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1.4. FUNCTIONS 17

Definition 1.4.7. A function f : X — Y is said to be injective (also called one-one or an injection)
if for all z,y € X, x # y implies f(x) # f(y). Equivalently, f is one-one if for all z,y € X, f(z) = f(y)

implies x = y.

Example 1.4.8. 1. Let X be a nonempty set. Then, the identity map Id on X is one-one.
2. Let X be a nonempty proper subset of Y. Then f(z) = z is a one-one map from X to Y.
3. The function f : Z — Z defined by f(z) = 22 is not one-one as f(—1) = f(1) = 1.

4. The function f : {1,2,3} — {a,b,c,d} defined by f(1) = ¢, f(2) = b and f(3) = a, is one-one.
It can be checked that there are 24 one-one functions f : {1,2,3} — {a,b,c,d}.

5. There is no one-one function from the set {1,2,3} to its proper subset {1,2}.
6. There are one-one functions from the set N of natural numbers to its proper subset {2,3,...}.

One of them is given by f(1) =4, f(2) =3, f(3) =2 and f(n) =n+1, for all n > 4.

Definition 1.4.9. Let f : X — Y be a function. Let A C X and A # &. The restriction of f to
A, denoted by f4, is the function fq = {(x,y): (z,y) € f,x € A}.

Example 1.4.10. Define f : R — R by f(x) = 0if  is rational, and f(z) = 1 if z is irrational. Then,
fo : Q — R is the zero function.

Proposition 1.4.11. Let f : X — Y be a one-one function and let Z be a nonempty subset of X.
Then fz is also one-one. \(

Proof. Suppose fz(z) = fz(y) for some z,y € Z. Then f(z) = P‘e GQe })— y. Thus,
X2\

fz is one-one. w tes

Definition 1.4.12. A function f : Xﬁtfq o Be surJeci'ezn@&d onto or a surjection)
if f=1({b}) # @ for each b : )ﬂ @ ere exists a pre-image under f,

for each b € ¥
Example 1?1 1 Let X be @Qy set. Then the identity map on X is onto.

2. Let X be a nonempty proper subset of Y. Then the identity map f : X — Y is not onto.
3. There are 6 onto functions from {a, b, ¢} to {a,b}. For example, f(a) = a, f(b) = b, and f(c) =

is one such function.
4. Let X be a nonempty subset of Y. Fix an element a € X. Define g : Y — X by

y, ifyeX,
9(y) = .
a, fyeY\X.

Then g is an onto function.
5. There does not exist any onto function from the set {a, b} to its proper superset {a,b, c}.
6. There exist onto functions from the set {2,3,...} to its proper superset N. An example of such

a function is f(n) =n —1 for all n > 2.

Definition 1.4.14. Let X and Y be sets. A function f: X — Y is said to be bijective (also call a
bijection) if f is both one-one and onto. The set X is said to be equinumerous! with the set Y if

there exists a bijection f: X — Y.

f X is equinumerous with Y then X is also said to be equivalent to Y.
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EXERCISE 1.6.2. For relations defined in Example 1.5.6, determine which of them are
1. reflexive.
2. symmetric.

3. transitive.

Definition 1.6.3. Let A be a nonempty set. A relation on A is called an equivalence relation if it
is reflexive, symmetric and transitive. It is customary to write a supposed equivalence relation as ~
rather than R. The equivalence class of the equivalence relation ~ containing an element a € A is
denoted by [a], and is defined as [a] :={z € A:z ~ a}.
Example 1.6.4. 1. Consider the relations on A of Example 1.3.6.

(a) The relation in Example 1.3.6.1 is not an equivalence relation; it is not symmetric.

(b) The relation in Example 1.3.6.2a is an equivalence relation with [a] = {a, b, ¢, d} as the only

equivalence class.
(c) Other relations in Example 1.3.6.2 are not equivalence relations.

(d) The relation in Example 1.3.6.4 is an equivalence relation with the equivalence classes as
i. [0)={...,—15,-10,-5,0,5,10,...}.

i [1]={..,—14,-9,—4,1,6,11,...}.
i [2] = {...,~13,-8,-3,2,7,12,...}.
iv. [3]:{...,—12 —7,-2,3,8,13,...}.
v. 4 ={...,—11,-6,—1,4,9,14,.. .}. \4

(e) The relation in Example 1.3.6.5 is an equivalence relati 1tl@1&uwalence classes as
0]={...,-3n,—2n,—n,0,n,2n,. ]\

H—{ ,=3n+1,-2n+1, 615?”1
2] = 3n:§2(6mﬂ22n:‘? ?)}

e ) 0.8 e
ox A?N e 00

2. Consider the relation R = {(a,a), (b,b), (c,c)} on the set A = {a,b,c}. Then R is an equivalence
relation with three equivalence classes, namely [a] = {a}, [b] = {b} and [c¢] = {c}.
3. The relation R = {(a,a), (b,b), (c,c), (a,c),(c,a)} is an equivalence relation on A = {a,b,c}. It

has two equivalence classes, namely [a] = [¢] = {a,c} and [b] = {b}.

Proposition 1.6.5. [Equivalence relation divides a set into disjoint classes] Let ~ be an equivalence

relation on a nonempty set X. Then,

1. any two equivalence classes are either disjoint or identical ;

2. the set X is equal to the union of all equivalence classes of ~.
That is, an equivalence relation ~ on X divides X into disjoint equivalence classes.

Proof. 1. Let a,b € X be distinct elements of X. If the equivalence classes [a] and [b] are disjoint,
then there is nothing to prove. So, assume that there exists ¢ € X such that ¢ € [a] N [b]. That is,
¢~ a and ¢ ~ b. By symmetry of ~ it follows that a ~ ¢ and b ~ ¢. We will show that [a] = [b].

For this, let € [a]. Then x ~ a. Since a ~ ¢ and ~ is transitive, we have z ~ c¢. Again, ¢ ~ b
and transitivity of ~ imply that = ~ b. Thus, x € [b]. That is, [a] C [b]. A similar argument proves

that [b] C [a]. Thus, whenever two equivalence classes intersect, they are indeed equal.
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Lemma 2.1.1. Ifn € N and n # 1, then there exists m € N such that S(m) = n.

Proof. Let X ={x € N:x =1or 3y € N such that x = S(y)}. By the definition of X, both 1 and
S(1) belong to X, i.e., X \ {1} # 0.

So, for any = € X \ {1}, there must exist y € N such that z = S(y). Observe that S(y) € N.
Therefore, S(z) = S(S(y)) implies that S(z) € X. Thus, by the induction axiom, P3 X = N. .

The existence of the set of natural numbers has been established axiomatically. So, we now discuss
the arithmetic on N, an important property of the set of natural numbers. The arithmetic in N that
touches every aspect of our lives is clearly addition and multiplication. So, depending solely on the
Peano axioms, we define the operation of addition on N. 1 is always a natural number by Axiom P1.
First, we establish what it means to add 1 to a natural number n. Here, we define n +1 = S(n).

We now wish to add any two natural numbers n and m. Without loss of generality assume that
m # 1. From Lemma 2.1.1, there exists k € N such that m = S(k). So, to define n+m, it is sufficient
to define n + S(k). We do this by using the following recursive definition: n + S(k) = S(n + k).

For example, suppose we wish to compute 1+ 2. By the paragraph after Axiom P2, 2 = S(1). So,
1+2 =1+ 5(1). By the above definition, 1 + S(1) = S(1 + 1) and 1+ 1 = S(1), which is 2 by the
paragraph after Axiom P2. Thus, 14 S(1) = S(1+ 1) = S(2) = 3. An iteration of this process will

generate the usual addition on N. In short, the definition for addition is:

Definition 2.1.2. We define addition as follows.
1. For each n € N, n+1:=5(n), and \(
CO A8}
2. for each m,n € N, n+ S(m) := S(n+m). \ .

Using a similar argument, axiomatic S—e can e%ﬁned First, set n -1 to be n.
The multiplication of arbltrar ‘ﬂmers is now recursive manner. The formal
definition is: \ e\N 26
Deﬁn@{£3 The mul @@wo natural numbers is defined as follows.

1. Foralln e N, n-1:=n, and

2. forall m,n € N, n-S(m) := (n-m)+n.
We follow the usual convention of writing (n-m) + k as n-m + k.

Using the above axiomatic definitions of both addition and multiplication, we derive the properties

of the set of natural numbers N.

1. [Associativity of addition] For every n,m,k € N, n+ (m+ k)= (n+m)+k.
Proof. Let X ={k € N: forall m,n e N,n+ (m+ k)= (n+m)+ k}. We show that X = N.

Let n,m € N. As

n+(m+1) = n+S(m) (Definition 2.1.2.1)
= S(n+m) (Definition 2.1.2.2)
= (n+m)+1, (Definition 2.1.2.1)

we get 1 € X. Now, let z € X and let us show that S(z) € X. As z € X, by definition of X

n+(m+z)=(n+m)+z, forall n,m e N. (2.1)



30 CHAPTER 2. THE NATURAL NUMBER SYSTEM

¢ =1,2,...,n. But, by hypothesis, we know that P has been proved using PSI. Thus, P(n + 1) is

true whenever P({) is true for ¢ = 1,2,...,n. This, in turn, means that Q(n + 1) is true. Hence, by
PMI, Q(n) is true for all n € N using PMI. Thus, P can be proved using PMI. "
There are many variations of PMI and PSI. One useful formulation considers the set N\{1,2,...,n¢}

(for some fixed ng € N) instead of N. We formulate and prove one such version of PMI below.
Theorem 2.2.4. [Another form of PMI] Let ng € N. Let P(n) be a statement dependent on n € N
such that the following hold:

1. P(no+1) is true.

2. For each n > ng + 1, P(n) is true implies P(n + 1) is true.
Then, P(n) is true for each n > ng+ 1.

Proof. Since ng € N, for each n € N, n 4+ ng € N. Consider the statement Q(n) := P(n + ng). Then
Q(1) = P(ng +1).

Let n > ng+ 1. Then, n = ng+ ¢, for some £ € N with £ > 1. Let us now assume that Q(¢) is true.
Then, by definition P(£ 4 ng) = P(n) holds true as Q(¢) = P({ 4 ng). Therefore, using the second
assumption and the commutativity of addition, P(n+ 1) = P({ +no+ 1) = P({ + 1+ ng) holds true.
Thus, Q({+ 1) = P(¢{ + 1 4 ng) holds true. Hence, we have shown the following:

1. Q1) is true.

2. Further, for each ¢ € N,/ > 1 the assumption Q(¢) is true in\p% t@@(M‘&crue.
.

Q ie@a&wever, m > 1 implies n > ng + 1.
Therefore, for each n > ng + 1, P(n) is . N

26?) J
EXERCISE 2.2.5.\@ Oe\dé\lbl'lsxmg variati%@])@a"nd PMI.
1. ?a‘u@o gl: Let 8’ . Let P(n) be a statement dependent on n € N such that
the

following hold:

Hence, by PMI, it follows that for each m € N

P(no+1) is true.
For eachm > ng+1, P(ng+1),P(ng+2),...,P(n) are true implies P(n+1) is true.
Then for each n > ng + 1, P(n) is true.
2. Variation of PMI: Let ny € N and let Ny = {ng + 1,n9 +2,...}. Let X C Ny be such that
no+ 1€ X, and for each n € Ng, ng + 1,n9 + 2,...,n € X implies S(n) € X. Then X = Nj.
As an application, we now prove the following result.
Example 2.2.6. Every natural number greater than or equal to 2 is a product of primes.!
Let P(n) be the statement that any natural number n > 2 can be written as a product of primes.
1. Base step: Let n = 2. As 2 is prime, P(2) is true.
2. Induction step: Assume that P(1), P(2),..., P(k) are all true.

Consider the natural number k£ + 1. Then, we consider the following two cases:

(a) If k + 1 is prime then P(k + 1) holds.

1Refer to Definition 4.1.11 for prime numbers.
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(b) k+ 1 is not a prime. In this case, there exists p,q € {2,3,...,k} such that p-q =k + 1.
Since p,q < k, by PSI we already know that each of p and ¢ can be written as product of
primes, say p = p1---ps and ¢ = q1---q;. Thus, k+1 = (p1---ps) - (q1---q). Therefore,
P(k + 1) holds.

Hence by PSI, P(n) is true for all n € N.

2.3 Applications of Principle of Mathematical Induction

Example 2.3.1. [Triangular numbers]

1. Show that for each x € N, x > 2, there exists a unique ¢t € Nsuch that 1 +2+4+ -+t <z <
1+24-+t4 (t+1).

2. Let Sg =0"and let S; =142+ ---+1¢ for t € N. Show that for each € N, there exists a
unique t € W = NU {0} such that S; < x < Si41.

The base steps in PMI and PSI are important, and overlooking these may result in spurious

arguments. See the following example.

Example 2.3.2. [Wrong use of PSI] The following is an incorrect proof of “if a set of n balls contains

a green ball then all the balls in the set are green”. Find the error.

Proof. The statement holds trivially for n = 1. Assume that the statement is true for Take a
collection Byy1 of k + 1 balls that contains at least one green ball. Fr ket a’g
of k balls that contains at least one green ball. Then by the ind é
green. Now, remove one ball from Bj and put the Ra L,geft
Bj,. Again by induction hypothesis, (Eich ﬂeen

ection By
Resis, each ball in By is
in the beginning. Call it

s(z@ in By is green. Hence
by PMI, our proof is complete l "
The follo?xre\’n\l S us t? %ﬁ on N inductively.

Theorem 2 Inductive definition of function] Let f be a relation from N to a nonempty set X
satisfying
1. f({1}) is a singleton, and

2. for each n € N, if f({n}) is a singleton implies f({S(n)}) is a singleton.
Then, f is a function N to X.

