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The values (mass points) that the random variable can take on is ݔ ൌ ሼͲǡͳǡʹǡ͵ሽ. 

The probability mass function is then:  ݌ሺͲሻ ൌ ܲሺܺ ൌ Ͳሻ ൌ ଵ
଼
 

ሺͳሻ݌         ൌ ܲሺܺ ൌ ͳሻ ൌ ଷ
଼
 

ሺʹሻ݌            ൌ ܲሺܺ ൌ ʹሻ ൌ ଷ
଼
 

ሺ͵ሻ݌                                                                            ൌ ܲሺܺ ൌ ͵ሻ ൌ ଵ
଼
 

The probability mass function (frequency function) is represented by a bar chart in 
Rice, p.36. 

ii) Let the random variable Y denote the number of tails. 

The values (mass points) that the random variable can take on is ݕ ൌ ሼͲǡͳǡʹǡ͵ሽ. 

The probability mass function is then:  ݌ሺͲሻ ൌ ܲሺܻ ൌ Ͳሻ ൌ ଵ
଼
 

ሺͳሻ݌         ൌ ܲሺܻ ൌ ͳሻ ൌ ଷ
଼
 

ሺʹሻ݌            ൌ ܲሺܻ ൌ ʹሻ ൌ ଷ
଼
 

ሺ͵ሻ݌                                                                           ൌ ܲሺܻ ൌ ͵ሻ ൌ ଵ
଼
 

 

 

 

iii) Let the random variable Z denote the number of heads minus the number of tails. 

The values (mass points) that the random variable can take on is ݖ ൌ ሼെ͵ǡെͳǡͳǡ͵ሽ. 

The probability mass function is then:  ݌ሺെ͵ሻ ൌ ܲሺܼ ൌ െ͵ሻ ൌ ଵ
଼
 

ሺെͳሻ݌         ൌ ܲሺܼ ൌ െͳሻ ൌ ଷ
଼
 

ሺͳሻ݌            ൌ ܲሺܼ ൌ ͳሻ ൌ ଷ
଼
 

ሺ͵ሻ݌                                                                           ൌ ܲሺܼ ൌ ͵ሻ ൌ ଵ
଼
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2.1.5 Poisson random variable 

Poisson probability mass function: ݌ሺ݇ሻ ൌ ܲሺܺ ൌ ݇ሻ ൌ ቊ�
-ɉ ɉ

�

�Ǩ
������ൌͲǡͳǡʹǡǥ

Ͳ����������������������
 with 

parameter ߣ ൐ Ͳ. 

 

Properties of a Poisson mass function: 

i) Ͳ ൑ ሺ݇ሻ݌ ൑ ͳ 

ii) σ ሺ݇ሻ݌ ൌ ͳஶ
௞ୀଵ  

 Proof:   

෍݌ሺ݇ሻ ൌ ෍݁ିఒ
௞ߣ

݇Ǩ

ஶ

௞ୀ଴

ஶ

௞ୀ଴

ൌ ݁ିఒ ቊͳ ൅ ଵߣ ൅
ଶߣ

ʹǨ
൅
ଷߣ

͵Ǩ
൅ ቋڮ ൌ ݁ିఒ݁ఒ ൌ ͳ 

 

Example 19 

The average number of traffic accidents on the N12 between Potchefstroom and 
Johannesburg is 2 per week. Assume that the number of accidents in a week follow a 
Poisson distribution with ߣ ൌ ʹ. 

i) Calculate the probability that no accidents occur between Potchefstroom and 
Johannesburg during a 1-week period.  

 The average number of accident per week is ߣ ൌ ʹ. Let X be the number of accidents 
in a 1 week period. 

 ܲሺܺ ൌ Ͳሻ ൌ ݁ିఒ ఒೖ

௞Ǩ
ൌ ݁ିଶ ଶబ

଴Ǩ
ൌ ͲǤͳ͵ͷ͵͵ͷ 

ii) Calculate the probability that at most three accidents occur during a two week 
period. 

During a two week period the average number of accidents is equal to ߣ ൌ Ͷ. 

ܲሺܺ ൑ ͵ሻ ൌ ܲሺܺ ൌ Ͳሻ ൅ ܲሺܺ ൌ ͳሻ ൅ ܲሺܺ ൌ ʹሻ ൅ ܲሺܺ ൌ ͵ሻ

ൌ ݁ିସ
Ͷ଴

ͲǨ
൅ ݁ିସ

Ͷଵ

ͳǨ
൅ ݁ିସ

Ͷଶ

ʹǨ
൅ ݁ିସ

Ͷଷ

͵Ǩ
ൌ ͲǤͶ͵͵Ͷ͹ͳ 
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ܲሺܽ ൑ ܺ ൑ ܾሻ ൌ ܲሺܽ ൑ ܺ ൏ ܾሻ ൌ ܲሺܽ ൏ ܺ ൑ ܾሻ ൌ ܲሺܽ ൏ ܺ ൏ ܾሻ 

