Induction Examples

Question 3. Verify that for all n > 1, the sum of the squares of the first 2n positive integers is given by
the formula
o n(2n+1)(4n +1)

124224324+ (2n) 3

Solution.

For any integer n > 1, let P, be the statement that

2 1)(4 1

Base Case. The statement P; says that

12422 = = =5,

which is true.

Inductive Step. Fix k > 1, and suppose that P, holds, that is,

12+22+32+-~+(2k)2—t

It remains to show that Py holds; @m N &0
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P+22 4324+ 4+ 2k + 1)) =124+22+37+ - + (2k +2)°
=17 +22 43+ + (2k)* + (2k + 1)> + (2k + 2)°
k(2k 4+ 1)(4k + 1)

- ; + (2k + 1) + (2k +2)? (by P)

k(2k + 1)(4k + 1) N 3(2k +1)% + 3(2k + 2)?

k(2k + 1?;(414: + 1)+ 3(2k +1)2 f3(2k +2)2

k(8k* + 6k + 1) + 3(4?;«2 + 4k + 1) + 3(4k* + 8k + 4)

(8k™ + 6% + k) + (12k2 +312k +3) + (12k + 24k + 12)
3

_ 8K® + 30k + 37k + 15
B 3

On the other side of Py,
k+1DRE+D)+1D)Ak+1)+1) (k+1)(2k+2+1)dk+4+1)
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