Proof. By the hypothesis, f is already a partial function. Now, let A = dom f. Note that 1 € A and
n € A implies S(n) € A. So, by the induction axiom A = N. Thus, f is a function. "

In the following exercises, assume the usual properties of ™ where x € C and n € NU {0}.

EXERCISE 2.3.4. 1. Leta,a+d,a+2d,...,a+(n—1)d be the first n terms of an arithmetic progres-

n—1

sion, with a,d € C. ThenZ(a—i—id) =a+(a+d)+---+(a+(n—1)d) :g(2a—|—(n— 1)d).
=0
2. Let a,ar,ar?,...,ar"" be the first n terms of a geometric progression, with a,r € C, r # 1.
n—1 n
. -1
Th b= e n-1_ g7 .
en;ar a—+ar+ + ar ar—l

3. Prove that

!The reader may refer to Section 2.6 for the construction of the set of integers.
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(a) 6 divides n® —n, for all n € N.

(b) 12 divides n* — n?, for all n € N.

(c) 7 divides n” —n, for all n € N.

(d) 3 divides 2*™ — 1, for all n € N.

(e) 9 divides 22" — 3n — 1, for all n € N.

(f) 10 divides n® —n, for all n € N.

(9) 12 divides 2°"*2 — 3n* + 3n? — 4, for all n € N.

(h) 13+23 4+ 4+nd3=1+2+---+n)2
Find a formula for 1-2+2-343-4+4---+ (n—1)-n and prove it.
Find a formula for1-2-34+2-3-44+3-4-54+---4+(n—1)-n-(n+1) and prove it.
Find a formula for1-3-5+2-4-6+---4+n-(n+2)-(n+4) and prove it.
For every positive integer n > 5 prove that 2" > n? > 2n 4 1.
Prove by induction that 2" divides (n+ 1)(n +2)---(2n).
[AM-GM inequality]

(a) Let ay, ..., a9 be non-negative real numbers such that the sum ay + --- 4+ ag = 5. Consider

the numbers 41192 aitas
2 2

,as, . ..,a9 and argue that

a] + ag ay + as
2 2

a1+a2

_|_a3_|_..._|_a9:57 ay a9<<

(b) Among two pairs of non-negative real numbers with equ én @@WM least difference
has the largest product. \

(¢) The product of n > 2 non-negative @mzs mazigagm when all numbers are equal.

(d) Letay,...,a, be no 36@& @&l n mbers 3—%
equality as é]\‘\dd na

For all n > 32, there ea:;st non-negative integers x and y such that n = 5x + 9y.

Prove that, for all n > 40, there exist non-negative integers x and y such that n = 5z + 11y.

“+ap)/n]" > ay - ap; and

Prove that for p > 0,

P , ,
[« D, .1 1 1)(2p + 1

(1+1p) >1+(p+)'u_|_(1’(p+ ) _p(p+ )(2p + )>'u2.
=1 2 2 4 6

By an L-shaped piece, we mean a piece of the type shown in the picture. Consider a 2™ x 2"

square with one unit square cut. See the picture given below.

1, E=5f

L-shaped piece 4 x 4 square with a unit square cut

Show that a 2" x 2" square with one unit square cut, can be tiled with L-shaped pieces.

n
Use (k+1)° — k> = 5k* + 10k3 4+ 10k? + 5k + 1 to get a closed form expression for > k*. Then
k=1
use PMI to prove your answer.
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Further, Z consists of all equivalence classes of the above forms. That is,
z = {[(1, D]} U {l(L, S(m))] : m € N} U{[(S(m),1)] : m € N}.
Definition 2.6.1. Let [x] = [(z1, 22)], [y] = [(y1,¥2)] € Z for some x1,x2,y1,y2 € N. Define

x] & [y] = [(z1,22)] @ [(y1, 92)] = [(21 + 1,22 + v2)]. (2.7)
The map @ : Z x Z — 7Z, defined above is called the addition in Z.

Note that addition, 1.e., the function @ maps a pair of two nonempty sets, say [(z1,z2)] and
[(y1,y2)] to the set [(x1 + y1,22 + y2)]. Thus, we need to verify that the addition of two different
representatives of the domain, give rise to the same set on the range. This process of defining a map
using representatives and then verifying that the image is independent of the representatives chosen

is characterized by saying that “the map is well-defined”. So, let us now prove that @ is well-defined.
Lemma 2.6.2. The map @ defined in Equation (2.7) is well-defined.

Proof. Let [(u1,u2)] = [(v1,v2)] and [(z1,22)] = [(y1,y2)] be two equivalence classes in Z. Then, by

definition

[(u1,u2)] @ [(w1,22)] = [(u1 +z1,u2 +22)],  [(v1,v2)] © [(y1,92)] = [(v1 + Y1, v2 + y2)].

For well-definedness, we need to show that [(u1 + x1,u2 + z2)] = [(v1 + y1,v2 + y2)]. Or eqwlently,

we need to show that u; +x1 +vo + y2 = ug + 9 + v1 + y1
But, the equality of the equivalence classes [(u1,u2)] = [(v1, v2)] ,QJQPQ (y1,y2)] implies
u1 +v9 = ug+v; and x1 +y2 = 2 +y;1. Thus, adding the tW e commutat1v1ty of addition
in N, we get N 3
uy +ﬁv@m g +m26@‘ 26
Thus, the required re L]

On smlelrgs we now define lalglon among elements of Z.

Definition 2.6.3. Let [x] = [(z1,22)],[y] = [(v1,42)] € Z, for some z1,22,y1,y2 € N. Then, one
defines multiplication in Z, denoted by @, as

x] © [y] = [(21,22)] © [(y1,92)] = [(@191 + 2292, 2192 + 2201)]. (2.8)

Since we are talking about multiplication between two sets using their representatives, we need
to verify that the multiplication is indeed well-defined. So, the readers are required to prove that
multiplication is well-defined. Further, the following properties of of addition and multiplication in
Z can be proved by using the corresponding properties of natural numbers and hence is left as an

exercise for the readers.
EXERCISE 2.6.4. 1. Show that the multiplication defined in Equation (2.8) is well-defined.
2. Let [x],|y], [2z] € Z. Write [0] =[(1,1)]. Prove the following:
(a) [Associativity of addition] ([x] + [y]) + [z] = [x] + ([y] + [2]).
(b) [Commutativity of addition] [x]+ [y] = [y] + [x].
(c) [Existence of the zero element] [x]|+ [0] = [x].

(d) [Cancellation property] If [x] + [y] = [x] + [z] then [y] = [z]. This implies that the zero

element is unique.
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the condition —z < y is equivalent to the condition 0 < y 4+ « which in turn is equivalent to —y < .

Hence |y| = —y < . Thus, the required result follows. "
As a direct application of Lemma 2.6.12, one obtains the triangle inequality.
Lemma 2.6.13. [Triangle inequality in Z] Let z,y € Z. Then |z + y| < |z| + |y|.
Proof. Using Lemma 2.6.12, one has —|z| < z < |z| and —|y| <y < |y|. Hence,
—lzl+ (=lyl) <z +y < |z +yl.
Now, use the associativity and commutativity of addition to get
=zl + (=lyD) + || + [yl = =(l=[ + [y]) + (=] + [y])

and hence the uniqueness of the additive inverse implies —|z| + (—|y|) = —(|z| + |y|). Thus, the

required result follows from the second part of Lemma 2.6.12. n

This finishes most of the results on the basic operations related to integers. As a last note, we

make the following remark.

Remark 2.6.14. Even though the well ordering principle and its extension (Exercise 2.4.8) is valid
for subsets of N, it can be generalized to W, the set of whole numbers. Furthermore, if we fix an
integer z € Z and take S = {z,z+ 1,2z +2,...} then it can also be shown that every nonempty subset
X of S contains its least element. Or equivalently, every nonempty subset X of Z which is bounded
below satisfies the well ordering principle. \)\(

cO-

2.7 Construction of Rational Numbe ésa\e

We will describe the constructlon of r 1n br d prove a few properties, such

as addition, multiplication d1v1@ ments
}\E}ll i

We write Z* :— define an on on X 7 x 7 and then doing everything

afresh ms@ for the S@? % eﬁne a relation ‘~’ on X by

(a,b) ~ (¢,d) ifa-d=0b-cforall a,c € Z,b,d € Z*.

Then, verify that ~ is indeed an equivalence relation on X. Let Q denote the collection of all
equivalence classes under this relation. This set is called the “set of rational numbers”. In this
set, we define addition and multiplication, using the addition and multiplication in Z, as follows:

1. Let [x] = [(x1,22)], [y] = [(y1,92)] € Q. Then, addition in Q, denoted as @, is defined by

x] @ [y] = [(z1,22)] ® [(y1,92)] = [(%1 - y2 + 22 - y1, 22 - y2)].
2. Let [x] = [(z1,22)], [y] = [(y1,y2)] € Q. Then, multiplication in Q, denoted as ®, is defined by
x] © [y] = [(21,22)] © [(y1,92)] = [(21 - y1, 22 - y2)]-

The readers are advised to verify that the above operations in Q are well-defined. Further, the
map [ : Z — Q defined by f(a) = [(a,1)], is one-one and it preserves addition and multiplication.
Thus, Z is seating inside Q as f(Z). As earlier, we replace the symbols ‘@’ and ‘®’ by ‘+’ and ‘.
Sometimes, x -y is simply written as zy. Note that the element 0 € Z corresponds to [(0,1)] = [(0, )]
for all x € Z*. Hence, an element [(z1,22)] € Q with [(z1,22)] # 0 implies that x; # 0. Verify that
for each [(x1,x2)] € Q with z1 # 0, the element [(x2, x1)] € Q satisfies [(z1,z2)] - [(x2,71)] = 1. As the

next operation, one defines division in QQ as follows.
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3.4 Cantor-Schroder-Bernstein Theorem

Let A and B be finite sets with |A| =m and |B| = n. Suppose there exists a one-one function from
A to B. Then we know that m < n. In addition, if there exists a one-one function from B to A, then
n < m so that m = n. It then follows that there is a bijection from A to B. Does the same result hold
good for infinite sets? That is, given one-one functions f: A — B and g : B — A does there exist a
bijection from A to B?

Experiment : Creating a Bijection from Injections
Let X =Y = N. Take one-one functions f : X — Y and g : Y — X defined by f(z) = z 4+ 2 and
g(x) = 4+ 1. In the picture, we have X on the left and Y on the right. If (x,y) € f, we draw a solid

line joining = and y. If (y,z) € g, we draw a dotted line joining y and x.

Figure 3.1: Graphic represen% and g
We want to create a bijection A fro rasm S hws Initially, we keep all solid
x are elements in Y \ rng f. Each one of

lines and look at rng f. t an onto fun

these elemerw \iﬁnec‘ced %‘jﬁ some element in X. So, we keep all those pairs
) € g such that y & rng f. We% euristic of keeping as many pairs in f as possible; and

then keep a pair (y,x) € g if no pair (z,y) € f has been kept.

1. The elements 1,2 € Y but are not in rng f. So, the dotted lines connecting them to elements in
X must stay. That is, the pairs (1,2),(2,3) € g must be kept.

Then the pairs (2,4),(3,5) € f must be deleted.

Now, (1,3) € f; it is kept, and then (3,4) € g must be deleted.
The pair (4,5) € g is kept; so (5,7) € f must be deleted.

The pair (4,6) € f is kept, and then (6,7) € g must be deleted.

o s W

The pair (7,8) € g is kept; so (8,10) € f must be deleted.
Continue this scheme to realize what is happening. Then the bijection h : X — Y is given by

f(x) if t=3n—-2,neN
hay =47 |
g ' (z) otherwise.

PRACTICE 3.4.1. Construct bijections using the given injections f : N — N and g : N — N.

1. f(x)=2+1 and g(x) =2+ 2.
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Proof. Suppose n = zy, for 2 < 2,y < n. Then, either x < /n or y < y/n. Without loss of generality,
assume x < /n. If x is a prime, we are done. Else, take a prime divisor p of z. Now, p < y/n and p

divides n. -

EXERCISE 4.1.17. 1. Prove that there are infinitely many primes of the form 4n — 1.

2. Fix N €e NJN > 2. Then, there exists a consecutive set of N natural numbers that are composite.

Definition 4.1.18. The least common multiple of integers a and b, denoted as lcm(a,b), is the

smallest positive integer that is a multiple of both a and b.

Lemma 4.1.19. Let a,b € Z and let £ € N. Then, ¢ = lcm(a,b) if and only if all, b|¢ and ¢ divides

each common multiple of a and b.

Proof. Let ¢ = lcm(a,b). Clearly, a|f¢ and b|¢. Let x be a common multiple of both a and b. If ¢ 1 x,
then by the division algorithm, z = ¢- ¢+ r for some integer g and some r with 0 < r < £. Notice that
alx and all. So, a|r. Similarly, b|r. That is, r is a positive common multiple of both a and b which is
less than lcm(a,b). This is a contradiction. Hence, ¢ = lcm(a,b) divides each common multiple of a
and b.

Conversely, suppose alf, b|¢ and ¢ divides each common multiple of a and b. By what we have
just proved, lcm(a,b)|¢. Further, lcm(a,b) is a common multiple of a and b. Thus ¢|lcm(a,b). By
Remark 4.1.3, we conclude that ¢ = lcm(a, b). .

Theorem 4.1.20. Let a,b € N. Then ged(a,b) - lem(a,b) = ab. In particular, lcm(a, bﬁ%zf and
only if ged(a,b) = 1.