Cumulative distribution function: The cdf of a continuous random variable is defined just as 
it was in the discrete case:  

ሻݔሺܨ  ൌ ܲሺܺ ൑ ሻݔ ൌ ׬ ݂ሺݑሻ݀ݑ௫
ିஶ  

There exists a one-to-one relationship between distribution functions and density funtions: 

 i) ܨሺݔሻ ൌ ׬ ݂ሺݑሻ݀ݑ௫
ିஶ  (by definition) 

ii) ܨᇱሺݔሻ ൌ ݂ሺݔሻ 

There is also a relationship between distribution functions and probabilities: 

ܲሺܽ ൑ ܺ ൑ ܾሻ ൌ න ݂ሺݔሻ݀ݔ ൌ න ݂ሺݔሻ
௕

ିஶ

௕

௔
ݔ݀ െ න ݂ሺݔሻ݀ݔ

௔

ିஶ
ൌ ܲሺܺ ൑ ܾሻ െ ܲሺܺ ൑ ܽሻ

ൌ ሺܾሻܨ െ  ሺܽሻܨ

Example 22 

If ܺ has the probability density  

݂ሺݔሻ ൌ ݇݁ିଷ௫ǡݔ���� ൐ Ͳ 

Find ݇ and ܲ ቀଵ
ଶ
൑ ܺ ൑ ͳቁ. 

i) ׬ ݇݁ିଷ௫݀ݔஶ
଴ ൌ ͳ 

݇ ൤
ͳ
െ͵

݁ିଷ௫൨
଴

ஶ

ൌ Ͳ െ ൬െ
݇
͵
൰ ൌ

݇
͵
ൌ ͳ 

Therefore ݇� ൌ �͵. 

ii) ܲ ቀଵ
ଶ
൑ ܺ ൏ ͳቁ ൌ ׬ ͵݁ିଷ௫݀ݔ ൌ ͵ ቂെ ଵ

ଷ
݁ିଷ௫ቃభ

మ

ଵଵ
భ
మ

ൌ െ݁ିଷ െ ቀെ݁ି
య
మቁ ൌ ͲǤͳ͹͵ 

Example 23 

Find the cdf of the random variable X in the previous example, and use it to re-evaluate 

ܲ ቀଵ
ଶ
൑ ܺ ൑ ͳቁ.  

i) ܨሺݔሻ ൌ ׬ ݂ሺݑሻ݀ݑ௫
ିஶ ൌ ׬ ͵݁ିଷ௨݀ݑ௫

଴ ൌ ͵ ቂെ ଵ
ଷ
݁ିଷ௨ቃ

଴

௫
ൌ െ݁ିଷ௫ െ ሺെ݁଴ሻ ൌ ͳ െ ݁ିଷ௫ǡ

ݔ ൐ Ͳ 

ii) ܲ ቀଵ
ଶ
൑ ܺ ൏ ͳቁ ൌ ሺͳሻܨ െ ܨ ቀଵ

ଶ
ቁ ൌ ሺͳ െ ݁ିଷሻ െ ቀͳ െ ݁ି

య
మቁ ൌ ͲǤͳ͹͵ 
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Example B (Rice p. 48) 

The cdf of a uniform random variable on [0, 1] is: 

ሻݔሺܨ ൌ ׬ ݂ሺݑሻ݀ݑ௫
଴ ൌ ׬ ͳ݀ݑ௫

଴ ൌ ሾݑሿ଴௫ ൌ ǡ���for�Ͳݔ ൑ ݔ ൑ ͳ 

 

                                                                        

 

 

The cdf of a uniform random variable on [a, b] is: 

ሻݔሺܨ ൌ ׬ ݂ሺݑሻ݀ݑ௫
௔ ൌ ׬ ଵ

௕ି௔
௫ݑ݀

௔ ൌ ଵ
௕ି௔

ሾݑሿ௔௫ ൌ
௫ି௔
௕ି௔

ǡ���for�ܽ ൑ ݔ ൑ ܾ 

                                                                        

 

 

Example 28 

At a particular hospital a study is done over a long period of time (covering many patients) 
ĂŶĚ�ŝƚ�ŝƐ�ĨŽƵŶĚ�ƚŚĂƚ�ƚŚĞ�ĚŝƐƚƌŝďƵƚŝŽŶ�ŽĨ�͞ƚŝŵĞ�ŽĨ�ĚĞĂƚŚ͟�ŝƐ�ƵŶŝĨŽƌŵ�over the course of a day 
for a random unknown patient.  

i) What is the probability that a random patient dies before 8am on the day of their 
death? 

̱ܷܺሾͲǡʹͶሿ 

ܲሺܺ ൏ ͺሻ ൌ ሺͺሻܨ ൌ
ͺ െ Ͳ
ʹͶ െ Ͳ

ൌ ͲǤ͵͵͵͵ 

ii) What is the probability that a random patient dies during visiting hours, if visiting 
hours are 10am to noon? 

b 

1/(b-a) 

a 

1 

1 

0 

b 

1 

a 

F(x) 
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