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Evaluate the Integral: I = f e V*In (1 + f) dx
X
0
oo _ /= 1 1
= fo e In(l + \/_) dx, let t = Vx, then dt = zﬁdx = %dx. so dx = 2tdt, then:

= 2f0+ e lIn (1 + )dt = Zf e ‘In (T) dt, then we get:
[=2f"te"tIn(L+t)dt -2 [ “tetIntdt=2) -2, ~te~*Intdt

Now evaluating: J = f+°° te "In(1 + ¢) dt, ming integration by parts:

0
Letu=¢tIn(1+¢),thenu’ =In(1 +¢)+ 1_+t‘md letv' = e~ then v = —e™", then we get:
V= [~te ™ In(1+ O™ + f; " [In(1 + ) + 1 | et O B\

N "In(1+t)dt+f+ ‘fﬂ esa\e‘
+ote” +00 H-l 1 $ +ooe . +o0 @7t
Note that: |, mdc L d f -/ 1_Hdt -/, it

Now lntegrn%femtﬁl by p?@&@g- e ‘ , then u' Land letv' = -I_l’_—. then

v = In(1+t), then we get: [ g dt = [e~* In(1 + £)]3* + fo*‘” e~tIn(1 + t) dt

+o e

Then: [ T—dt—f e~tIn(1 + t) dt, then:
o et
J= e tin(1 + t)dt + [ ff—dc—f et In(1+ ) de + 1~ [ " F=dt

J=["etin(1+6)dt+1~ [ e tIn(1 +t)dt = 1

Soweget: [ =2 -2 f:m te"tIntdt = 2(1 - f:m te~tInt dt)

Now let's evaluate the integral: f:m te"“Intdt

Definition of gamma function: I'(s) = f:m tS"le~tdt and I''(s) = f;m t5=1e tIntdt

Definition of digamma function: ‘P(s) = a—ln(l‘(s)) T((si) so ["'(s) = I'(s) W(s), then we can write: I'(s)
Y(s) = fo tS"1e~tIn t dt, substituting s = 2, we get I'(2) ¥(2) = f;m te ' Intdt
Wehave I'2)= 1! = | and W(s + 1) = ¥(s) +%. so fors = 1W¥(2) = ¥(1)+1, but we have

(1) = —y, then we get: \V(2) = 1 — y, then fo+ e tIntdt =TQRQ)¥Y2)=1-
Therefore: [ = 2[1 - (1 —-y)] =