Proof. Let d = ged(a,b). Then a = ayd and b = bd for somtoesa\“urther
el AR gcclgi o)

Thus, it is enough to shoﬂ‘e ;‘x = a1b1d. @
a1 at is, ala;bid and blajbid. Let ¢ € N be any

Towards?s
common mul§iple® of a and b. Th Further, by Bézout’s identity, d = as + bt for some

s,t € Z. So,
c cd clas +0bt) ¢
t Z.
abid  (@d)-(hd)  ab b 4 €
Hence a1bid|c. That is, a1bid divides each common multiple of a and b. By Lemma 4.1.19,
albld = Icm(a, b) ]

4.2 Modular arithmetic

Definition 4.2.1. Fix a positive integer n. Let a,b € Z. If n divides a—b, we say that a is congruent

to b modulo n, and write a = b (mod n).

Example 4.2.2. 1. Notice that 2|(2k — 2m) and also 2|[(2k — 1) — (2m — 1)]. Therefore, any two

even integers are congruent modulo 2; and any two odd integers are congruent modulo 2
2. The numbers £10 and 22 are congruent modulo 4 as 4|(22 — 10) and 4[(22 — (—10)).
3. Let n be a fixed positive integer. Recall the notation [n — 1] :={0,1,2,...,n — 1}.
(a) Then, by the division algorithm, for any a € Z there exists a unique b € [n — 1] such that

a =b (mod n). The number b is called the residue of a modulo n.



Chapter 5
Combinatorics - 1

Combinatorics can be traced back more than 3000 years to India and China. For many centuries,
it primarily comprised the solving of problems relating to the permutations and combinations of
objects. The use of the word “combinatorial” can be traced back to Leibniz in his dissertation on
the art of combinatorial in 1666. Over the centuries, combinatorics evolved in recreational pastimes.
These include the Konigsberg bridges problem, the four-colour map problem, the Tower of Hanoi, the
birthday paradox and Fibonacci’s ‘rabbits’ problem. In the modern era, the subject has developed
both in depth and variety and has cemented its position as an integral part of modern mathematics.
Undoubtedly part of the reason for this importance has arisen from the growth of computer science and
the increasing use of algorithmic methods for solving real-world practical problems. %Ve led
to combinatorial applications in a wide range of subject areas, both Wlt‘n and@@e.

including network analysis, coding theory, and probability.

matics,

eS
5.1 Addition and m\u&’r?‘ﬁ@m § O _‘ 26?)
We first Conﬁﬁr (scéﬂl\s%n . a ge

1. How many possible crosswor(guzzles are there?

2. Suppose we have to select 4 balls from a bag of 20 balls numbered 1 to 20. How often do two of

the selected balls have consecutive numbers?
3. How many ways are there of rearranging the letters in the word ALPHABET?

4. Can we construct a floor tiling from squares and regular hexagons?

We observe various things about the above problems. A priori, unlike many problems in math-
ematics, there is hardly any abstract or technical language. Despite the initial simplicity, some of
these problems will be frustratingly difficult to solve. Further, we notice that despite these problems
appearing to being diverse and unrelated, they principally involve selecting, arranging, and counting
objects of various types. We will first address the problem of counting. Clearly, we would like to be
able to count without actually counting. In other words, can we figure out how many things there
are with a given property without actually enumerating each of them. Quite often this entails deep
mathematical insight. We now introduce two standard techniques which are very useful for counting

without actually counting. These techniques can easily be motivated through the following examples.

Example 5.1.1.

71
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Alternate. Instead of writing it in such a laborious way as the above, let us adopt a more reader
friendly way of writing the same. A couple can be thought of as one cohesive group (they are
to be seated together). So, the 4 cohesive groups can be arranged in 4! ways. But a couple can
sit either as “wife and husband” or “husband and wife”. So, the total number of arrangements
is 24 41,

Theorem 5.2.13. [Arrangements] Let n,ni,na,...,nr € N and suppose that we have n; copies of
the symbol (object) A;, fori=1,...,k and that n =ny + -- -+ ng. Then the number of arrangements

of these n symbols is
n!

nilng! - - ng!’

The formula remains valid even if we take some of the n;’s to be 0.

Proof. Let S be set of all arrangements of the ny + no + -+ - 4+ ng symbols and let T be the set of
all arrangements of the symbols A1 1,..., A1 n,, A2.1,..., A2 sy Ak 1y ..y Ay, . Define a function
Er : T — S by Er(t) equals the arrangement obtained by erasing the second subscripts that appear
in t. Notice that each s € S has nilno!---ni! many pre-images. Hence, by the principle of disjoint
pre-images of equal size, we have |T'| = nq!---ng!|S|. As |T| = (n1 +n2 + --- + ng)!, we obtain the
desired result.

Assume that some n;’s are 0 (all cannot be 0 as n € N). Then our arrangements do not involve the

corresponding A;’s. Hence we can use the argument in the previous paragraph and get the number of

Corollary 5.2.14. Let m,n € N. Then the nu é{@&@\nw of m copies of A and n copies
!

of B is )t ﬁ 2 3

5.2.4 Countin %)qp(ls “( ’( 6

As an @1&1& application?:aQQQ 14, we have the following result which counts the number

of subsets of size k of a given'set S

arrangements. As 0! = 1, we can insert some 0! in the denominator. "

We have an immediate special case. (:

Theorem 5.2.15. Let n € N and k € {0,1,...,n}. Then the number of subsets of [n]| of size k is

n!
kl(n—k)!"

Proof. If k = 0 or n, then we know that there is only one subset of size k£ and the formula also gives
us the same value. So, let 1 < k < n — 1 and let X be the set of all arrangements of k copies of T’s
and n — k copies of F’s. For an arrangement = = z12z2...x, € X, define f(z1...2,) ={i | x; =T},
i.e., the set of positions where a T appears in x. Then, f is a bijection between X and the set of all

k-subsets of [n]. Hence, the number of k-subsets of [n] = | X| = |X| = ﬁlk),, by Corollary 5.2.14. =

Discussion 5.2.16. 1. For n € N and r € {0,1,...,n}, the symbol C(n,r) is used to denote the
number of r-subsets of [n]. The value of C(0,0) is taken to be 1. Many texts use the word

‘r-combination’ for an r-subset.

2. Using Theorem 5.2.15, we see that for n € Ny and » = 0,1,...,n, C(n,r) = T!(gir)!. Also it
follows from the definition that C(n,r) =0 if n < r, and C(n,r) =1ifn =r.

3. Let n € N and ny,ng,...,n; € Ny such that n = ny + -+ + ng. Then by C(n;ny,...,ng) we
|

denote the number ——2—.
nilng!l-ng!

By Theorem 5.2.13, it is the number of arrangements of n objects

where n; are of type i, i = 1,..., k. By convention, C(0;0,...,0) = 1.
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5.2.6 Counting in two ways

Let R and C' be two nonempty finite sets and take a function f : R x C' — R. View the function
written as a matrix of real numbers with rows indexed by R and columns indexed by C. Then the
total sum of the entries of that matrix can be obtained either ‘by first taking the sum of entries in
each row and then summing them’ or ‘by first taking the sum of the entries in each column and then

summing them’, i.e.,

S e =3 (X fe :z(zm,w).

(z,y)ERXC zeR \yeC yeC \z€R

This is known as ‘counting in two ways’ and it is a very useful tool to prove some combinatorial
identities. Let us see some examples.

Example 5.2.18. 1. [Newton’s Identity] Let n > r > k be natural numbers. Then
C(n,r)C(r,k) = C(n,k)C(n —k,r — k).

In particular, for & = 1, the identity becomes rC(n,r) = nC(n — 1,7 —1). Ans: Let us use the
method of ‘counting in two ways’. So, we take two appropriate sets R = {all r-subsets of [n]}
and C' = {all k-subsets of [n|} and define f on R x C by f(A,B)=1if BC A, and f(A,B) =0
if BZ A.

Then given a set A € R, it has C(r, k) many subsets of A. Thus,

(5] B g0V

Similarly, given a set B € C, there are t@ bsets of [n] that contains B. Hence,

@(@\LE@QQQ i % Gﬁ Z@n b

Alternate. We now present the same argument in a more reader friendly manner.

Select a team of size r from n students (in C(n,r) ways) and then from that team select k leaders
(in C(r, k) ways). So, there are C(n,r)C(r, k) ways of selecting a team and it’s leaders from the
team itself. Alternately, select the leaders first in C'(n, k) ways and out of the rest select another
r — k to form the team in C'(n — k,r — k) ways. So, using this argument, the number of ways of
doing this is C(n, k)C(n — k,r — k).

2. [Important] Let n,r € N, n > r. Then
ci,ry+C2,r)+---+Cn,r)=C(n+1,r+1). (5.1)

The RHS stands for the class F of all the subsets of [n + 1] of size r + 1. Let S € F. Note
that S has a maximum element. A moments thought tells us that the maximum element of
such a set can vary from r 4+ 1 to n + 1. If the maximum of S is » 4+ 1, then the remaining
elements of S have to be chosen in C(r,r) ways. If the maximum of S is r + 2, then the
remaining elements of S has to be chosen in C(r + 1,r) ways and so on. If the maximum
of S is n + 1, then the remaining elements of S has to be chosen in C(n,r) ways. Thus,
Cin+1,r+1)=C(r,r)+C(r+1,7)+---+Cn+1,7)=C(1,r)+C2,r)+---+C(n,r).

Observe that for r =1, it givesus 1 +2+---+n = Ln;u
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a multiple of k, let s = kj + r, where 0 < r < k. It now follows that R,.(P) = P. This is a
contradiction to the fact that k is the orbit size of P.

The next assertion follows from the fact that
[Ro+ 4+ Rka](P) = [Rg + -+ + Rop1](P) = -+ = [Rp_1)p + - + Rpr—1](P)

is the orbit(P). .

Discussion 5.5.12. Let P be an arrangement of an m-multiset .S which has orbit size k. Recall that
each orbit accounts for one circular arrangement of objects in S. Thus [Rg + - - - + Ry,—1](P) accounts

for m/k counts of the same circular arrangement.

Now, let Pi,..., P, be all the arrangements of objects in S. Then,

Z (the number of rotations fixing P;) orbit(FP;) = Z[RO + -+ Rp1](F)
= mPL+--+Fp)

= m(all circular arrangements).

The number of circular arrangements contained in the LHS being the same as that of the RHS, we

get that the total number of all circular arrangements is = Z the number of rotations fixing /. But,

[

notice that CO
" the number of rotations fixing P, = &%ﬁa\g
MO
T

{
e
P ( e\, a'ge — Zthe number of P;’s fixed by R;.

R;

= bi}|

Hence, the total number of circular arrangements is

1
— Z the number of P;’s fixed by R;.
m

R; a rotation
Example 5.5.13. 1. How many circular arrangements of {A, A, A, B, B, B,C,C,C'} are there?

Ans: First way:
orbit size no of arrangements mno of circular arrangements

1 0 0
2 0 0
3! _
3 3! 5 =2
4,5,6,7,8 0 0
Tt 9!
9 3!353! — 3! o =186
Total 188

Second way:
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If {n + 1} is not present in F', then n + 1 is present in some part with some other elements. Now,
if we remove n + 1 from that part, we get an r-partition of [n]. Note that, given any r-partition of
[n], by inserting n 4 1 into any of these r parts, we can create r many r-partitions of [n + 1]. Hence,
S(n+1,r)=S(n,r—1)+rS(n,r). .

Example 5.6.7. Determine the number of ways of putting n distinct balls into r identical boxes with
the restriction that no box is empty.
Ans: Make an r-partition of the set of these balls in S(n,r) ways. One part goes to one box.

Since boxes are identical, this can be done in one way. So the answer is S(n, ).
To proceed further, consider the following example.

Example 5.6.8. Let A = {a,b,c,d,e} and define an onto function f : A — S by f(a) = f(b) =
f(e) =1,f(d) = 2 and f(e) = 3. Then, the collection {f~! = {a,b,c}, f71(2) = {d}, f1(3) = {e}}
gives a 3-partition of A.

Conversely, take a 3-partition of A, say, {Al = {a,d}, Ay = {b,e}, A3 = {c}} Then, this par-
tition gives 3! onto functions f; from A into [3]. Each of them is related to a one-one function
gi : {A1, A2, Az} — [3]. We list them below. Notice that fi(p) = ¢i(A,) if p € A,.

A1 Ay Az ‘abcde
all 2 3 fill 2 31 2
g1 3 2 f2l1 3 2 1 3 \L
12 1 3 — f3]213 21 C\)
gl2 3 1 f4231 \
g3 1 2 é‘a
ge | 3 2

Lemma 5.6.9. Let n,k & {N’L x‘lgber of % ﬂ@)&s 2 is S(n, k)k!.
Proof. Let )? @3\Lf all onto a@& k] and Y be the set of all k-partitions of [n].
t,

Observe when f : [n] —\V[k] 1s an onto functlon then {f~%(1),...,f ' (k)} is a unique
k-partition of [n]. Keeping that in mind, we define F : X — Y as F(f) = {{f~1(1),...,f1(k)}.
On the other hand, given a k-partition a@ = {S1,..., Sk} of [n], we can define k! onto functions

f :[n] — [k] by taking a one-one function o : {S1,...,S;} — [k] and then defining f(p) = o(S5;) if
p€S;,i=1,...,k This means |F~!(a)| = n!, for each a € Y.
Hence, by the principle of disjoint pre-images of equal size, we have |X| = k!S(n, k). "

Lemma 5.6.10. Let n,m € N. Then,

3

n™ =% C(n,k)k!S(m, k). (5.2)
k=1
Proof. The LHS is the number of all functions f : [m] — [n].

On the other hand, any function f : [m] — [n] is an onto function from [m] to rng f, and rng f
can only be a nonempty subset of [n]. So, we can first select a subset A C [n] of size k > 1 and then
consider all onto functions f : [m] — A. This has to be done for each subset A of size k and for each
k =1,...,n. Choosing a subset A of size k can be done in C'(n, k) many ways and there are k!S(m, k)

many onto functions from [m] to A. So the total number of functions becomes the expression in the
RHS. .
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Remark 5.7.9. Let A = (nq,...,n;) be a partition (of some number). One can write the conjugate
without drawing the Ferrer’s diagram. It’s conjugate X' = (p1,...,pn,) has ny components and p; =
the number of components in A that are at least i. For example, the conjugate of (5,3,1,1) is a
partition with 5 components (p1, ..., ps), where p; = the number of components in A that are at least
1. So p; = 4. Now, py = the number of components in A that are at least 2. So py = 2. Similarly,
p3s=2,ps=1,and ps =1. So N = (4,2,2,1,1).

