) is the vector potential, and ¢ (r) the scalar potential. Note that

A
E = Vo, (13.67)

B = VxA (13.68)

This prescription also works in quantum mechanics. Thus, the Hamiltonian of an atomic
electron placed in an electromagnetic field is

(p—eA)

H= 2me

+ed+Vo(r), (13.69)

where A and ¢ are functions of the position operators. The above equation can be written

(pz —eAp—ep-A+ ezAz)
2me

H = +ed + Vo(r). (13.70)

p-A=A-p, \S -CO \)\4 (13.71)

provided that we adopt the gauge V-A = 0. esa

EN T2
L% &,ng %@@rza‘ponds to a linearly polarized, monochromatic,
plane-fva §

Now,

n this case

¢ = 0 (13.73)
A = Apecosk-r— wt), (13.74)
where k is the wavevector (note that w = kc¢), and € a unit vector which specifies the

direction of polarization (i.e., the direction of E). Note that e-k = 0. The Hamiltonian
becomes

H = H, + H;(t), (13.75)
with
p?
Ho = + Vo(T), (1376)
2me
and A
Hy ~ 2P (13.77)

(4

where the A? term, which is second order in A,, has been neglected.
The perturbing Hamiltonian can be written

eAp€E-p

== 2m,

lexp(ik-r—iwt) +exp(—ik-r+iwt)]. (13.78)
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This has the same form as Eq. (13.51), provided that

Vi = _e/;\(;le-p exp(ik-r). (13.79)

It follows from Egs. (13.53), (13.63), and (13.79) that the transition probability for
radiation induced absorption is
t? e? |Aql?
R 4m2

PabS( ) .

i—f

(fle-p exp(ik-r)[)|? sinc?[(w — wr) t/2). (13.80)

(<

Now, the mean energy density of an electromagnetic wave is

1 (elEol* | [Bol? 1 2
_§< 2t o) = 3 eolEaf, (13.81)

where Ey = Ay w and By = Ey/c are the peak electric and magnetic field-strengths, respec-
tively. It thus follows that \4

PE () =

|(fle-p exp(ik-1)|i) |2 usn@\ QQZ (13.82)

2 ¢ hz m2 w?
Thus, not surprisingly, the transition N@(X’radla ced absorption (or stim-
ulated emission) is dlrectly rp to the enﬁ e incident radiation.
Suppose that th ‘ tion % omatic, but instead extends over a
range &f?@ﬂ can wri }i_
P a J p(w) dw, (13.83)

where p(w) dw is the energy density of radiation whose frequencies lie between w and
w + dw. Equation (13.82) generalizes to

o] 2,2
PEPs () :J tz—e |(fle-p exp(ik-r)li>|2 p(w) sinc’[(w — wg) t/2] dw. (13.84)
Coo 2€0 RFMZ W?

Note, however, that the above expression is only valid provided the radiation in question
is incoherent: i.e., there are no phase correlations between waves of different frequen-
cies. This follows because it is permissible to add the intensities of incoherent radiation,
whereas we must always add the amplitudes of coherent radiation. Given that the function
sinc?[(w — wg) t/2] is very strongly peaked (see Fig. 13.1) about w = wy; (assuming that
t> 27[/(,Uﬁ), and

J sincz(x) dx =, (13.85)
the above equation reduces to
e p(wyi ) )
pes () = S PL e p expliker) . (13.86)

eo R m2 w2
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where dQ) = sin 0 dO d¢, and the integral is taken over all solid angle. It is easily demon-
strated that

d3
(le-dil?) =" (13.105)
Here, d} stands for
i = [(flex[i)|* + [(fley[L)|* + I(fle zli)|*. (13.106)

Hence, the transition rates for absorption and stimulated emission induced by unpolarized
isotropic radiation are

wis = 3€ hz dz p(wsi), (13.107)
with = 3€Oh2 di p(wis), (13.108)

respectively.
e.CO oK
13.9 Spontaneous Emission es‘a_\

So far, we have calculated the rate NQ indyce ggr ns between two atomic
states. This process is kn tion w EQ 2 the final state exceeds that
of the 1n1t1a1 sta e\ﬁﬁvu ated emls g energy of the final state is less than
that e No of any external radiation, we would not expect
an at a given state eously jump into an state with a higher energy. On the
other hand it should be p0551b1e for such an atom to spontaneously jump into an state
with a lower energy via the emission of a photon whose energy is equal to the difference
between the energies of the initial and final states. This process is known as spontaneous
emission.

