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Section 1: Theory 4

● This property of repetition defines a fundamental spatial fre-
quency k = 2π

L that can be used to give a first approximation to
the periodic pattern f(x):

f(x) ' c1 sin(kx + α1) = a1 cos(kx) + b1 sin(kx),

where symbols with subscript 1 are constants that determine the am-
plitude and phase of this first approximation

● A much better approximation of the periodic pattern f(x) can
be built up by adding an appropriate combination of harmonics to
this fundamental (sine-wave) pattern. For example, adding

c2 sin(2kx + α2) = a2 cos(2kx) + b2 sin(2kx) (the 2nd harmonic)
c3 sin(3kx + α3) = a3 cos(3kx) + b3 sin(3kx) (the 3rd harmonic)

Here, symbols with subscripts are constants that determine the am-
plitude and phase of each harmonic contribution
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Section 1: Theory 6

● In this Tutorial, we consider working out Fourier series for func-
tions f(x) with period L = 2π. Their fundamental frequency is then
k = 2π

L = 1, and their Fourier series representations involve terms like

a1 cos x , b1 sinx

a2 cos 2x , b2 sin 2x

a3 cos 3x , b3 sin 3x

We also include a constant term a0/2 in the Fourier series. This
allows us to represent functions that are, for example, entirely above
the x−axis. With a sufficient number of harmonics included, our ap-
proximate series can exactly represent a given function f(x)

f(x) = a0/2 + a1 cos x + a2 cos 2x + a3 cos 3x + ...

+ b1 sinx + b2 sin 2x + b3 sin 3x + ...
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Section 2: Exercises 10

Exercise 2.

Let f(x) be a function of period 2π such that

f(x) =
{

0, −π < x < 0
x, 0 < x < π .

a) Sketch a graph of f(x) in the interval −3π < x < 3π

b) Show that the Fourier series for f(x) in the interval −π < x < π is
π

4
− 2

π

[
cos x +

1
32

cos 3x +
1
52

cos 5x + ...

]
+

[
sinx− 1

2
sin 2x +

1
3

sin 3x− ...

]
c) By giving appropriate values to x, show that

(i) π
4 = 1− 1

3 + 1
5 −

1
7 + . . . and (ii) π2

8 = 1 + 1
32 + 1

52 + 1
72 + . . .

● Theory ● Answers ● Integrals ● Trig ● Notation
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Section 2: Exercises 12

Exercise 4.

Let f(x) be a function of period 2π such that

f(x) =
x

2
over the interval 0 < x < 2π.

a) Sketch a graph of f(x) in the interval 0 < x < 4π

b) Show that the Fourier series for f(x) in the interval 0 < x < 2π is

π

2
−

[
sinx +

1
2

sin 2x +
1
3

sin 3x + . . .

]
c) By giving an appropriate value to x, show that

π

4
= 1− 1

3
+

1
5
− 1

7
+

1
9
− . . .

● Theory ● Answers ● Integrals ● Trig ● Notation
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Solutions to exercises 34

STEP TWO

an =
1
π

∫ π

−π

f(x) cos nxdx =
1
π

∫ 0

−π

f(x) cos nxdx +
1
π

∫ π

0

f(x) cos nxdx

=
1
π

∫ 0

−π

0 · cos nxdx +
1
π

∫ π

0

x cos nxdx

i.e. an =
1
π

∫ π

0

x cos nx dx =
1
π

{[
x

sinnx

n

]π

0

−
∫ π

0

sinnx

n
dx

}
(using integration by parts)

i.e. an =
1
π

{(
π

sinnπ

n
− 0

)
− 1

n

[
−cos nx

n

]π

0

}
=

1
π

{
( 0 − 0) +

1
n2

[cos nx]π0

}
=

1
πn2

{cos nπ − cos 0} =
1

πn2
{(−1)n − 1}

i.e. an =
{

0 , n even
− 2

πn2 , n odd , see Trig.
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Solutions to exercises 60

b) Fourier series representation of f(x)

STEP ONE

a0 =
1
π

∫ 2π

0

f(x) dx

=
1
π

∫ π

0

(π − x) dx +
1
π

∫ 2π

π

0 · dx

=
1
π

[
πx− 1

2
x2

]π

0

+ 0

=
1
π

[
π2 − π2

2
− 0

]
i.e. a0 =

π

2
.
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Solutions to exercises 61

STEP TWO

an =
1
π

∫ 2π

0

f(x) cos nxdx

=
1
π

∫ π

0

(π − x) cos nxdx +
1
π

∫ 2π

π

0 · dx

i.e. an =
1
π

{[
(π − x)

sinnx

n

]π

0

−
∫ π

0

(−1) · sinnx

n
dx

}
︸ ︷︷ ︸

using integration by parts

+0

=
1
π

{
(0− 0) +

∫ π

0

sinnx

n
dx

}
, see Trig

=
1

πn

[
− cos nx

n

]π

0

= − 1
πn2

(cos nπ − cos 0)

i.e. an = − 1
πn2

((−1)n − 1) , see Trig
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Solutions to exercises 66

b) Fourier series representation of f(x)

STEP ONE

a0 =
1
π

∫ π

−π

f(x) dx

=
1
π

∫ π

−π

xdx

=
1
π

[
x2

2

]π

−π

=
1
π

(
π2

2
− π2

2

)
i.e. a0 = 0.

Toc JJ II J I Back

Preview from Notesale.co.uk

Page 66 of 80



Solutions to exercises 69

We thus have

f(x) =
a0

2
+

∞∑
n=1

[
an cos nx + bn sinnx

]
with a0 = 0, an = 0, bn = − 2

n (−1)n

and

n 1 2 3

bn 2 −1 2
3

Therefore

f(x) = b1 sinx + b2 sin 2x + b3 sin 3x + . . .

i.e. f(x) = 2
[
sinx− 1

2
sin 2x +

1
3

sin 3x− . . .

]
and we have found the required Fourier series.
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Solutions to exercises 75

i.e. an =
−2
nπ

{
− 2π

n
(−1)n

}

=
+4π

πn2
(−1)n

=
4
n2

(−1)n

i.e. an =

{ 4
n2 , n even

−4
n2 , n odd.
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Solutions to exercises 80

The graph of f(x) gives that f(π) = π2 and the series converges to
this value.

Setting x = π in the Fourier series thus gives

π2 =
π2

3
− 4

(
cos π − 1

22
cos 2π +

1
32

cos 3π − 1
42

cos 4π + . . .

)
π2 =

π2

3
− 4

(
−1− 1

22
− 1

32
− 1

42
− . . .

)
π2 =

π2

3
+ 4

(
1 +

1
22

+
1
32

+
1
42

+ . . .

)
2π2

3
= 4

(
1 +

1
22

+
1
32

+
1
42

+ . . .

)
i.e.

π2

6
= 1 +

1
22

+
1
32

+
1
42

+ . . .

Return to Exercise 7
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