Proposition 5.7.10. Let n € N. Then the number of self conjugate partitions of n is the same as the

number of partitions of n whose parts are distinct odd numbers.

Proof. Let A be a self conjugate partition of n with k£ diagonal dots. For 1 < i < k, define [; = length
of the (¢,7)-th hook. Since A is self-conjugate, each [; is odd and (I1,...,[x) is a strictly decreasing
sequence of positive integers with [y + lo + ... + I = n. Hence, from a self conjugate partition A of n
we have got a partition of n whose parts are distinct and odd.

Conversely, given any partition, say [ = (l1,...,lx) where parts are distinct and odd, we can get
a self conjugate partition by putting /; dots in the (1, 1)-th hook, ls dots in the (2,2)-th hook and so
on. Since each [; is odd, the hook is symmetric and as the hook lengths decrease at least by 2, we see
that the corresponding diagram of dots is indeed a Ferrer’s diagram. (Try to give a formula for the

resulting partition in terms of /;’s.) Hence the result follows. "

Proposition 5.7.11. Let n € N and f(n) be the number of partitions of n in which no part is 1.

Then f(n) =mp — Tp—1.
co V¥

Proof. For n =1, both the sides of the equality are 0. So assume that n\
We shall count the complement. Let A = (ni,.:- Ei @ of n with ny = 1. (Since
tlon

n > 1, there are at least two parts.) Then, \ giy,

1, namely (nq,...,ng_1).
Conversely, if = (t1,...,tx) is a p“@&‘i 1, then Efi& a partition of n with last
n— 1

part 1. Hence, the numb tioMs of n with %l art

Thus, us wé‘ tit
EXERCISE 5? 1. Let n € N.

Find an expression for the number of k-partitions of n in which

s of n in which no part islismy, —mp_1. =

each part is at least 3.
2. Let n,k,m € N. Prove the following.
(a) The number of k-partitions of n with the first (largest) part m = the number of m-partitions
of n with the first part k.
(b) The number of k-partitions of n with the first part at most m = the number of partitions
of n into at most m parts with the first part k.
(¢) The number of partitions of n into at most k parts with the first part at most m = the

number of partitions of n into at most m parts with the first part at most k.

3. For n,r € N, prove that m,(r) is the number of partitions of n + C(r,2) into r unequal parts.

4. Recall that a composition of n is an ordered tuple of positive integers whose sum is n. They are
also called ordered partitions. FExpress the following quantities in terms of Fibonacci numbers
(F1=F,=1).

(a) The number of ordered partitions of n into parts > 1.

(b) The number of ordered partitions of n into parts equal to 1 or 2.
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n—1
Theorem 5.8.8. [Recurrence relation for C,] Letn € N. Then C,, = Z Ci_1Ch_; = Z C;Cr_1_;.

Proof. As C, is number of ways to multiply n + 1 pairs of A’s with n pairs of brackets, removing the
outer pair of brackets, we get two expressions written, one is a meaningful multiplication of k many
A’s with k — 1 pairs of brackets and the other is a meaningful multiplication of n 4+ 1 — k many A’s
with n — k pairs of brackets, where k can vary from 1,...,n. These two expressions for a k = i differ

from the two expressions for a k # i. Hence,

n n—1
Cn = Z Ci—1Ch—i = Z CiCr—1-;.
i1 =0

Example 5.8.9. A full binary tree is a rooted binary tree in which every node either has exactly two

offsprings or has no offspring, see Figure 5.4. Show that C,, is equal to the number of full binary trees

hoAND A

Figure 5.4: Full binary treeson 7 vertices ﬁ éle@@ \)

on 2n + 1 vertices.

Let f(n) be the number of full binary tr x’e%rtlces he idea is to show that f(n)
satisfies the same recurrence r%atl@m n and _ﬁasz

f(0) =1=Co.

initial values. We see that

Now take W y trees on é QS and delete the root. We two trees, one on the
left, sa one on the@ Notice that T; and T, are full binary trees and their sizes
are 2k + 1 and 2n — 2k es

disjoint, that is, a full binary tree with 77 having & vertices is different from that of one with 7} having

n—1
different number of vertices. Hence, f(n) = > f(k)f(n—k—1). So f(n) = C,.
k=0

pectively, where k can be 0,1,...,n — 1. And these cases are mutually

Remark 5.8.10. The book titled “enumerative combinatorics” by Stanley [13] gives a comprehensive
list of places in combinatorics where Catalan numbers appear. The interested reader may have a look
at those.

n
EXERCISE 5.8.11. 1. Take Cy = 1. Use the recurrence relation Cp, = Y Ci_1Cp—; to show that
i=1
Cn,=C2n,n)/(n+1).

2. Give a bijection between ‘the solution set of xo+x1+ T2+ -+ x = n in non-negative integers’
and ‘the number of lattice paths from (0,0) to (n,k)".

n
3. Use lattice paths to give a combinatorial proof of > C(n,k) = 2".

4. Use lattice paths to give a combinatorial proof of > C(n,k)? = C(2n,n). [Hint: C(n,k) is the
k=0
number of lattice paths from (0,0) to (n — k, k) as well as from (n — k, k) to (n,n). /
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Alternate. If f is an integer polynomial and f(m) = 0 for some integer m, then using the
factor/remainder theorem f(x) = (z —m)g(x) for some integer polynomial g. For our problem,
we see that f(z) = (x —a)(z — b)(x — ¢)g(z) + 5, where g is an integer polynomial. If f(n) =4
then (n —a),(n —b),(n—c)| — 1, so that (n —a), (n —b),(n —c) € {1,—1}. By PHP some two
of them are the same, a contradiction.

Theorem 6.1.4. Let r1,79,- - ,rmne1 be a sequence of mn + 1 distinct real numbers. Then, prove
that there is a subsequence of m + 1 numbers which is increasing or there is a subsequence of n + 1
numbers which is decreasing.

Does the above statement hold for every collection of mn distinct numbers?

Proof. Define [; to be the maximum length of an increasing subsequence starting at r;. If some
l; > m + 1 then we have nothing to prove. So, let 1 < [; < m. Since ([;) is a sequence of mn + 1
integers, by PHP, there is one number which repeats at least n+1 times. Let l;; = ;, =---=1; ., = s,
where 73 < i3 < .-+ < ip41. Notice that r;, > ry,, because if r;, < ry,, then ‘r; together with the
increasing sequence of length s starting with r;,” gives an increasing sequence of length s+1. Similarly,

Tiy > 1y > -+ >1; . and hence the required result holds.
Alternate. Let S = {ri,r2, - ,"mnt1} and define a map f : S — Z x Z by f(r;) = (s,t), for
1 <i<mn+ 1, where s equals the length of the largest increasing subsequence starting with r; and
t equals the length of the largest decreasing subsequence ending at r;. Now, if either s > m + 1 or
t > n+ 1, we are done. If not, then note that 1 < s < m and 1 <t < n. So, the numbeg of tuples
(s,t) is at most mn. Thus, the mn + 1 distinct numbers are being mapped to %

by PHP there are two numbers r; # r; such that f(r;) = f(r;). Now, p gbn

to get the required result. tes

The above statement is FALSE. Consider the seN

nyn—1,---,1,2n,2n J‘K?)Qgg\l 0%—1—@“%@?177112714—1
‘?‘e\' pa@e > '

Theorem 6.1.5. C’orrespondmg to each irrational number a, there exist infinitely many rational

hence

e prev1ous case

numbers 2 such that [a — £| < q—z

Proof. Tt is enough to show that there are infinitely many (p,q) € Z? with |ga — p| < L Asais

q
irrational, for every m € N, 0 < ia — [ta| < 1, for i = 1,...,m + 1. Hence, by PHP there exist i, j

with ¢ < j such that
1

i
Then, the pair (p1,q1) = (|ja| — |ia],j — i) satisfies the required property. To generate another pair,
find msy such that

G~ )a— (lja = lia))| < - <

m2 qn
and proceed as before to get (p2,g2) such that |gaa — pa| < == m2 < q . Since |a — \ <y <la—2
we have *Z—i #* Z—;. Now use induction to get the required result. "

Theorem 6.1.6. Let o be a positive irrational number. Then prove that S = {m + na : m,n € Z} is

dense in R.

Proof. Consider any open interval (a,b). By Archimedean property, there exists n € N such that

L'« b—a. Observe that 0 < rp, = ka — |ka] < 1, k = 1,...,n + 1. By PHP, some two satisfy

n
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—7; <1/n. Then x =r; —r; = (i — j)a+ (|jo] — [ie]) € S. Let p be the smallest integer so

that px > a. If px > b, then (a,b) C ((p — 1)a:,pa;) andsob—a <z < %, which is not possible. So,
pz € (a,b) and pz € S as well. Thus, (a.b) NS # 0. n

EXERCISE 6.1.7. 1. Consider the poset (X = P({1,2,3,4}),C). Write 6 mazimal chains Py, ... Ps

10.
11.
12.

13.
1.

15.

16.

17.

18.

(need not be disjoint) such that UP; = X. Let Ay,..., A7 be 7 distinct subsets of {1,2,3,4}.
(2

Use PHP, to prove that there exist i, j such that A;, A; € Py, for some k. That is, {A1, ..., A7}

cannot be an anti-chain. Conclude that this holds as the width of the poset is 6.

Suppose that f(x) is a polynomial with integer coefficients. If

(a) f(x) =14 for three distinct integers, then for no integer x, f(x) can be equal to 15.
(b) f(z) =11 for five distinct integers, then for no integer z, f(z) can be equal to 9.

There are 7 distinct real numbers. Is it possible to select two of them, say x and y such that

T—y 19
0 <1573y < 57

n
If n is odd then for any permutation p of {1,2,...,n} the product [] (z - p(z)) s even.
i=1

Five points are chosen at the nodes of a square lattice (view Z x 7). Why is it certain that a

mid-point of some two of them is a lattice point?

Choose 5 points at random inside an equilateral triangle of side 2 units. Show that there exist

two points that are away from each other by at most 1 unit.

Take 25 points on a plane satisfying ‘among any three of them therg au¥dz’stcmce less
than 1°. Then, some circle of unit radius contains at %9 \@hﬁ ‘ ven points.

If each point of a circle is colored ezthN t

triangle with vertices of t

en sh that there exists an isosceles

Each pomt of't lored Ted& ‘Sve the following.
of

whose vertices have the same color.

n equy, g
) There is a rectarigle whose vertices have the same color.

Show that among any 6 integers from {1,2,...,10}, there exists a pair with odd sum.
Any 14-subset of {1,2,...,46} has four elements a,b,c,d such that a +b = c+ d.

Show that if 9 of the 12 chairs in a row are filled, then some 3 consecutive chairs are filled. Will
8 work?

Show that every n-sequence of integers has a consecutive subsequence with sum divisible by n.

Let n >3 and S C {1,2,...,n} of size m = L”THJ + 1. Then, there exist a,b,c € S such that
a+b=c.

Let a,b € N, a < b. Given more than half of the integers in the set {1,2,... ,a+ b}, there is a
pair which differ by either a or b.

Consider a chess board with two of the diagonally opposite corners removed. Is it possible to

cover the board with pieces of rectangular dominoes whose size is exactly two board squares?

Mark the centers of all squares of an 8 X 8 chess board. Is it possible to cut the board with 13

straight lines not passing through any center, so that every piece had at most 1 center?

Fifteen squirrels have 104 nuts. Then, some two squirrels have equal number of nuts.
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4.

Xk 1 2 3
EvaluateS::kgoﬁzi_Fzﬁ_ng_i_

Ans: Note that

2 3 4
- 14+ Z
25 +totm ot
1 2 3
S =0 =
totm ot
11 1
S totmtgmt

Alternate. Put f(z) = (1 — z)~!. Then, it has 1 as its radius of convergence and within this
radius, the derivative is the same as the power series obtained by term by term differentiation.

Thus, f'(x) =142z + 322+ --- has 1 as its radius of convergence. Hence,
1 !/
§=31(01/2) =

Alternate. Alternately (rearranging terms of an absolutely convergent series) it is

C00l i N
+ +
eIt
+ + +

C
=

:1+§+-- N, \e CO'

EXERCISE 6.3.12. 1. Determine a closed form eﬂ n:l: E% . Or in other words,

10.

. Determine a closed form expression for >

n>0

write Y nz" (—, wf<|7<lp {@@Molynogﬂs@k T coefficients.

2. Deterv eM X@e first N }'
Determ?®ne the sum of the SB Dgua first N positive integers.

n? +5n+ 16

n>0 TL'

N
Determine a closed form expression for > k3.
k=1

For n,r € N determine the number of non-negative solutions to x1 + 2x9 + - -+ + nx, = r in the

unknowns x;’s.

Determine Z 5xC(n+k—1k).

Find the number of non-negative integer solutions of a +b+ c+ d + e = 27, satisfying

(a) 3<a<S3§,

(b) 3<a,b,c,d <8

(c) c is a multiple of 3 and e is a multiple of 4.
Determine the number of ways in which 150 voters can cast their 150 votes for 5 candidates such
that no candidate gets more than 30 votes.