It is possible to derive the rate of spontaneous emission between two atomic states
from a knowledge of the corresponding absorption and stimulated emission rates using
a famous thermodynamic argument due to Einstein. Consider a very large ensemble of
similar atoms placed inside a closed cavity whose walls (which are assumed to be perfect
emitters and absorbers of radiation) are held at the constant temperature T. Let the system
have attained thermal equilibrium. According to statistical thermodynamics, the cavity is
filled with so-called “black-body” electromagnetic radiation whose energy spectrum is

h w3

e exp(hw/kgT) —1° (13.109)

plw) =

where kg is the Boltzmann constant. This well-known result was first obtained by Max
Planck in 1900.

Consider two atomic states, labeled 1 and f, with E; > E;. One of the tenants of statisti-
cal thermodynamics is that in thermal equilibrium we have so-called detailed balance. This
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where the radial functions R, are given in Sect. 9.4, and the spherical harmonics Y, are
given in Sect. 8.7. Some straight-forward, but tedious, integration reveals that

(1,0,01xi2, 1, £1) = £33 ay, (13.136)
27
(1,0,0ly2,1,£1) = i%5 ap, (13.137)
27
(1,0,022,1,0) = \/Eﬁao, (13.138)

where q, is the Bohr radius specified in Eq. (9.58). All of the other possible 2P — 1S
matrix elements are zero because of the selection rules. If follows from Eq. (13.128) that
the modulus squared of the dipole moment for the 2P — 1S transition takes the same

value
215
310 (e ap)? (13.139)

for m =0, 1, or —1. Clearly, the transition rate is independent of the quanﬂ\‘gmber m.
It turns out that this is a general result. 9
Now, the energy of the eigenstate of the hydrogen gea %et ized by the quantum
gY

numbers n, 1, mis E = Eo/n?, Where the gr s specified in Eq. (9.57).
Hence, the energy of the photon em 1on is
F{‘x Qﬁm 7eV. (13.140)
This ;%}! toaw ﬁ'@@ 10 “m
lly, according to 5), the 2P — 1S transition rate is written

dz

w3 d?
= 13.141
Wapsls = 3T (13.141)
which reduces to .
2 . 2
Wap_y1s = <§> O mh" —6.27 x 10%s (13.142)

with the aid of Egs. (13.139) and (13.140). Here, « = 1/137 is the fine-structure constant.
Hence, the mean life-time of a hydrogen 2P state is

Top = (Wap_y1s) ' = 1.61s. (13.143)

Incidentally, since the 2P state only has a finite life-time, it follows from the energy-time
uncertainty relation that the energy of this state is uncertain by an amount

AEp ~ LN 4 x 107 eV. (13.144)
Top

This uncertainty gives rise to a finite width of the spectral line associated with the 2P — 1S
transition. This natural line-width is of order
AN AEyp

~ ~4 %1078, 13.145
Y - x 10 (13.145)
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13.13 Intensity Rules

Now, we know, from Sect. 12.8, that when we take electron spin and spin-orbit coupling
into account the degeneracy of the six 2P states of the hydrogen atom is broken. In fact,
these states are divided into two groups with slightly different energies. There are four
states characterized by the overall angular momentum quantum number j = 3/2—these
are called the 2P;/, states. The remaining two states are characterized by j = 1/2, and are
thus called the 2P, /, states. The energy of the 2P;, states is slightly higher than that of the
2P, ; states. In fact, the energy difference is

2
AE = -2 Ey =453 %1056V, (13.146)

16
Thus, the wavelength of the spectral line associated with the 2P — 1S transition in hydro-
gen is split by a relative amount

AN AE . \((
7 _ m —4.4 %10 6. CO ‘u 13147)

Note that this splitting is much greater than the naﬁ@&\d@ estimated in Eq. (13.145),

so there really are two spectral lines. Ho this @Lthe rate of the 2P — 1S

transition? m .& 2

Well, we have, seeWtﬁl& Qnsiti is@i pendent of spin, and hence of the
spin quantu %r\@ s, and is in! rgn ent of the quantum number m. It follows
that tﬁt(aétl n rate ™y t ‘of the z-component of total angular momentum
quantdm number m; = %s. However, if this is the case, then the transition rate is
plainly also independent of the total angular momentum quantum number j. Hence, we
expect the 2P;,, — 1S and 2P;,, — 1S transition rates to be the same. However, there are
four 2P;, states and only two 2Py, states. If these states are equally populated—which we
would certainly expect to be the case in thermal equilibrium, since they have almost the
same energies—and since they decay to the 1S state at the same rate, it stands to reason
that the spectral line associated with the 2P;,, — 1S transition is twice as bright as that
associated with the 2P;,, — 1S transition.

