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This is sort of a “uniqueness statement” for a lift. If we know a point in the
lift, then we know the whole path. This is since once we’ve decided our starting
point, i.e. which “copy” of X we work in, the rest of f has to follow what f does.

Proof. First we show it is open. Let y be such that fi(y) = fa(y). Then
there is an _evenly covered open neighbourhood U C X of f(y). Let U be
such that f1( ) € U p(U) = U and plg : U — U is a homeomorphism. Let
V = ffYU) N f;H(T). We will show that f; = f> on V.

Indeed, by construction

plg o filv =plg o folv.

Since p|; is a homeomorphism, it follows that

Alv = falv.

Now we show S is closed. Suppose not. Then there is some y € S\ S. So fi (y) #
f2(y). Let U be an evenly covered neighbourhood of f(y). Let p 1 (U) =11U..
Let f1(y) € Ug and fa(y) € Uy, where 8 #~. Then V = f7 1 (Up) N fy 1(U,) is
an open neighbourhood of y, and hence intersects S by definition of closure. So
there is some x € V such that fi(z) = fo(z). But fi(z) € Us and fo(x) € U,
and hence Ug and U, have a non-trivial intersection. This is a contradiction. K
S is closed. B

We just had a uniqueness statement. How abou Given a map,

is there guarantee that we can lift it er 1f I have fixed a

“copy” of X I like, can I also lift m ﬁ py7 ill later come up
s 8xis Howe

i
with a general criterl% fo 1§t %out homotopies

can always bel\lfﬁil
%ﬁéﬂ opy lifting X — X be a covering space,
1 — @&S

X be a fo to f1 Let fo be a lift of fy. Then there
exists a unique homo py x I — X such that

(i) A(,0) = fo; and
(i) H is a lift of H, i.e. po H = H.

This lemma might be difficult to comprehend at first. We can look at the
special case where Y = x. Then a homotopy is just a path. So the lemma
specializes to

Lemma (Path lifting lemma). Let p : X > X bea covering space, v: I — X a
path, and Zo € X such that p(#) = zo = 7(0). Then there exists a unique path
7 : I — X such that

(i) 7(0) = Zo; and
(ii) 74 is a lift of v, i.e. poy = 1.

This is exactly the picture we were drawing before. We just have to start
at a point Ty, and then everything is determined because locally, everything
upstairs in X is just like X. Note that we have already proved uniqueness. So
we just need to prove existence.
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8  Covering spaces IT Algebraic Topology

Note that if we cover the words “as paths” and just talk about homotopies,
then this is just the homotopy lifting lemma. So we can view this as a stronger
form of the homotopy lifting lemma.

Proof. The homotopy lifting lemma gives us an H, a lift of H with H (-,0)=7.

o ol
CIO H 011 L (':li‘() ﬁ (",;,']
7 3

In this diagram, we by assumption know the bottom of the H square is 7. To
show that this is a path homotopy from ¥ to 4’, we need to show that the other
edges are cz,, ¢z, and 4’ respectively.
Now H(-,1) is a lift of H(-,1) =4/, starting at Z,. Since lifts are unique,
we must have H(-,1) = 4’. So this is indeed a homotopy between 4 and 7.
Now we need to check that this is a homotopy of paths.
We know that H(0, -) is a lift of H(0, -) = ¢,,. We are aware of one lift of
Czo> namely cz,. By uniqueness of lifts, we must have H(O, ) = cz,. Slmlla K
H(1,-) = ¢z,. So this is a homotopy of paths.

So far, our picture of covering spaces is like {é a\e

Except. ..is it? Is it possible that we have four copies of xy but just three copies
of x1?7 This is obviously possible if X is not path connected — the component
containing xy and the one containing x; are completely unrelated. But what if
X is path connected?

Corollary. If X is a path connected space, zg,x; € X, then there is a bijection
p~H(wo) = p~ (z1).