Verify the following table of formal power series.
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I8
We show that there exist a,...,a, € R such that u(n) = ) a;a? for all n € W. We first consider a
i=1
smaller problem, that is, whether the first r values of u(n) can be expressed in this form. The answer

will be affirmative provided we can determine the constants aq,...,q, so that u(n) = Z oz for
n=0,1,...,r — 1. To explore this, substitute n = 0,1,...,r — 1 to obtain the following hnear system
in the unknowns ay, ..., a,:
u(0) | aq
u(1) r1 o Ty | |ag
u(r —1) o ey

Since the above r X r matrix (commonly known as the Vandermonde matrix) is invertible, there exist

T
ai,...,a, such that u(n) = > oy} for 0 <n <r—1. Hence, we have proved the result for the first
i=1

r values of u(n). So, let us assume that u(n) = ixf for 0 < n < k, where k£ > r. Notice that for

e
Qe

1

(2

7 .
n =k, ¥ is a solution of the given LHRC. So, 2% = > c]ack_J. Then
j:

—_

r

T T T T T

. k—j k—j k

u(k) = g cju(k —j) = E ¢; g iy 7 = g a; g cjz; 7 = E Ty
j=1 =1 i=1  j=1 i=1

J=1

Hence by PMI, u(n) = Y a2 for all n. u\(

=1
For uniqueness, suppose u(n) and v(n) are solutions of the LHRC sat g @Qﬁi‘tial conditions
%a‘(iz s

u(i) = v(i) = a; for 0 < i < r — 1. Write y(n > atisﬁes the same LHRC
with intial conditions y(1) = V& Sglst a% Z vixl for some
constants vi,...,7y,. Treating v “ S, and sulasti 20@6, e T 1 We arrive at a
linear system as abovexv’r\@ replaced b K system matrix there is invertible, it leads

to the unlqu@ a@ rn,"we obtam y(n) = 0 for all n. That is, u(n) = v(n)
for all n. i

|
Notice that the characteristic roots are, in general, complex numbers, so that the constants in the
linear combination can be complex numbers.

Example 6.4.11. 1. Solve a, — 4a,_o = 0 for n > 2 with ag = 1 and a3 = 1. Ans: The

2 _4 =0. As the characteristic roots x = +2 are distinct, the general

characteristic equation is x
solution is a, = a(—2)" + 52", The initial conditions give o + 5 = 1 and 28 — 2a« = 1. Hence,

o= 1,8 = 2. Thus, the unique solutions is a,, = 2"72(3 + (—1)").

2. Solve a,, = 3ay,_1+4a,_9 for n > 2 with ag = 1 and a1 = ¢, a constant. Ans: The characteristic
equation is 22 — 3z —4 = 0. The characteristic roots are —1 and 4; they are distinct. The general
solution is a, = a(—1)" 4+ $4™. The initial conditions imply o = % and 8 = % Thus, the
unique general solution is a, = %((4 —o)(=1)" + (1 +¢)4™).

3. Solve the Fibonacci recurrence a,, = a,_1 + an,_o with initial conditions ag = 0,a; = 1. Ans:

2 _ 1z —1 = 0 gives distinct characteristic roots as M. So,

The characteristic equation x
the general solution is a, = oz(l'“[) + B(l \f) Using the initial conditions, we get o =
1/v/5, B = —a = —1//5. Hence, the required solution is

145\ [(1-v5\"
SYRESI 69

1
an:%
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Hence, g(x) + C, where C € R. Or, equivalently 2zg(x) =1+ 2CV/1 — 4x.

\/1 Az 2\/1 iz
Note that C = —5 as Cp = hn}) g(x) = 1. Therefore, the ogf of the Catalan numbers is
T—

1—+1—-4x

g(x) = 5

Alternate. Recall that C), is the number of representations of the product of n + 1 square
matrices of the same size, using n pairs of brackets. From such a representation, remove the

leftmost and the rightmost brackets to obtain the product of two representations of the form:
/11(142...1471_’_1)7 (A1A2)(A3...An+1)7 R (Al"'Ak)(Ak+1"‘An+1)7 cee (Al"'An)An—l—l-

Hence, we see that

C,=0CCp1+C1Cr—a+ -+ C,—1Ch. (6.9)

oo
Let g(x) be the generating function of Cy; that is, g(z) = >  Cpz™. Then, for n > 1,
n=0

0o 2 n—1
CF [m”_l,g(x)Q] = cF |2" 7!, <Z C,m”) = Z C;Cp—1-; = Cy, using Equation (6.9).
= i=0

That is, CF[2", zg(x)?] = C,. Hence, g(x) = 1+ zg(z)?. Solving for g(z), we get \(

- (;O
g 2 X
: ’(.
As the function g is continuops @ﬂé\pﬁ series > of convergence) and
¢

lim g(z) = Cp = 1, ;tfolo qt
\S l
P(e\, Page 1—4x

n
2. Fix r € N and let (a,) be a sequence with ag = 1 and > aga,_ = C(n+r,r) for all n > 1.
k=0
Determine a,,.

Answer: Let g(x) = > apa™. Using C(n+r,r) = C(n+ (r+1) — 1,n), we obtain
n>0

Z Zakan k ZCn—i—rrm —ZCn—i—'rn %
n>0 n>0 n>0 (1 —az)*

Hence, a,, = CF [:z:” For example, when r = 2

1
9 (1_$)(r+1)/2:| .

3-5-7---(2n+1) _ (2n+1)!

2n nl o 22nplpl

anp = (=1)"C(-3/2,n) =

3. Determine the sequence { f(n,m) : n,m € W} which satisfies f(n,0) =1 foralln >0, f(0,m) =
0 for all m > 0, and

f(n,m)=f(n—1,m)+ f(n—1,m—1) forn >0, m > 0. (6.10)



Chapter 7

Introduction to Logic

7.1 Logic of Statements (SL)

We study logic to differentiate between valid and invalid arguments. An argument is a set of state-
ments which has two parts: a set of premises and a conclusion. Each premise is a statement which is
assumed to hold for the sake of the argument. The conclusion is a statement claimed to hold by the
argument. An argument has the structure

Premises: Statementy, ..., Statementy; therefore

Conclusion: Statement,.

The following are instances of arguments: \(

e Statement: If today is Monday, then Mr. X gets 5.
Statements: Today is Monday.

Statement.: (Therefore,) Mr. X gets 5. NO‘

e Statement;: If today is Mon ay‘*@m gets ZR. O
Statements: Mr.\)l' @ ) lg
Staten@c(®e fore,) T@ya@@y

e Statement: If today is Monday, then Mr. X gets 5.

Statements: Today is Tuesday.
Statement,: (Therefore,) Mr. X gets 5.

e Statement;: If today is Monday, then Mr. X gets 5.
Statements: Today is Tuesday.
Statement,: (Therefore,) Mr. X does not get I5.

We understand that the first one is a valid argument, whereas the next three are not. In order to
determine whether an argument is valid or not, we need to know the logical form of a statement. A
simple statement is an expression which is either false or true but not both. Complex statements are
made out of simple ones by using the words ‘not’, ‘and’, ‘or‘, ‘implies’ and ‘if and only if’.

For example, ‘Today is Monday’ is a statement. ‘Today is Tuesday’ is a statement. ‘Today is not
Monday’ is a statement. ‘Today is Monday and today is Tuesday’ is also a statement.

Using symbols for simple statements and the words ‘not’, ‘and’, ‘or, ‘implies’ and ‘if and only if’
help us in seeing the logical structure of a statement. Normally, we use the symbols p, ¢, r, p1,po, ...
to denote simple statements. The quoted words are denoted by —, A, V, — and <>, respectively.
Then the complex statements are made using these symbols along with parentheses by following some

specified rules.

133



7.3. EQUIVALENCE AND NORMAL FORMS IN SL

4. [De Morgan] —(pVgq)=-pA—-q, —~(pAqg)=-pV—q

10.
11.

[Idempotence] pVp=p, pAp=p

[Constants] L Vp=p, LAp=Ll, TVp=T, TAp=p, pV-p=T,

where L denotes contradiction and T denotes tautology.
[Double Negation] —(—p) =p
[Absorption] pV (pAg)=p, pA(pVq) =p
[Implication] p —g¢=-pVg, —(p—q)=pA—q

[Contraposition] p —+¢=—-q¢—-p, p—>—-q¢g=qg— P

[Biconditional] p <> q¢=(pAq)V(-pA—q), pqg=(pVgA(pVg),

perq=@—q) N(g—Dp)

Proof. Construct the truth tables and verify.

139

pA-p=1,

Remark 7.3.6. The statement ¢ — p is called the converse of the statement p — ¢. In general, a

statement is not equivalent to its converse. Reason: The assignment f that assigns T to p and F' to

q, assigns F' to p — ¢ but assigns T to ¢ — p. Also, the assignment g that assigns T to ¢ and F to p

assigns F' to ¢ — p while it assigns T" to p — ¢. Compare this with the Rule of Contraposition. The

contrapositive of a statement p — ¢ is 7¢ — —p. The rule says that a statement is equivalent to its

contrapositive.

The above laws help us in proving equivalence of some formulas, in addition

truth tables and helps us in analyzing when the formulas are true or fa\

1.

2.
3.

(1)

(2)

(3)

Example 7.3.7. We use the laws to show the follow ﬁ Ote

So

p—la—>r)=@Ag) = ‘ Om 263

“perg)=-peg,

p—q 39
prev'® pa@e >

2 ok

od of

p—=(g—=r) = pV(-qVr) asp—p=(-p)Vyq
= (-pV-q)Vr Associativity
= a(pAg)Vr De Morgan
= (pAq)—r asp—p=(-p) Vg
“(perq) = ~((pAg)V (=pA—q)) Biconditional
= ~(pAgA-(-pA—q) De Morgan
= (=pV-9)A(pVq) De Morgan, Double negation
= (-pADP)V (-pAQV(=gAp)V(~gAq)  Distributivity
= (-pAq@)V(~gADp) Constants
= (-pAq@) V(=P A—q) Double negation
= P& g Biconditional
ppAqg = (ﬂp V(pA q)) A (p Va(p A q)) Biconditional
= (-pVAD)AP@V(=pV—g)) De Morgan
= (pVp)A(=pV g APV (-pVq)) Distributivity
= pVygq Constants

p—q Implication
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Example 7.5.12.

1.

Translate: Each person in this class room is either a BTech student or an MSc student.

Ans: Does the statement guarantee that there is a person in the room? No. All it says, if there
is a person, then it has certain properties. Let P(z) mean ‘z is a person in this class room’;
B(x) mean ‘z is a BTech student’; and M (z) mean ‘z is an MSc student’. Then the formula is
vz (P(z) = B(z) V M(z)).

. Translate: There is a student in this class room who speaks Hindi or English.

Ans: Does the statement guarantee that there is a student in the room? Yes. Let S(x) mean ‘x
is a student in this class room’; H(z) mean ‘z speaks Hindi’; and F(z) mean ‘z speaks English’.
Then the formula is 3z (S(z) A (H(z) V E(z))).

Note that 3z (S(x) — H(z) V E(x)) is not the correct translation. Why??

Notice that if a formula in PL has no free variables, then its translation into English will result in

a statement. Similarly, when English statements are translated into PL-formulas, they will result in

formulas having no free variables.

Example 7.5.13. Using the vocabulary Q(z): x is a rational number, R(z): x is a real number, and

L(x): x is less than 2, the following formulas are translated into English sentences, as shown:

1.
2.
3.

Vz(Q(z) — R(z)) : Every rational number is a real number.
Jz(-Q(z) A R(z)) : There is a real number which is not rational.

vz (Q(x) A L(z) = R(x) A L(z)) : Every rational number less thané@rqﬂkkber less than
2.

V2 (Q(z) A L(z)) — Vo (R( “ ﬁ@n@numbg less than 2, then each real

number is less than 2.

EXERCISE 7.5.14. i W tl;syollowmg 37 QJ‘SL

™ L

IP* @)Jn n on ?
For each student in IN'G There is a student in IITG with more CPL
Every natural number is either the square of a natural number or its square root is irrational.

For every real number x there is a real number y such that x +y = 0.

In the rest of the exercises, fill in the blank with a PL-formula so that the definition will be

complete.

A subset S C R™ is called compact, if —. Use the predicates O(x, A): x is an open cover of A;
S(z,y): = is a subset of y; and C(x, A): x is a finite cover of A.

A function f : R — R is called continuous at a point a, if — Use UD = R and the predicates
P(z): x is positive; and Q(x,y,z): |z —y| < z.

A function f : R — R is called continuous if —. Use UD = R and the predicates P(x): x is
positive; and Q(z,y,2): |x —y| < z.

A function f : R — R is called uniformly continuous if —. Use UD = R and the predicates
P(z): x is positive; and Q(x,y,z): |z —y| < z.

A function f: S — T is called a bijection if —. Use predicates B(x, A): x is an element of A;
and E(z,y): x is equal to y.

'Remember, 3z (P(x) — Q(z)) never asserts P(z). But 3z (P(z) A Q(z)) asserts both P(x) and Q(z).
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Proof. (1) In a tautology of SL, replace all atomic formulas by predicates of PL (chosen respectively).
For instance, in the tautology p — (¢ — p), replacing p by P(x,y) and ¢ by R(z,y,z), we get the
formula P(z,y) — (R(x,y,2) — P(z,y)). The assertion says that the resulting formula of PL is valid.
Observe that the connectives are interpreted the same way in PL as in SL. Therefore, the assertion
holds.

(2) Let P be a valid formula and let x be any variable. Let I be an interpretation. Let a € UD. Since
P is valid, P|;—, is T. This holds for each element a of UD. So, both the statements

“There exists a € UD, Pl;—q isT.” and “For each a € UD, P|y—q is TV
hold. (Recall that UD # &.) Therefore, under I, both 3x P and Vx P are T'. Since I is an arbitrary
interpretation, both dr P and Vx P are valid.

(3) Assume that under some interpretation I, the formula —(Vz P) is T. So, Vz P is F under I. That
is, for some a € UD, P|;—, is F under I. Thus, =(P|y=q) is T under I. Hence, 3z—P is T under 1.

