«» Property 3
If £'G(s) = g(f), then ¢~ { IQ

«» Property 4
If £1G(s) = g(t), then £4{e® G(s)} = u(t — &) x gt — a)

RULES: To invert a transform that contains €% ¥(s) = {€®' G(s)}

1. Invert 6(s) in the usual manner to find g(t).

2. Find y(t) = g(t- a) > u(t - @) by replacing the tarquments, whenever it appears in g(t).
by (t - a): then multiply the entire function by the shifted unit step function.

¢ Property 5

+ If the Laplace fransform confains the factor s the inverse
of that fransform can be found by suppressing the factor s,
defermining the inverse of the remaining portfion of the
transform and finally dfferentiafing the inverse with respect
fo /

o If {0} = F(s), hen o(F(s) :1 SFE)

o £{ j‘F dsThe”f(—rg{jF

METHOD OF CONVOLUTION

One of the important theorems of Laplace transform is the
convolution theorem It is used in consfructing inverses
especialy for lnear differential equations with constant
coefficients

The function, ﬁ

is called the convolution of the functionss a@'\l
WOPENTE \,
f* ? ( e Commutative

@ h Associative
f *g+h) ff g+f*h Distributive

e Theorem |
If F(s) and G(s) are the Laplace fransforms of f(f) and g(f)
respectively, then the Laplace transform of the convolution
f* gis the product F(s) G(s)
e Theorem 2 [Convolution or “Foltung” Integral]
If SXF(s) = f(f) and £{C(S)} = g(t), then
S{FE) G = (90

= Y‘]‘f(u) glt-u) du

INVERSE LAPLACE TRANSFORM OF AN

INTEGRAL
When g(f) = I and Kg(f)} = G(s) = I/ s, the convolution
theorem implies that the Laplace transform of the infegral of

fo o fityan -2

The inverse form is

F(S>} _ ‘J\f(‘[) dr
0
Integral Equation

- an equation in which the unknown, call it y(f), occurs in the
integrand pf an integral (and may also occur outside the
infegral)

- can be solved by Laplace fransformations if the infegral can
be written as a convolution

Volterra Integral Equation

— g+ [Fni-T)de

The functions g(f) and h(t) are known

IMPULSES AND DISTRIBUTION
THE RECTANGULAR PULSE FUNCTION

f(1)
— 1

Iw

The flow rafe would be held af A for duration of 7, units of
time The area under the curve could be inferpreted as the
maferial delivered to the fank (= htw) Mathematicaly, the
function f(1) is defined as

where: = height
ty=width

0 <0
fh=h 0<t<t,
0 t=1,

The Laplace transform of the rectangular pulse can be
derived by evaluating the infegral befween t = 0 and t = tw
because f() is zero everywhere else

j‘e iy ot = jé dTCO

angula = |/ tw and the area under
_‘ O pu\se s unny

L £ FUNCTION
o case of the unif rectangular pulse is the tmpulse or

agmc delta gunction, which has the symbol §(f) This funcfion

is obtained when tw— 0 whie keeping the area under the

pulse equal to unity; a pulse of infinite height and infinitesimal

width results

The &(1) function is an example of a distribution or
generahzed function It has the following properties

x5 =0ift#0 % 5(0)is not defined

x
x IS(T) d=| If g(t) is a continuous function on

(0, ), then “J“gg) 8() ot = g(0)

Infuifively, we may think of 8(f) as an approximation of a
physical transfer of one unit of charge at fime zero. It can be
shown that if ais a constant, then

x §(t—a=0ft#£a xIf g(f)isacontinuous function
x IS(T Ca)di=| on (—::o, o0), then
“ Jon) 8(1-a) di = gle)
o 0 f1>0
From these formulas, we get that IS(T) df = |rf 1 > ’
~oo <

Thus formally, * o1yt =H)

And §(f) may be considered, in some sense, 1o be the
derivative of the Heaviside function

Proceeding formaly, (81 -

Ie T 8(t-a)d
In particular, £48(1) Ie S g _

5?{85( ) =

Kk