13.14 Forbidden Transitions

Atomic transitions which are forbidden by the electric dipole selection rules (13.133) and
(13.134) are unsurprisingly known as forbidden transitions. It is clear from the analysis
in Sect. 13.8 that a forbidden transition is one for which the matrix element (f|e-pli) is
zero. However, this matrix element is only an approximation to the true matrix element
for radiative transitions, which takes the form (fle-p exp(ik-r)|i). Expanding exp(ik-r),
and keeping the first two terms, the matrix element for a forbidden transition becomes

(fle-p exp(ik-)[) ~ i (fl(e-p) (k-1)li). (13.148)
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14 Variational Methods

14.1 Introduction

We have seen, in Sect. 9.4, that we can solve Schrodinger’s equation exactly to find the
stationary eigenstates of a hydrogen atom. Unfortunately, it is not possible to find exact
solutions of Schrodinger’s equation for atoms more complicated than hydrogen, or for
molecules. In such systems, the best that we can do is to find approximate solutions. Most
of the methods which have been developed for finding such solutions employ the so-called
variational principle discussed below.

14.2 Variational Principle

Suppose that we wish to solve the time-independent Schrodlnger 96@) u\k

6“‘6 (14.1)
where H is a known (presuﬁtl 10§d) time d%?dz't Hamiltonian. Let { be

a normalized trial, sol iational principle states, quite

bove egﬂ,
simply, thatcév*& state ener {0¥ ays less than or equal to the expectation
value ulated w1@ha‘ unction: i.e.,

Eo < (WHW). (14.2)

Thus, by varying 1\ until the expectation value of H is minimized, we can obtain an ap-
proximation to the wavefunction and energy of the ground-state.

Let us prove the variational principle. Suppose that the 1,, and the E, are the true
eigenstates and eigenvalues of H: i.e.,

Hn = En . (14.3)

Furthermore, let
Ec<E<Ey<--- (14.4)

so that 1, is the ground-state, 1; the first excited state, etc. The \{, are assumed to be
orthonormal: i.e.,

<¢n|¢m> = 6nm- (145)

If our trial wavefunction 1 is properly normalized then we can write

Y= cutbn, (14.6)
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as our trial wavefunction, where
1 —r/q,
olr) = —= s e (14.58)
0

is a normalized hydrogen ground-state wavefunction centered on the origin, and r;, are
the position vectors of the electron with respect to each of the protons (see Fig. 14.1).
Obviously, this is a very simplistic wavefunction, since it is just a linear combination of
hydrogen ground-state wavefunctions centered on each proton. Note, however, that the
wavefunction respects the obvious symmetries in the problem.

Our first task is to normalize our trial wavefunction. We require that

J|1pi|2 dr=1. (14.59)
Hence, from (14.57), A = 7'/, where

J[’11)0(1'1)|2+|1|)0(1‘2)’2i211)o r) ‘é&(‘,O \)\4 (14.60)
So

It follows that Ng‘e 222 (14.61)
with \l\l
eN\e

1‘2) d3 (14.62)
Le?s employ the st @' er1ca1 polar coordinates (r, 6, ¢). Now, it is easily seen

thatr; =randr, = (2 + R2 27R cos 0)'/2. Hence,
o0 TU
] = ZJ J exp [—x — (x* +X* —=2xX cos 9)1/2} x* dx sin 0 de, (14.63)
0 Jo

where X = R/a,. Here, we have already performed the trivial ¢ integral. Lety = (x* +
X2 —2x X cos 0)'/2. It follows that d(y?) = 2y dy = 2x X sin 0 d0, giving

T 1 x+X
JC(ZJFXZ —2xX cos0)! Sl node = _J e*yy dy (1464)
0 XX Jx-x|
1
= X {e 1 x+X)—e X1 +|x—X!)}.
Thus,
2 X
] = ——eXJ e (14X +x) — (1+ X —x)| xdx
X 0
2 o0
_Y‘[ e_z"[ e X (1+X+x)—e(1 —X+x)} x dx, (14.65)
X
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Note that the j(z) are well-behaved in the limit z — 0, whereas the y,(z) become singular.
The asymptotic behaviour of these functions in the limit z — oo is

sin(z — 17t/2)

jilz) — R — (15.42)
— 2
yiz) — —M. (15.43)
We can write
exp(ikrcos0) = Z apju(kr) Py(cos0), (15.44)
1

where the a, are constants. Note there are no y;(kr) functions in this expression, because
they are not well-behaved as r — 0. The Legendre functions are orthonormal,

1
-
L Pal1) Pr10) dp = =", (15.45)

so we can invert the above expansion to give O u\k
.