Conversely, suppose that 3z =P is T' under an interpretation I. Then there is an a € UD such that
(=P)|z=q is T under I. This means, P|;—, is F' under I. Hence, Yz P is F under I. That is, ~(VzP)
is T under I. This proves the first assertion.

For the second assertion, we use the first assertion as follows:
—(3z P) = ~(Fx +—P) = ~~(Vz -P) =Vz -P.

(4) Consider the formulas 3z 3y P and JyJdxP. Let I be an interpretation. Suppose Jx Iy P is T
under I. Then for some a € UD, we have (Jy P)|y=q is T under I. Then again, for sggee b € UD, we
have Ply—qy—p is T under I. Since P|,—q y—p = Ply—pr—a, We see that (3 é\g%nder I. This
means Jy dx P is T under I. A similar argument shows that if Ve i under I, then dzdy P is

also T under I. This proves the second assertmvn& Q‘e

For the first assertion, we use the se

VrVy P a:ewwxx Vy Vr——P =VyVz P.

g rpretatl ‘ 2@ P/\Q) is T. Then for each element a € UD, (PAQ)|z=a
is T. wever, (P A Q)| Pg& a Q|w a) Thus, both (P|x a) and (Q|x a) are T under I.
Now, for each element a € UD, P|x a) is T under I implies that Vo P is T' under I. Similarly, for
each element a € UD, (Q\x:a) is T under I implies that Vo @ is T under I. Therefore, Vo P A Vx )
is T under 1.

Conversely, suppose Vx P AVz () is T under I. Then both Vx P and Vx Q are T under I. Then for
each element a € UD, P|,—, is T, and for each element b € UD, Q|,—p is T. Let ¢ € UD. It follows
that under I, P|,—. is T and Q|,—. is T. That is, for each ¢ € UD, (P A Q)|s=c is T under I. Hence
Vo (P AQ)is T under I.

We conclude that under I, the formula Vo (P A Q) <> (Vo P) A (Vz Q) is T. Since I is an arbitrary
interpretation, this biconditional is valid, so that Vz (P A Q) = Vz P AVx Q.

The second assertion is obtained from the first as in the following;:

z(PVQ) = -3z (PVQ)=-Vz=(pVQ)=-Va(-PA-Q)=~((Vz-P) A (V2 -Q))
= —(=BzP)A-(3E2Q)) =-~(FzP)V(3zQ)) =3z PV IzQ. n

The first part in Proposition 7.6.3 says that all the rules of the logic of Statements also hold in
Predicate logic. For instance, the p V —p being a tautology, it follows that Va PV —Vx, P is valid.
Again, -Vx P = dz—P. Hence Vx P V dx =P is valid. You may similarly obtain many more valid

formulas in PL, and formulate many equivalences accordingly.
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We want to see whether! Va(S(z) A E(z) A B(z) = F(x)),S(z0) A ~E(z0) = F(z0).

Take the following interpretation: S(x) is ‘z is a positive real number’, E(z) is ‘x is a rational
number’, B(z) is ‘z is an integer’, F(z) is ‘z is a natural number’, and zg = /2.

In this interpretation, the premises mean ‘every positive integer is a natural number’ and ‘v/2 is
a positive real number which is not rational’. Both of them are true. Whereas the conclusion means

‘v/2 is a natural number’, which is false. So the argument is incorrect.
Example 7.7.4. Translate the following argument into PL and then check whether it is correct:

All scientists are human beings. Therefore, all children of scientists are children of human

beings.

Ans: Let S(x) mean ‘x is a scientist’, H(x) mean ‘x is a human being’, and C'(z,y) mean ‘z is a child
of y’. Then our hypothesis is Vx (S(x) — H(x)). A few possible translation of the conclusion are the
following;:

1. Ve (Jy (S(y) A C(x,y)) — Fz(H(z) A C(x,2))). It means ‘for each z, if = has a scientist father

then z has a human father’. This is a correct translation.

2. Ve (Vy (S(y)ANC(x,y)) = Vz (H(2)AC(z,2))). The statement means ‘for all z, if x is a (common)

child of all scientists, then x is a (common) child of all human beings’. This is a wrong translation.

3. Vo (S(z) = Vy (C(y,x) — 3z (H(2) ANC(y,2)))). This means ‘for each z, if = is a scientist, then

each child of z has a human father’. This is also a correct translation.

4. VzVy (S(x) NC(y,z)) = Vo Vy (H(z) A C(z,y)). This means ‘if each x 1sgq®xtu¥each Yy

is a child of = (y can be equal to x), then each z is a human is a child of z’.

So, let us check whether Va (S _‘X‘l@ Vﬁ /\g H(z) ANC(x,z2))).
Let I be an mterpretﬁtw T. Let b be any element of UD.

Suppose that ) 1s T unde Qh e is an element a € UD such that S(a)AC(b,a)
is T'. Since ) is T. Tt follows that H(a) AC(b,a) is T.
) A C b, z)) is T

This is a wrong translation.

Hence under I, Elz

Using the Rule of Deductlon, we conclude that under I, the formula Jy (S(y) A C(b,y)) —
Jdz (H(2) ANC(b, z)) is T. Since this holds for any arbitrary element b € UD, we conclude that under I,
Va (Jy (S(y) AC(z,y)) — 3z (H(2) ANC(x, 2))) is T. Since I is an arbitrary interpretation, this proves

that the conclusion logically follows from the premise.

Example 7.7.5. Let P be a formula and let R be a formula that does not have any occurrence of x.
Show that
Ve(RV P)=RVVYxP, Vx(R— P)=R—VzP,

Jr(RAP)=RA3zP, 3Jx(R—P)=R— 3z P.
VeP— R=32(P—R), JxP— R=Va(P— R).

Ans: We already know that Vx RV Vz P = Vz (R V P). Since R does not have any occurrence of
z, R = VxR. Hence RV Vx P = Vz(RV P). For the converse, let I be an interpretation under
which Vz (R V P) is T. Then for each element a € UD, (RV P)|y—, is T. Since R does not have any
occurrence of z, (RV P)|y=q = RV P|y—q. So, under I, either R is T or for each a € UD, P|y—, is T.

! Actually xo here is not a variable; it is a constant. Constants are interpreted as elements of UD just like variables,

but their occurrence in a formula is never categorized into bound or free.
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Proof. (1) Let 01, 02 € S be such that for each x € S, 2V 0; = z and V02 = x. Then, in particular,
02V 0; = 09 and 07 V 05 = 0;. By Commutativity, 02 V 0; = 01 V 05. So, 05 = 0;. That is, 0 is the
unique element satisfying the property that for each x € S, 0V x = x. A similar argument shows that

1 is the unique element that satisfies the property that for each z € S, x A 1 = x.

(2) Let s € S. By definition, —s satisfies the required properties. For the converse, suppose t,r € S
are such that sVt=1, sAt=0, sVr=1and s Ar =0. Then

t=tAN1=tA(sVr)=tAS)V{AT)=0V({EAT)=(sAT)V({EAT)=(sVE)Ar=1Ar=r"

(3) It directly follows from the definition of inverse, due to commutativity. n

Example 8.3.3.
1. Let S be a nonempty set. Then P(S) is a Boolean algebra with V=U, A =N, -A=A4°0=0

and 1 = S. This is called the power set Boolean algebra. So, we have Boolean algebras of
finite size as well as of uncountable size.

2. Take D(30) = {n € N : n|30} with a Vb = lem(a,b), a Ab = ged(a,b) and —a = 3. It is a
Boolean algebra with 0 =1 and 1 = 30.

3. Let B ={T, F'}, where V, A and — are the usual connectives. It is a Boolean algebra with 0 = F'
and 1 =T

4. Let B be the set of all truth functions involving the variables p1, ..., p,, with usual Wations
V,A and —. Then B is a Boolean algebra with 0 = 1 and 1 = T. T@@

Boolean algebra on the generators py,...,p,. (See Chapter 7,

e free

5. The set of all formulas (of finite length) invo ﬂ x’b% D2, . a Boolean algebra with
0

usual operations. This is also Calle W an alge cz rators pi,po,.... Here
also0=_1Land1=T. So olean Table size.

Remark 8. ?f \,e)@Boolean lg@trell' ) and (A, 1) equally. Notice that the second
finin

parts in the g conditions o 8.3.1 can be obtalned from the corresponding first parts

by replacing V with A, A with Vv, 0 with 1, and 1 with 0 simultaneously. Thus, any statement that one
can derive from these assumptions has a dual version which is derivable from the same assumptions.

This is called the principle of duality.

Why are we proving the theorem? FExcept “constants” don’t the
other follow from what has already been done?

Theorem 8.3.5. [Laws] Let S be a Boolean algebra. Then the following laws hold for all s,t € S:
1. [Constants] : -0=1, —-1=0, sv1l=1] sAl=s, sV0=s, sA0=0.

[Idempotence] : sVs=3s, sAs=s.

[Absorption] : sV (sAt)=s, sA(sVt)=

[Cancellation] : sVt=rVt, sVal=rV-at=s=r.

[Cancellation] : sAt=rAt, sAt=rA-t=s=r.

S v e

[Associativity] : (sVE)Vr=sV(tVr), (sAt)Ar=sA(tAT).

Proof. We give the proof of the first part of each item and that of its dual is left for the reader.
(1)1 =0V (-0) =—0.
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sV1I=(sV1)A1l=(sV1)A(sV-s)=sV(LA-s)=sV-s=1.
sVO=sV(sA—s)=(sVs)A(sVas)=sA1l=s.

(2) s=sV0=5sV(sA—s)=(sVS)A(sVs)=(sVs)ALl=(sVs).
(B) sV(sAt)=(sA1)V(sAt)=sA(1Vt)=sA1l=s.

(4) Suppose that sVt =rVtand sV -t =1V ~t. Then
s=sVO0=sV({tA-t)=(sVE)AN(sVt)=(rVOOANGTrV-t)=rV(EA-t)=rV0=r.

(5) This is the dual of (4) and left as an exercise.

(6) Using distributivity and absorption, we have

(sv(tVvr)A-s=(sA=s)V(EVT)A=s) =0V ((tVr)Ans)
=(tVr)An-s) =(tA=s)V(rA-s).
(sviyvr)A=s=((sVE)A=s)V (rA-s) = ((sA=s)V (EA-S)) V (rA-s)
=((0V (A=) V(rA-s)=(tA=s)V(rA-s).
Hence, (sV (tVr)) A-s= ((sViE)Vr)A-s.

Also, ((sVt)Vr)As=((sVE)As)V(rAs)=sV(rAs)=s=(sV({Vr))As.

Now, apply Cancellation law to obtain the required result. "

Isomorphisms between two similar algebraic structures help us in understanding an unfamiliar

entity through a familiar one. Boolean algebras are no exceptions.

Definition 8.3.6. Let (Bi,Vi,A1,—1) and (Bg,\/g,/\g,—' xé @ﬂggas A function
Snd

—. In such a case,

f(01) =02, f(11) =12, flaV1d) % @Z@%\z ), f(-1a) = —2f(a).
A Boolean isomor é’N ﬁ%&olean hoxoﬂ)% ich is a bijection.

@@&pea an a?ga

subscripts with the operatidns explicitly as is done in Definition 8.3.6.

f: B1 — Bs is a Boolean homomorphism if it preser

aadlng and interpreting the symbols, we will not write the

Example 8.3.7. Recall the notation [n] = {1,2,...,n}. The function f : P([4]) — P([3]) defined
by f(S) =5\ {4} is a Boolean homomorphism. We check two of the properties and leave others as

exercises.

f(AVB) = f(AUB) = (AUB)\ {4} = (A\{4}) U(B\ {4}) = f(A) v f(B).
f() = f([4]) = 4\ {4} =B8] = 1.
EXERCISE 8.3.8. 1. Let By and By be two Boolean algebras and let f : By — By be a function that
satisfies the four conditions f(01) = 02, f(11) = 12, f(aV1b) = f(a) Va f(b) and f(a A1 b) =
f(a) Ag f(b). Then, prove that f also satisfies the fifth condition, namely f(—1a) = -2 f(a).
2. Let B be a Boolean algebra. If a,b € B with a ANb# a then a A —=b # 0.
3. Let B be a Boolean algebra. Then prove the following:

(a) If B has three distinct atoms p,q and r, then pN q#pV q\V r.
(b) Let b€ B. If p,q and r are the only atoms less than or equal to b, then b=p\V qV r.

4. Prove or disprove: Let f : By — Bs be a Boolean homomorphism and let a € By be an atom.
Then f(a) is an atom of Bs.
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5. What is the number of Boolean homomorphisms from P([4]) to P([3])?
6. How many Boolean homomorphisms from P([4]) onto P([3]) exist?

7. See Example 8.3.3.2. How many atoms does D(30030) have? How many elements does it have?

We will show that finite Boolean algebras are simply the power set Boolean algebras, up to iso-
morphism. Towards this, looking a Boolean algebra as a lattice will be of help.

Let (L, <) be a distributive complemented lattice. Then, L has two binary operations V and A
and the unary operation —z. It can be verified that (L, V, A, —) is a Boolean algebra. Conversely, let
(B, V,A,—) be a Boolean algebra. Is it possible to define a partial order < on L so that (B, <) will
be a distributive complemented lattice, and then in this lattice, the resulting operations of V, A and

- will be the same operations we have started with?

Theorem 8.3.9. Let (B,V,A,) be a Boolean algebra. Define the relation < on B by
a<b ifand only if aNb=a for alla,be B.

Then (B, <) is a distributive complemented lattice in which lub{a,b} = aV b and glb{a,b} =a Ab for
all a,b € B.

Proof. We first verify that (B, <) is a partial order.

Reflexive: s < s if and only if s A s = s, which is true.