Proof. Let v : g ~ x1 be a path. We want to use this to construct a bijection
between each preimage of xy and each preimage of 1. The obvious thing to do
is to use lifts of the path ~.
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Let 4, : I — R be defined by t — nt, and let u,, = p o 4,. Since R is simply
connected, there is a unique homotopy class between any two points. So for any
[v] € m1(S*, 1), if 7 is the lift to R at 0 and 5(1) = n, then 4 ~ 1, as paths. So
(] = [un]-

To show that this has the right group operation, we can easily see that

e~

Uy * Uy = Upmtn, SiNce we are just moving by n 4+ m in both cases. Therefore
U([um][un]) = U([um - um]) = m +n = L([upin])-

So ¢ is a group isomorphism. O

What have we done? In general, we might be given a horrlble (:1"5@1 u
1t it

in S'. It would be rather difficult to work with it dlrectly
up to the universal covering R. Since R is nice and % &ted, we can

easily produce a homotopy that stralg te X We then project
this homotopy down to S, to get G m vy to

algebra o) for By las
o 13 ec cle we do many things. An immediate
cation is that -n4 brly define the “winding number” of a closed
curve. Since C\ {0} i homotopy equivalent to S', its fundamental group is Z
as well. Any closed curve S — C\ {0} thus mduces a group homomorphism
Z — 7Z. Any such group homomorphism must be of the form ¢ — nt, and the
winding number is given by n. If we stare at it long enough, it is clear that this
is exactly the number of times the curve winds around the origin.
Also, we have the following classic application:

It is indeed possib ho o} opy direc a‘ ! from each loop
to some Un, but %, e 1ous lve essing with a lot of
ﬁ& nvoluted
nda;

Theorem (Brouwer’s fixed point theorem). Let D? = {(z,y) € R? : 22 +42 < 1}
be the unit disk. If f : D? — D? is continuous, then there is some 2 € D? such
that f(z) =z

Proof. Suppose not. So z # f(z) for all x € D?.
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8  Covering spaces IT Algebraic Topology

Then what does it feel like to live in the torus? If you live in a torus and look
around, you don’t see a boundary. The space just extends indefinitely for ever,
somewhat like R?. The difference is that in the torus, you aren’t actually seeing
free space out there, but just seeing copies of the same space over and over again.
If you live inside the square, the universe actually looks like this:

b
b
ﬁ

5 \§°0 ue

‘a\m‘)oks some t we know that this is not R2,
Pg can see sorfe o\ thls space Whenever we move one unit

orizontally or vertically, we ge ack to “the same place”. In fact, we can move
horizontally by n units and vertically by m units, for any n, m € Z, and still get
back to the same place. This space has a huge translation symmetry. What is
this symmetry? It is exactly Z x Z.

We see that if we live inside the torus S* x S, it feels like we are actually
living in the universal covering space R x R, except that we have an additional
symmetry given by the fundamental group Z x Z.

Hopefully, you are convinced that universal covers are nice. We would like to
say that universal covers always exist. However, this is not always true.

Firstly, we should think — what would having a universal cover imply?
Suppose X has a universal cover X. Pick any point xg € X, and pick an
evenly covered neighbourhood U in X. This lifts to some U C X. If we draw a
teeny-tiny loop  around zq inside U, we can lift this v to ¥ in U. But we know
that X is simply connected. So 4 is homotopic to the constant path. Hence
is also homotopic to the constant path. So all loops (contained in U) at x are
homotopic to the constant path.

It seems like for every xzg € X, there is some neighbourhood of x( that is
simply connected. Except that’s not what we just showed above. The homotopy
from 4 to the constant path is a homotopy in X, and can pass through anything

S
S
S
S

oV
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Proof. Since X is a path connected, locally path connected and semi-locally
simply connected space, let X be a universal covering. We have an intermediate
group H such that m ()~( Zg) =1 < H < m(X,z0). How can we obtain a
corresponding covering space?

Note that if we have X and we want to recover X, we can quotient X by the
action of m (X, xg). Since m (X, o) acts on X, so does H < m(X,z0). Now we
can define our covering space by taking quotients. We define ~z on X to be
the orbit relation for the action of H, i.e. & ~pg g if there is some h € H such
that § = hi. We then let X be the quotient space X/~p.