ajikr) = (1+1 /ZVA ex‘eﬁa(\n (15.46)

It is well-known that 22
\,\e JJX} Qiﬂi&&ygg Zdu, (15.47)

wher (), 2 [see@ % itz and .A. Stegun, Handbook of mathematical func-
tions, (Dover, New York 1965), Eq. 10.1.14]. Thus,

a =i (21+1), (15.48)
giving
Po(r) = vn exp(ikrcos0) = v/n Z i' (214 1)ji(k7) P (cos 9). (15.49)
1
The above expression tells us how to decompose the incident plane-wave into a series of

spherical waves. These waves are usually termed “partial waves”.
The most general expression for the total wavefunction outside the scattering region is

= vn ) [Aujilkr) + Buyy(kr)] Py(cos 8), (15.50)
1

where the A, and B, are constants. Note that the y,(kr) functions are allowed to appear
in this expansion, because its region of validity does not include the origin. In the large-r
limit, the total wavefunction reduces to

\/_Z sm l7t/2) B, cos(krk—r L7t/2)

Pi(cos 0), (15.51)
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The boundary condition
w(0) =0 (15.67)

ensures that the radial wavefunction is well-behaved at the origin. We can launch a well-
behaved solution of the above equation from r = 0, integrate out to v = a, and form the
logarithmic derivative

1T d(w/7)
(w/T) dr

Since {(r) and its first derivatives are necessarily continuous for physically acceptible
wavefunctions, it follows that

B = (15.68)

r=a

By = Pr. (15.69)
The phase-shift §, is then obtainable from Eq. (15.63).

15.6 Hard Sphere Scattering

hard sphere, for which the potential is infinite for T < > a. It follows that
P(r) is zero in the region r < a, which impligs all L. Thus,

X [51+ = oo,.‘ 222 (15.70)
for all 1. Equa \r\(e\N thlis gives 2&

P(e Pa‘g tan &, = ka) (15.71)

(k)

Consider the 1 = 0 partial wave, which is usually referred to as the S-wave. Equa-
tion (15.71) yields

Let us test out this scheme using a particularly simple exa Qle Cﬁ \A\t(ring by a

sin(fka)/ka
tan 6y = ~cos(ka)/ka = —tan(ka), (15.72)

where use has been made of Egs. (15.40) and (15.41). It follows that

o = —ka. (15.73)
The S-wave radial wave function is [see Eq. (15.61)]

[cos(k a) sin(kr) —sin(k a) cos(kr)]
kr

Ro(r) = exp(—ika)

sin[k (r — a)]

15.
o (15.74)

= exp(—ika)

The corresponding radial wavefunction for the incident wave takes the form [see Eq. (15.49)]

~ sin(kr)

Ro(r) = oy (15.75)
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Thus, the actual 1 = 0 radial wavefunction is similar to the incident 1 = 0 wavefunction,
except that it is phase-shifted by k a.

Let us examine the low and high energy asymptotic limits of tan &;. Low energy implies
that k a < 1. In this regime, the spherical Bessel functions reduce to:

julkr) =~ (Z(kar);)”, (15.76)
yi(kr) =~ —(2(%)12”, (15.77)

where n!! =n(n—2) (n—4)---1. It follows that
tang, = — (<O (15.78)

21+ 1) [(21—1)1]2

It is clear that we can neglect 6;, with 1 > 0, with respect to d,. In oth ords, at
low energy only S-wave scattering (i.e., spherically symmetric scatter 6) Mrtant. It
follows from Egs. (15.17), (15.57), and (15.73) that \ é

?{%@X “ 222 (15.79)

forka < 1. Note-tl-é tc')ixcross -S 8 O
P (e\, P a@e ?ZS' dQ = 4 d? (15.80)

is four times the geometric cross-section ma’ (i.e., the cross-section for classical particles
bouncing off a hard sphere of radius a). However, low energy scattering implies relatively
long wavelengths, so we would not expect to obtain the classical result in this limit.
Consider the high energy limit k a > 1. At high energies, all partial waves up to ly.x =
k a contribute significantly to the scattering cross-section. It follows from Eq. (15.59) that

47_[ lmax .
Croal = 15 ;(zu 1) sin’ §,. (15.81)

With so many 1 values contributing, it is legitimate to replace sin’ 5, by its average value
1/2. Thus,

Ol = )13 (21+1) ~ 2ma’. (15.82)

This is twice the classical result, which is somewhat surprizing, since we might expect
to obtain the classical result in the short wavelength limit. For hard sphere scattering,
incident waves with impact parameters less than a must be deflected. However, in order to
produce a “shadow” behind the sphere, there must also be some scattering in the forward