Antisymmetry: Let s <t and t < s. Then we have s = s At =t.

Transitive: Let s <t and t <r. Then sAt =sand t Ar =t. Using assocuatwlty :\&\‘$ Ar =
sA(tAr)=sAt=s; consequently, s < r.

Now, we show that a V b = lub{a,b}. Since B'is a B e@@ using absorption, we get
b is

(aVb) ANa=a and hence a < a V b. Similarly, b bound for {a, b}.

Now, let = be any upper bound y distr mv (avVb)Nz=(aNz)V
(bAz) =aVb So, a \/' ﬁs Vb 1s Analogous arguments show that
alhNb= glb{v (

Since fo b e B aVb an@/\ gl B, we see that lub{a, b} and glb{a, b} exist. Thus (B, <)

is a lattice.
Further, if a € B, then —a € B. This provides the complement of a in the lattice (B, <). Further,
both the distributive properties are already satisfied in B. Hence (B, <) is a distributive complemented

lattice. .

In view of Theorem 8.3.9, we give the following definition.

Definition 8.3.10. Let (B, V, A, ) be a Boolean algebra. The relation < on B given by
a<b ifand only if aAb=a foralla,be B

is called the induced partial order. A minimal element of B with respect to the partial order <,

which is different from O is called an atom in B.

It follows from Theorem 8.3.9 that a Boolean algebra can be defined as a distributive complemented

lattice. In this development, one then proves the defining properties and the laws of a Boolean algebra.

Example 8.3.11.

1. In the power set Boolean algebra, singleton sets are the only atoms.

2. In Example 8.3.3.2, atoms of D(30) are 2,3 and 5.
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working in various branches, specifically those who worked on the foundations of mathematics, raised
some concerns regarding one particular axiom, called the Axiom of Choice. A priori, it is inconceivable
that this seemingly obvious statement should generate so much controversy. The controversy and
debate generated by the axiom of choice among mathematicians might be put in parallel to the
much discussed Fuclid’s parallel postulate. Though Axiom of choice looked very innocent, some of its
consequences were counter-intuitive. More than a century had passed before it was formulated. It had
been used in many branches of mathematics with much success in proving very important results.

There are different versions of the axiom of choice and some more equivalent statements, popularly
accepted as Lemmas or Principles named after their originators. We will give an overview of the topic
in this section and discuss its usefulness. The reader may refer to [7] and [11] for details.

We know that the Cartesian product of two nonempty sets is nonempty. Using induction, we can
show that the product of a finite number of nonempty sets is nonempty. Is it true that the product of

an infinite number of nonempty sets is nonempty? Axiom of choice posits that it is indeed true.

Axiom 8.4.1. [Axiom of Choice (AC)] The product of a nonempty family of nonempty sets is

nonempty.

Recall that if { Ay }aer is a nonempty family of nonempty sets with the index set I, then the union
of all sets in this family is denoted by aLeJI Aq. Similarly, the product of this family consists of all
functions f from I to aLEJI Ay, where f(a) € A, for each a € I. Thus AC asserts that at least one
such function exists. Notice that any arbitrary family of sets C can be written as an indexed family
by taking the index set as C itself; for, C = {A,}acc with A, = a. The umoﬁ mily of sets

Hows:

is thus UCY which is also written as UC. Hence a reformulatlon

the choice function, such that

AC: Given any nonempty family C of nonem m@r S a functlon f:C— U Y, called
& each

Another formuléi% C" given in thi‘ %ggom. It so closely resembles AC that it goes
by the?c‘l@

Axiom 8.4.2. [Axiom of g)ice 1 (AC1)] Given any nonempty family C of nonempty disjoint sets,
there exists a set B such that for each set X in C, X N B is a singleton set.

Intuitively, one arrives at the set B in AC1 by choosing an element from each set in the given

family.
Theorem 8.4.3. AC1 is equivalent to AC.

Proof. Assume that AC1 is true. Let {B, : @ € I} be a nonempty family of nonempty sets. For each
a € I, write Cp, = {(z,) : © € By }. In a way C, is a copy of By, the only difference being C,, consists
of ordered pairs (x, «) instead of the element x in B,. Consider the family of sets C = {C, : a € I}.
Notice that if o # 3, then C, N Cg = @. Thus C is a nonempty family of disjoint nonempty sets.
By ACI1, there exists a set A such that AN C, is a singleton set. Write AN Cy = {(zq, @)}, where
ZTo € By. Define the function f: {By : a € I} — aLeJI B, by f(By) = 4. Clearly, f is well defined
and f(Bg) € By for each a € I. Therefore, AC is true. The proof of “AC implies AC1” is left as an

exercise. n

There are many general statements equivalent to Axiom of Choice. We will state only some of
them and discuss their applications. For one of the equivalents of AC, we require a new notion that

we introduce now.
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This is a contradiction.

(Tukey’s lemma = Hausdorff’s maximality principle) Assume that Tukey’s lemma is true. Let X be
a nonempty poset. Denote by C, the family of all chains in X. Let Y be a set such that all its finite
subsets are in C. Then for any z,z € Y, we have {x, z} € C; so, x and z are comparable. Thus, Y is a
chain and so Y is a set in C. Hence the family C is a family of finite character. Therefore, by Tukey’s

lemma, X has a maximal chain.

(Hausdorft’s maximality principle = Zorn’s lemma) Assume that Hausdorff’s maximality principle is
true. Let (X, <) be a nonempty poset in which every chain has an upper bound. Due to Hausdorft’s
maximality principle, (X, <) has a maximal chain C. Let a be an upper bound of C. Suppose a is
not a maximal element of (X, <). Then there exists b € X such that a < b. Then C' U {b} becomes
a larger chain than C, contradicting the assumption that C' is a maximal chain in (X, <). Hence a
is a maximal element of (X, <). We have shown that if every chain in (X, <) has an upper bound in

(X, <), then (X, <) has a maximal element. This proves Zorn’s lemma.

(Zorn’s lemma = Zermelo’s well ordering principle) Assume that Zorn’s lemma is true. Let X be a

nonempty set. Consider the family of all well ordered subsets of X, with their respective well orders:
F={(A,<4): AC X and <4 is a well order on A}.

Notice that F is a set of ordered pairs, where the first element is a subset of X and the second element
is a well order on that subset. For (B, <p), (C,<¢) in F, define (B,<p) < (C,<¢) if

BCC, <pC<¢, ifbeBandceC)\B, then (b,c) 6%0 \)\(

We leave it as an exercise to show that < is a partial order 0% tG see that the poset (F, <)

satisfies the hypotheses of Zorn’s lemma.

Let C be a nonempty chain in (f_ﬁ @ﬂ;\)oﬁlm W, *}y 2@:}3%& bound of C, where
Ma, <) {sA (4,<a)€C}.

Notice that tP Yoposal goes thr @Qed W, <w) € F. We leave it as an exercise to show that
<w is a linear order on W. We need to show that if P is a nonempty subset of W, then there exists
po € P such that pg <y p for each p € P.

So, let P be a nonempty subset of W. Given p € P, there exists (D,<p) such that p € D.
Consider the set Sy, := {x € P: 2 <p P}. It has a minimum, say py as <p is a well order on D. We
claim that pg is the minimum of P with respect to <y,. For, suppose that there exists p; € W such
that p1 <w po, po # p1. Clearly, p1 € D, otherwise py cannot be the minimum of S,. So, let p; € E
for some pair (E,<g) € C. As (D,<p) and (F, <g) are in the chain C, either D C F or E C D. But
p1 € E and p1 € D; so, E € D. Hence, D is a proper subset of E. That is, there exists b € F such
that D = {x € E: 2z <g b, x # b}. It follows that py <pg b, po # b and b <p p;. This contradicts
p1 <w po as <y =<p on L.

Hence our proposal goes through, that is, C has an upper bound, namely, (W, <y). By Zorn’s
lemma, F has a maximal element. Call such a maximal element (Y, <y). Notice that (Y, <y) is a
well ordered set. Now, if Y is a proper subset of X, then we have an element x € X \ Y. We can
then extend <y to a well order on Y U {z}. This will contradict the maximality of (Y, <y). Hence,
Y = X. We rename <y as <x and conclude that (X, <x) is a well ordered set.

(Zermelo’s Well ordering principle = AC). Assume that Zermelo’s well ordering principle is true. Let

{Xa}aer be a nonempty family of nonempty sets. Write X = UL Xqo. By Zermelo’s well ordering
ac



Chapter 9

Graphs - 1

9.1 Basic concepts

Experiment

‘Start from a dot. Move through each line exactly once. Draw it.” Which of the following pictures

can be drawn? What if we want the ‘starting dot to be the finishing dot’?

uk

Later, we shall see a theorem by Euler

Definition 9.1.1. A is a pair ( @v&e is a nonempty set and F is a multiset

of 2-element ? n of 12 ?@@m called the vertex set and its elements are called

vertices. Tht set FE is called the and its elements are called edges.

Example 9.1.2. G = ({1,2,3,4}, {{1,1},{1,2}, {2,2},{3,4},{3,4}}) is a pseudograph.

Discussion 9.1.3. A pseudograph can be represented in picture in the following way.
1. Put different points on the paper for vertices and label them.
2. If {u,v} appears in E some k times, draw k distinct lines joining the points v and v.

3. A loop at w is drawn if {u,u} € E.

Example 9.1.4. A picture for the pseudograph in Example 9.1.2 is given in Figure 9.1.

O, O

Figure 9.1: A pseudograph

191
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1. Complete graph, denoted K,, if each pair of vertices in G are adjacent.
. Path graph, denoted P,, if E = {{i,i +1}:1<i<n—1}.
. Cycle graph, denoted Cy,, if E={{i,i+1}:1<i<n-—-1}U{n,1}.

W N

. Bipartite graph if V' = V; U V5 such that [Vi],|V2| > 1, ViNnlh = @ and e = {u,v} € E if
either u € V; and v € V5, or u € V5 and v € V.

5. Complete bipartite graph, denoted K, if E = {{7,j}: 1 <i<r1<j<s}.

1 2 3 - n—-1mn 1 2 3 -~ n—-1mn
Pn CTL

Figure 9.3: P, and C,.
The importance of the labels of the vertices depends on the context. At this point of time, even

if we interchange the labels of the vertices, we still call them a complete graph or a path graph or a
cycle or a complete bi-partite graph.

1
1 16\,\ 2 ZL 2 N
K P( K Pa 3 K,y K
1 4 3 3
2
4
2 3 1 9 .
Cy Cy e
1 4 3 9 1
1 1 9 9 3 1 9 3 1 5
Py Py Py Py Py

Figure 9.4: Some well known family of graphs

Quiz 9.1.9. What is the mazimum number of edges possible in a simple graph of order n?

Lemma 9.1.10. [Hand shaking lemma) In any graph (simple) G, > d(v) = 2|E|. Thus, the number

veV
of vertices of odd degree is even.
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Example 9.3.15. Notice that I'(C5) has a subgroup I'1 = {e,0,02,03,0%}, with ¢® = e, of order
5. Let G be a subgraph of C5 obtained by deleting some (zero allowed) edges. If |G|| = 5, then
IT'(G)| = 10. If ||G|| = 0, then |I'(G)| = |S5] = 5!. If ||G|| = 4, then [I'(G)| = 2. If ||G|| = 3, then
IT(G)| =2 or 4. If ||G|| = 2, then [I'(G)| =4 or 8. If ||G|| = 1, then |T'(G)| = 2 x 3!. Thus, there is no
subgraph of G whose automorphism group is I'y.
EXERCISE 9.3.16. 1. Determine the graphs G for which I'(G) = Sy, the group of all permutations
of 1,...,n.
2. Compute T'(G) for some graphs of small order.

3. Let G be a subgraph of H of the same order. Explore more about the relationship between T'(G)
and T'(H).

4. List the automorphisms of the following graph.

4
) 3
6 2
1
5. Determine the automorphism groups of the following graph. Are the three ggo isomorphic?

PreY page

9.4 Trees

Definition 9.4.1. Let G be a connected graph. A vertex v of GG is called a cut-vertex if G — v is

disconnected. Thus, G — v is connected if and only if v is not a cut-vertex.

Theorem 9.4.2. Let G be a connected graph with |G| > 2 and let v € V(G).

1. If d(v) =1, then G — v is connected, so that v is never a cut-vertex.

2. If G — v is connected, then either d(v) =1 or v is on a cycle.

Proof. 1. Let u,w € V(G —v), u # w. As G is connected, there is a u-w path P in G. The vertex v
cannot be an internal vertex of P, as each internal vertex has degree at least 2. Hence, the path P is

available in G — v. So, G — v is connected.

2. Assume that G — v is connected. If dg(v) = 1, then there is nothing to prove. So, assume that
d(v) > 2. We need to show that v is on a cycle in G.
Let u and w be two distinct neighbors of v in G. As G — v is connected there is a path, say

[u=wui,...,ur =w], in G —wv. Then [u=wuq,...,ur = w,v,u] is a cycle in G containing v. "

Quiz 9.4.3. Let G be a graph and v be a vertex on a cycle. Can G — v be disconnected?
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2. G is a mazimal acyclic graph.

3. G is a minimal connected graph.

4. G is acyclic and it has n — 1 edges.

5. G is connected and it has n — 1 edges.

6. Between any two distinct vertices of G there exists a unique path.

Proof. (1)<(2). Let G be a tree. On the contrary, suppose that G is not maximal acyclic. Then there
exist u,v € V(G) such that G+ uv is acyclic. If in G, there exists a u-v path, then G + uv would have
a cycle containing the edge uv. So, in G, there is no u-v path. It contradicts the assumption that G
is a tree and hence connected.

Conversely, suppose that G is maximal acyclic. If G is not a tree, then G has at least two
components. Let v and v be two vertices from different components, so that there exists no u-v path

in G. Thus G 4 wv has no cycle. This contradicts the assumption that G is maximal acyclic.