We can now do the messy algebra to show that this is the covering space we
want. O

We have just showed that every subgroup comes from some covering space,
i.e. the map from the set of covering spaces to the subgroups of 7 is surjective.
Now we want to prove injectivity. To do so, we need a generalization of the
homotopy lifting lemma.

Suppose we have path-connected spaces (Y, ), (X,z0) and (X, &), with
[+ (Y,y0) — (X, 20) a continuous map, p . (X, %) — (X, z0) a covering map.
When does a lift of f to f : (Y,y0) — (X Zo) exist? The answer is given by the
lifting criterion.

Lemma (Lifting criterion). Let p : (X Zo) — (X, x0) be a covering map of pa
connected based spaces, and (Y, o) a path-connected, locally paﬂg@c
i n1que

based space. If f : (Y,y0) — (X, o) is a continuous map,
lift f: (Y,y0) — (X, Zo) such that the dlagram Le.po f

oY 5
cevieW “2@";;3@% o

if and only if the followmg condition holds:

Fem(Yyy0) < pemi (X, Zo).

Note that uniqueness comes from the uniqueness of lifts. So this lemma is
really about existence.

Also, note that the condition holds trivially when Y is simply connected, e.g.
when it is an interval (path lifting) or a square (homotopy lifting). So paths and
homotopies can always be lifted.

Proof. One direction is easy: if f exists, then f =po f So fi =pso f* So we
know that im f, C im p,. So done.

In the other direction, uniqueness follows from the uniqueness of lifts. So we
only need to prove existence. We define f as follows:

Given a y € Y, there is some path oy : yo ~» y. Then f maps this to
Byt xo ~ f(y) in X. By path hftmg, this path lifts uniquely to By in X. Then
we set f(y) = ﬁy( ). Note that if f exists, then this must be what f sends y to.
What we need to show is that this is well-defined.
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We call this a “rose with 2 petals”. This is a cell complex, with one 0-cell and |5
1-cells. For each s € S, we have one 1-cell, es, and we fix a path v4 : [0,1] — e
that goes around the 1-cell once. We will call the 0-cells and 1-cells vertices and
edges, and call the whole thing a graph.

What’s the universal cover of X7 Since we are just lifting a 1-complex, the
result should be a 1-complex, i.e. a graph. Moreover, this graph is connected
and simply connected, i.e. it’s a tree. We also know that every vertex in the
universal cover is a copy of the vertex in our original graph. So it must have 4
edges attached to it. So it has to look like something this:

EaE
e
|

HE

ot

. A
%\%\hﬂ!‘c at_ea here*should be an edge labeled a going in;
n€edge labeled a go@

dge labeled b going in; an edge labeled b going
out. This should be the case in X as well. So X looks like this:

ij * $$$
- g b’“ j Eand
AT Taoa A T,
ik w\%@*
) w DA ]
e | i
4&* . ] $¢

The projection map is then obvious — we send all the vertices in X to zp € X,
and then the edges according to the labels they have, in a way that respects the
direction of the arrow. It is easy to show this is really a covering map.
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5 Seifert-van Kampen theorem IT Algebraic Topology

5 Seifert-van Kampen theorem

5.1 Seifert-van Kampen theorem

The Seifert-van Kampen theorem is the theorem that tells us what happens
when we glue spaces together.
Here we let X = AU B, where A, B, AN B are path-connected.

e >

We pick a basepoint xy € AN B for convenience. Since we like diagrams, we can
write this as a commutative diagram:

ANB —— B

|

Ae—— X

where all arrows are inclusion (i.e. injective) maps. We can consider what
happens when we take the fundamental groups of each space. Then we have tie K

induced homomorphisms O
sale©

(AN B, )
NO (e
Xl\g "( Qf% —K% X 96
P m t Yriess that?)a@ t the free product with amalgamation

=m (A4, x0) * m1(B, o).
71 (ANB, aco)

The Seifert-van Kampen theorem says that, under mild hypotheses, this guess is
correct.

