Rotation matrix repres&ntation of orientation

"COS (1]

0.
M 5, of A B3
¢ ge be “—NS Ba
A =y b Y
X o X2 X
@D z
V3
>y
Z9 fy

V2



Rotation matrix applications: vector transformation
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e But the rotation matrix R} = [X% y21 Z%]
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* The rotation matrix can be used to
transform a vector from being expressed
using frame 2 coordinates to being
expressed using frame 1 coordinates.




Properties of rotatiep watrix
NoteS?
: &(R{“ é3§ AL . . :
2. leg'(eth‘a és‘ﬁl otation matrix that describes the rotation
H6m fran?eagto frame 2 and Rf is the rotation matrix that

describes the rotation from frame 2 to frame 1, then:
+ RZ =R}’
* Proof:
* Let v be a vector that is expressed in frame 1 by v! and in frame 2 by v?.
- vI = R} v?
- > v2 =R V!
e By the definition of R%, we know that: v2 = R4 v
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Proof that any rotat|on\[natr|x has at least one

oV
eigen value /1 51\60
* Eige \@Nuleﬁ l‘;@t@j‘y the characteristic equation of the matrix R}
P( et(/ll —P@gé
* For A = 1, we have:
« det(I — RL) = det (Rg (RY" - 1)) det(RL) det (R} — 1)

+ 9 det(1 — R}) = det (R} — 1) = det(R} — I) = —det(I — R})
e« > 2det(I —R}) =0

e« > det(l —R) =0

 Hence A = 1 is an eigen value of the rotation matrix R}



Properties of rotation patrix
\e. OV

7. Forany rotationﬁ‘g@mﬁa nd any two vectors v4 and v,, the inner
produc{ vy @ ]rg)is)ﬁéual to the inner product of the two rotated
ve@t@?ﬁ zv?a@@ V,.i.evy.v, = (RIvy). (Rivy)

* Proof:

T
* (Rhvy). (Rhvy) = (REv)T (Ryvz) = viR} Rivy = vivy = vq.v;



Axis of rotation aqgga)m)g‘le of rotation
Notese
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* Any r}i\g@qﬂo’%ﬁ%‘g\ é;n(ﬁebfrepresented as a r }
rPHERION byrad@higle 8 around an axis r 2R \‘ 0

* There are two solutions for the angle of
rotation and axis of rotation

* The axis of rotation r is the vector that
doesn’t change direction with rotation, i.e. _r

’Rr =r. 0 iy
* Hence, r can be determined by solving the
equation (R — I) r = 0 with the constraint
that ||r|| = 1
 What is the rotation angle 67

First solution Second solution



Rotation axis and angle“of R”
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: Conside\r\@\mf‘é on B"Nﬂ?’] Ar‘otation axis r and
rotgtién'angle@9

e The rotation R” has the same rotation axis r but
with rotation angle —6

* Proof:
 Giventhat: Rr =r
>r=RIr9Rr=r
Hence, r is the rotation axis of RT.
We also have that: tr(RT) = tr(R) = 1 + 2 cos(8)
=> R’ and R have the same cos(6)
It can be shown that R” has a rotation angle of —8
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