(1)<(3). Let G be a tree. Then G is connected. Let e = uv be an edge of G. By (2), e is the only
u-v path. Then G — e is disconnected. Hence GG is minimal connected.

Conversely, suppose G is minimal connected. If G is not a tree, then there is a cycle in G. Let u, v
be two adjacent vertices on such a cycle. Now, G —uw is still connected. It contradicts the assumption

that G is minimal connected.

(1)&(4). Let G be a tree. Then G is acyclic, and By Proposition 9.4.9, G has n — 1
Conversely, let G by acyclic and G has n — 1 edges. If possible, let G bg~dis ed. Then G
has components Gy, ...,Gg, k > 2. As G is acyclic, each G; is_a\t

Z n; =n. As k > 2, we have ||G|| = nZ “Cﬁeﬁa HGH a contradiction.

. . .
n; > 1 vertices, with

i=
(1) (5). Let G be a tree. The efted, and By P€opo 9 G has n — 1 edges.

Conversely, assum: %chte as P“) ges. On the contrary, suppose that G
is not a_tre @ a cycle. ’zg e from the cycle. Notice that G — e is connected.
We go? letling edges @ e on cycles and keep removing them, until we get an acyclic
graph H. Since the edges t at are being removed lie on some cycle, the graph H is still connected.
So, by definition, H is a tree on n vertices. Thus, by Proposition 9.4.9, ||H|| = n — 1. But, in the
above argument, we have deleted at least one edge and hence, ||G|| > n. This gives a contradiction to
Gl =n—1.
(1)<(6). Let G be a tree. Since G is connected, between any two distinct vertices of G there exists
a path. If there exist more than one path between u,v € V(G), then by Proposition 9.2.8 any two of
these u-v paths will contain a cycle. This is not possible as G is acyclic. Hence the uniqueness of such
a path.

Conversely, let (6) hold. Then G is clearly connected. Further, if G has a cycle, then that cycle

would provide two paths between any two vertices on the cycle. Hence G is acyclic, i.e., G is a tree. =

Proposition 9.4.12. The center of a tree is either a singleton or has at most two vertices.

Proof. Let T be a tree of radius k. Since the center contains at least one vertex, let u be a vertex in
the center of T'. Now, let v be another vertex in the center. We claim that v is adjacent to v.

On the contrary, suppose u »~ v. Then, there exists a path from u to v, denoted P(u,v), with
at least one internal vertex, say w. Let x be any pendant (d(x) = 1) vertex of T. Then, either
v € P(x,w) or v ¢ P(x,w). In the latter case, check that ||P(z,w)| < ||P(x,v)| < k.
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G H

(b) Show that H is not Hamiltonian.

2. Give a necessary and sufficient condition on m,n € N so that K, , is Hamiltonian.
3. Show that any graph with at least 3 vertices and atleast ("51) + 2 edges is Hamiltonian.

4. Show that for any n > 3 there is a graph H with |G| = ("51) + 1 that is not Hamiltonian. But,
prove that all such graphs H admit a Hamiltonian path (a path containing all vertices of H ).

9.7 Bipartite graphs

Definition 9.7.1. A graph is said to be 2-colorable if its vertices can be colore“%wo colors in
a way that adjacent vertices get different colors. \ C
Example 9.7.2. Prove the following results. Otesa

1. Every tree is 2- colorable N “ 263

2. Every cycle ofe XQ Colora

f@&! \lpartlte g@ , are 2-colorable
4. Pétersen graph is not?io orable but 3-colorable.

Lemma 9.7.3. Let P and Q be two v-w paths in G such that length of P is odd and length of Q is

even. Then, G contains an odd cycle.

Proof. If P, @ have no inner vertex (a vertex other than v,w) in common then P U @ is an odd cycle
in G.

So, suppose P, have an inner vertex in common. Let x be the first common inner vertex when
we walk from v to w. Then, one of P(v,x), P(xz,w) has odd length and the other is even. Let P(v,x)
be odd. If length of Q(v,x) is even then P(v,x) U P(x,v) is an odd cycle in G. If length of Q(v, x)
is odd then the length of Q(z,w) is also odd and hence we can consider the z-w paths P(x,w) and

Q(x,w) and proceed as above to get the required result. "

Theorem 9.7.4. Let G be a connected graph with at least two vertices. Then the following statements

are equivalent:

1. G is 2-colorable.
2. G is bipartite.

3. G does not have an odd cycle.
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2. Two graphs G and H are isomorphic if and only if A(G) = P'A(H)P for some permutation

matric P.
Theorem 10.5.4. The (i,7)th entry of B = A(G)* is the number of i-j walks of length k in G.

Proof. Write A(G) = [a;;] and B = [b;;]. Then B = A(G)* implies that

bi; = E @iy Qivig * " Qi iy -

Ulyeeslle—1
Thus, b;; = r if and only if we have r sequences i1, ... i1 with a;;, = --- = a;,_,;, = 1. That is,
bi; = r if and only if we have r walks of length k between ¢ and j. "

Theorem 10.5.5. Let G be a graph of order n. Then, G is connected if and only if all entries of
I+ A(G)]n_1 are positive.

Proof. Write B = I+ A. Let G be connected. If P is an i-j path of length n—1, then B;lj_l > A?j_l > 1.
If P=1[i,i1,...,1 = j]is an i-j path of length k < n — 1, then b; ... b;;by;, ... by, _,; = 1, where by; is
used n — 1 — k times. Thus, B?j_l > 0.

Conversely, let B;‘j_l > (0. Then, the corresponding summand bj;, ... b;,_,; is positive. By throwing
out entries of the form b;;, for 1 <4 < n, from this expression, we have an expression which corresponds

to an i-j walk of length at most n — 1. Therefore, GG is connected. "

uk

EXERCISE 10.5.6. Let G be a graph with adjacency matriz A. Prove the following:

co-

1. The eigenvalues of A are all real.
. The eigenvectors of A can be chosen to form “@ aszs 0]‘%
. Fach rational eigenvalue of A

%Te J is the 19#}93 entry 1.

2
3
4. If G = K, thenA =
5

. If G :@(@z he ezgeva@ae n — 1 with multiplicity 1, and —1 with multiplicity

Let G be the complement graph of G. Then, A(G) =J — I — A.

S

7. If G is k-regular then the following are true:

(a) k is an eigenvalue of A.
(b) n—k —1 is an eigenvalue of G.
(c) If X # k is an eigenvalue of A, then —1 — X is an eigenvalue of A(G).

0 B
8. If G is bipartite then there exists a permutation matriz P such that B = P'AP = B 01
1

Further, prove that X is an eigenvalue of A if and only if —\ is an eigenvalue of A.

Definition 10.5.7. Let G be a graph with V(G) = {1,2,...,n} and E(G) = {e1,e2,...,em}. Let
us arbitrarily give an orientation to each edge of G. For this fixed orientation, the vertex-edge
incidence matrix or in short, incidence matrix, Q(G) = [¢;j] of G is a n x m matrix whose (i, ¢;)th
entry is given by
1 if edge e; originates at 1,
gi; = § —1 if edge e; terminates at 7,

0 if edge e; is not incident with .
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Multiplication is associative: For all a,b,c € S*, (a-b)-c=a-(b-c).

Multiplicative identity: S* contains an element, called a unit element, or one, denoted 1, is such
that for eacha € S*, a-1=a=1"a.

Multiplication is commutative: For all a,b € S*, a-b=10"a.

Observe that if we choose a € Z* with a # 1,—1, then there does not exist an element b € Z*
such that a-b =1 = b- a. Whereas, for the sets Q*, R* and C* one can always find a b such that
a-b=1=b-a.

Based on the above examples, an abstract notion called a group is defined. Formally, one defines

a group as follows.
Definition 11.1.1. Let G be a nonempty set and let x be a binary operation on G. The pair (G, *)
is called a group if the following are satisfied:

1. For all a,b,c € G, (a*b)*c=ax*(bxc). (Associativity Property holds in G.)

2. There exists e € G such that for each a € G, axe = a = ex*a. (Ezistence of Identity in G.)

3. For each a € G, there exists b € G such that a xb =e = b« a. (Ezistence of Inverse in G. )

In addition, if the statement “For all a,b € G a b= b=+ a” is true, then the group (G, %) is called an

an abelian (commutative) group.

Observe that once * is a binary operation on G, it is assumed thaﬁﬁ &,\3\& of elements
a,b € G, the element a * b is also an element of G.

When (G, *) is a group, we say informally t &af\ the operatlon as *. For example,
Z, Q, R and C are groups with the b1n ﬁﬁs additio, 6 \ {0}, R\{0} and C\ {0} are
groups with the bmary oper t1§ i hcatlo i2b binary operation * is understood
from the context is a groupf WL ?nstead of a xb when a,b € G.

? ng W1th g @that concerns us, we state a few basic results in group

theor the following rem ?a may be proved without much difficulty.

Remark 11.1.2. Let (G, %) be a group. Then the following hold:

1. The identity element of GG is unique. Hence, keeping a definite notation such as e for the identity
element is meaningful.

2. Corresponding to any a € G, the element b € GG that satisfies a * b = e = b * a is unique. So, we

-1

denote such a b by a™, and call it the inverse of a.

3.el=e.

4. For each a € G, (a7 1)t =a.

5. If axb = ax*c for some a,b,c € G, then b = ¢. Similarly, if bx d = c¢*d for some b, ¢c,d € G, then
b = c. That is, the cancellation laws hold in G.

6. For all a,b € G, (ab)~! =b"la" 1.

0

7. By convention, we assume a’ = e for each a € G; and define a” = @' -a for n € N. Then

a®*=a-a" L

8. For each a € G, (a")™! = (a=)" for all n € W. We write both (a®)~! and (a=)" as a™™.

9. Last two statements define a™ for each a € G and for each m € Z.
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To proceed further, we need the following definition.

Definition 11.2.6. Let G be a group. As a set if G is finite, then |G| is called the order of the
group G. In such a case, G is said to be a finite group, or a group of finite order. As a set, if G is

infinite, then G is said to be an infinite group.

Theorem 11.2.7. [Lagrange Theorem| Let H be a subgroup of a finite group G. Then |H| divides

G
|G|. Moreover, the number of distinct left (right) cosets of H in G equals ||Hl|

Proof. We give the proof for left cosets. A similar proof holds for right cosets. Since G is a finite
group, the number of left cosets of H in G is finite. Let g1 H, goH, . .., gmH be the collection of all left
cosets of H in G. Then by Theorem 11.2.5, GG is a disjoint union of the sets g1 H, g2 H, ..., gnH.
Also, |aH| = |bH|, for each a,b € G. Hence, |g;H| = |H|, for all i = 1,2,...,m. Thus, |G| =
m

m

H| = > |g:H| = m|H| (the disjoint union gives the second equality). Thus, |H| divides |G| and
i=1

G|

the number of left cosets equals m = H =
Remark 11.2.8. 1. The number m in Theorem 11.2.7 is called the index of H in G, and is denoted

by [G : H| or ig(H).

2. Theorem 11.2.7 is a statement about any subgroup of a finite group. It is quite possible that
both the group G and its subgroup H are infinite but the number of left (right) cosets of H
in G is finite. In this case, one still talks of index of H in GG. For example\lgt G = Z and
H = 10Z = {10m : m € Z}, with the group operation as additio 6en t Kf
H, 1+H,...,94 H so that [Z : H] = 10. \ &;

3. In general, if m € N, then mZ is a subg 6‘;@%
Definition 11.2.9. Let G be I$G TheS r@% positive integer m such that
gt =eis called theo mre 152%% integer then g is said to have an infinite

order. element is

t cosets are

Example 1 2.10. ment of order 1 in a group G is the identity element of G.

2. In Dy, each of the elements r2, f,rf,r2f,r3f has order 2, whereas the elements 7 and r3 have

order 4.

EXERCISE 11.2.11. 1. Prove that for each a € G, o(a) = o(a™1).
2. Determine the index of each subgroup that were obtained in Ezxercise 11.1.19.
3. Let G be a finite group and a € G,a # e. If H={a" : n € Z} then prove that |H| = o(a).
4. Let a € G, a finite group. Show that o(a) € N.

We now state some important corollaries of Lagrange’s Theorem, whose proofs are easy.

Corollary 11.2.12. Let G be a finite group and let a € G. Then o(a) divides |G| as H ={a" : n € Z}
s a finite subgroup of G.

Corollary 11.2.12 implies that the possible orders of elements of a finite group G are the divisors
of |G|. For example, if |G| = 30 then for each g € G, o(g) € {1,2,3,5,6,10,15,30}.
Further, Let g € G, a finite group. Then, |G| = m - 0(g) for some m € N. Hence

g|G| _ gm~o(g) _ (go(g))m — ™ — ¢,

We thus obtain the following corollary.
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Least common multiple (Ilcm), 63 Onto function, 15
Modular arithmetic, 63 Orbit, 85
Multiple, 59 Orbit of an element, 185
Prime, 62 Orbit size, 85
Relatively prime, 59 Order of a group, 182
Unity, 62 Order of an element, 182
Inverse relation, 12 Ordered pair, 10
Isomorphic graphs, 140 Ordering
Isomorphism of two groups, 188 Well ordering, 32

. Ordering in N, 31
Join of two graphs, 136 Ordinary Generating functions (ogf), 110
Lagrange theorem, 182
Lattice path, 96

Law of trichotomy, 31

Partial function, 13
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Lemma ! f
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LHRC, 118 Pascal’s identity, 74
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Cycle structure, 188
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Cyclic representation, 173
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Permutation group, 173
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PHP, 101
Pigeohole Principle, 101

Non-trivial graph, 132

Null Set, 6
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Edges, 156

Exterior face, 156

Faces, 156

Maximal, 158
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Plane graph, 155
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