Theorem (Seifert-van Kampen theorem). Let A, B be open subspaces of X such
that X = AU B, and A, B, AN B are path-connected. Then for any o € AN B,
we have
X =m (A B .
m (X, o) = m1(4, z0) FI(A;]‘BM) m1(B, zo)
Note that by the universal property of the free product with amalgamation,

we by definition know that there is a unique map 71 (A4, z¢) * m1 (B, z) =
71 (ANB,x0)

m1(X, zg). The theorem asserts that this map is an isomorphism.
Proof is omitted because time is short.

Example. Consider a higher-dimensional sphere S = {v € R"*! : |v| = 1} for
n > 2. We want to find 71 (S™).

The idea is to write S™ as a union of two open sets. We let n =e; € S C
R"*! be the North pole, and s = —e; be the South pole. We let A = S™\ {n},
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5 Seifert-van Kampen theorem IT Algebraic Topology

If we just wanted a torus, we are done (after closing the loop), but now we want
a surface with genus 2, so we add another torus:

To visualize how this works, imagine cutting this apart along the dashed line.
This would give two tori with a hole, where the boundary of the holes are just the
dashed line. Then gluing back the dashed lines would give back our orientable
surface with genus 2.

In general, to produce X,, we produce a polygon with 4g sides. Then we get K
Ty = (a1,b1,- - ,ag,by | arbray o7 - agbgag bt
We do we care? The classification theorem tells gﬁ@@ is homeomor-
phic to some of these orientable and nog:o\i ﬁ ces, but it doesn’t tell us
there is no overlap. It mlght b m via s homeomorphism
that destroys some hﬁ‘ ‘ge

Howeafer lefs us kno orientable surfaces are
V\ n . While i stare at this fundamental group
Pf a¥ that m 2, % g we can perform a little trick. We can
ke the abehamza roup 14, where we further quotient by all
commutators. Then the abelianized fundamental group of ¥, will simply be

729, These are clearly distinct for different values of g. So all these surfaces are
distinct. Moreover, they are not even homotopy equivalent.

The fundamental groups of the non-orientable surfaces is left as an exercise
for the reader.
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6 Simplicial complezes IT Algebraic Topology

The relevance is that these can be used to define simplices (which are simple,
as opposed to complexes).

Definition (n-simplex). An n-simplex is the convex hull of (n + 1) affinely

independent points ag, - ,a, € R™ i.e. the set
n n
o={(ag, ,an) = {Ztiai : Zti =14 > 0} .
i=0 i=0
The points ag, - - - , a, are the vertices, and are said to span o. The (n+ 1)-tuple

(to, -+ ,tn) is called the barycentric coordinates for the point > t;a;.
Example. When n = 0, then our 0-simplex is just a point:
L]

When n = 1, then we get a line:

When n = 2, we get a triangle:

When n = 3, we get a tetrahedrops NO‘
(O

The key motivation of this is that simplices are determined by their vertices.
Unlike arbitrary subspaces of R™, they can be specified by a finite amount of
data. We can also easily extract the faces of the simplices.

Definition (Face, boundary and interior). A face of a simplex is a subset (or
subsimplex) spanned by a subset of the vertices. The boundary is the union of
the proper faces, and the interior is the complement of the boundary.

The boundary of ¢ is usually denoted by do, while the interior is denoted by
o, and we write 7 < ¢ when 7 is a face of o.

In particular, the interior of a vertex is the vertex itself. Note that this
notions of interior and boundary are distinct from the topological notions of
interior and boundary.

Example. The standard n-simplex is spanned by the basis vectors {eg, - ,e,}
in R"*!. For example, when n = 2, we get the following:
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6 Simplicial complezes IT Algebraic Topology

So g is a simplicial approximation of f.
The last part follows from the observation that if f is a simplicial map, then
it maps vertices to vertices. So we can pick g(v) = f(v). O
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7 Simplicial homology IT Algebraic Topology

—Vo U1
Vg —>»—— U1 b . )

If we take a triangle, we get

U1

U1
P
Vo A Vo Vo Vo

An important property of the boundary map is that the boundary of a boundary
is empty:

Lemma. d,,_,od, =0.
In other words, imd, 41 C kerd,,.

Proof. This just involves expanding the definition and working through the
mess. O

With this in mind, we will define the homology groups as follows:
Definition (Simplicial homology group H,,(K)). The nth simplicial homology K

group H,(K) is defined as C

B kerd Sa\
This is a nice, cleap de m ut t does t majmetrically(’
Somehow, H( ‘§l he “k ol0 |K|. Since we

are going,t res, we are golpst sta 1th the easy case of k = 1.

i made from @ o] and the image of dy. First, we give
P h&# things names. ?

Definition (Chains, cycles and boundaries). The elements of Cj(K) are called
k-chains of K, those of ker dj, are called k-cycles of K, and those of im dy, are
called k-boundaries of K.

Suppose we have some ¢ € kerdy. In other words, dc = 0. If we interpret ¢
as a “path”, if it has no boundary, then it represents some sort of loop, i.e. a
cycle. For example, if we have the following cycle:

€1

€o €2

We have
¢ = (ep,e1) + (e1,e2) + (ea, €p).

We can then compute the boundary as

de=(ex —ep) + (e2 —e1) + (eg — ea) = 0.
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7 Simplicial homology IT Algebraic Topology

We have now everything we need to know about the homology groups, and we
just need to do some linear algebra to figure out the image and kernel, and thus
the homology groups. We have

ker(do : Co(K) — C_l(K)) Co(K) VA

After doing some row operations with our matrix, we see that the image of d; is
a two-dimensional subspace generated by the image of two of the edges. Hence
we have

Ho(K) =17.

What does this Hy(K') represent? We initially said that Hy(K') should represent
the k-dimensional holes, but when k = 0, this is simpler. As for my, Hy just
represents the path components of K. We interpret this to mean K has one
path component. In general, if K has r path components, then we expect Hy(K)
to be Z".

Similarly, we have

It is easy to see that in fact we have K
kerd; = ((eo, e1) + (€1, e2) + (e2, €0)) = Z. CO ‘\)

So we also have esa\e
We see that this H( 1 lﬁ(ﬂse th su%%u in the triangle.
The fact that Hq( 1 @1 1 meanb ‘B& ave a hole in the

middle of t

P V@M ?t L be@ a@(@smlplex and all its faces) in R3.

€2

€1

Now our chain groups are

Co(L) = Co(K) = Z° = ((eq), (1), (e2))
1 (K) = Z° = ((eg, 1), (e1, €2), (€2, €0))
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7 Simplicial homology IT Algebraic Topology

We will learn how to compute the homology of the union M U N in terms of
those of M, N and M N N.

Recall that to state the Seifert-van Kampen theorem, we needed to learn
some new group-theoretic notions, such as free products with amalgamation.
The situation is somewhat similar here. We will need to learn some algebra in
order to state the Mayer-Vietoris theorem. The objects we need are known as
eract sequences.

Definition (Exact sequence). A pair of homomorphisms of abelian groups

A%B%C

is exact (at B) if
im f = kerg.

A collection of homomorphisms

fi—1 A; fi Ai+1 fit1 Ai+2 fite2
is exact at A; if
ker f; =1im f;_1
We say it is exact if it is exact at every A;. \)K
)
Recall that we have seen something similar befor gk ned the
chain complexes, we had d? = 0, i.e. imd C k é e requiring exact

equivalence, which is Somethlng even
Algebraically, we can t m sequen complexes with
trivial homology grou tVely, we %olo groups as measuring

the failu i be exact. %
w rticular t 9 t sdquences that is important.
; geﬁnltlon (Short ex ct sé'

of the form

A short exact sequence is an exact sequence

0—s A1 B2y 0c—40

What does this mean?

— The kernel of f is equal to the image of the zero map, i.e. {0}. So f is
injective.

— The image of g is the kernel of the zero map, which is everything. So g is
surjective.

— im f = kerg.

Since we like chain complexes, we can produce short exact sequences of chain
complexes.

Definition (Short exact sequence of chain complexes). A short exact sequence
of chain complezes is a pair of chain maps ¢. and j.

i. J

0 A. B. —— C. 0
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7 Simplicial homology IT Algebraic Topology

By our previous calculation, we know a, is a map a4 : Z — Z. If a is homotopic
to the identity, then a, should be homotopic to the identity map. We will now
compute a, and show that it is multiplication by —1 when n is even.

To do this, we want to use a triangulation that is compatible with the
antipodal map. The standard triangulation clearly doesn’t work. Instead, we
use the following triangulation h : |K| — S™:

AN
N

The vertices of K are given by
Vi = {*eg,tes, - ,te,}.

This triangulation works nicely with the antipodal map, since this maps t K
to a vertex. To understand the homology group better, we
lemma: ‘

Lemma. In the triangulation of S™ gi K = 0, er, -, te,},
the element

LR @9
o eﬁ\@;&;‘fg@ (50

Proof. By direct computation, we see that dr = 0. So z is a cycle. To show it
generates H, (S™), we note that everything in H,(S™) = Z is a multiple of the
generator, and since x has coefficients 41, it cannot be a multiple of anything
else (apart from —z). So z is indeed a generator. O

Now we can prove our original proposition.
Proposition. If n is even, then the antipodal map a % id.
Proof. We can directly compute that a,z = (—1)"*1z. If n is even, then a, = —1,
but id, = 1. So a % id. O
7.7 Homology of surfaces

We want to study compact surfaces and their homology groups. To work with
the simplicial homology, we need to assume they are triangulable. We will not
prove this fact, and just assume it to be true (it really is).

Recall we have classified compact surfaces, and have found the following
orientable surfaces X.
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Example. If o : S™ — S™ is the antipodal map, we saw that a, : H,(S™) —
H,,(S™) is multiplication by (—1)"*1. So

L) =1+ (-1)"(-1)""=1-1=0.

We see that even though the antipodal map has different behaviour for
different dimensions, the Lefschetz number ends up being zero all the time. We
will soon see why this is the case.

Why do we want to care about the Lefschetz number? The important thing
is that we will use this to prove a really powerful generalization of Brouwer’s
fixed point theorem that allows us to talk about things that are not balls.

Before that, we want to understand the Lefschetz number first. To define the
Lefschetz number, we take the trace of f,, and this is a map of the homology
groups. However, we would like to understand the Lefschetz number in terms of
the chain groups, since these are easier to comprehend. Recall that the homology
groups are defined as quotients of the chain groups, so we would like to know
what happens to the trace when we take quotients.

Lemma. Let V be a finite-dimensional vector space and W < V a subspace.
Let A:V — V be a linear map such that A(W) CW. Let B=Alw : W - W
and C : V/W — V/W the induced map on the quotient. Then K

i
O
du%@aps on homology,

our life much easier when it

utation. ge
P(}orollary Let f. : K;Q) be a chain map. Then

Z(—l)itr(fi L Ci(K) = Ci(K) = Y (1) tr(fu - Hi(K) = Hi(K),

i>0 i>0

tr(A) = tr(B) + tr(C).
Proof. In the right basis, ( @tes
What this allo:‘s @mmt 100@1

but Just n complexes.

with homology groups understood to be over Q.

This is a great corollary. The thing on the right is the conceptually right
thing to have — homology groups are nice and are properties of the space itself,
not the triangulation. However, to actually do computations, we want to work
with the chain groups and actually calculate with chain groups.

Proof. There is an exact sequence
0 — Bi(K;Q) — Z;(K;Q) —— H;(K;Q) —— 0

This is since H;(K, Q) is defined as the quotient of Z; over B;. We also have the
exact sequence

0 — Z(K;Q) — Ci(K;Q) —%= B 1(K;Q) —— 0
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