
Abel means of the Fourier series of f :

Arf(θ) = f̂(0) +
∞∑
n=1

rn(f̂(n)einθ + f̂(−n)e−inθ) =
∑
n∈Z

r|n|f̂(n)einθ.

• As Fourier coefficients are bounded then the series converges for every
0 < r < 1

Arf(θ) =
∑
n∈Z

r|n|
(

1

2π

∫ 2π

0

f(τ)e−inτ dτ

)
einθ

=
1

2π

∫ 2π

0

(∑
n∈Z

r|r|ein(θ−τ)

)
f(τ) dτ.

∑
n∈Z

r|n|einθ = 1 +
∞∑
n=1

rneinθ +
∞∑
n=1

rne−inθ =
1− rn

1− 2r cos θ + r2
.

Then

Arf(θ) =

∫ 2π

0

P (reiθ, eiτ ) dτ

= Pf(reiθ).

Corollary 1. If f is continuous at θ, then Arf(θ) → f(θ) as r → 1. If
f ∈ C(S), then Arf converges uniformly to f on S.

Answering question 4
Let f be a Riemman integrable function on S

1. If f is continuous at θ and its Fourier series converges at θ then it
converges to f(θ).
Proof: By Abel’s theorem, if sn(θ) → L then Arf(θ) → L. But
Arf(θ) → f(θ).

2. If f is continuous at θ and f̂(n) = 0 for all n ∈ Z, then f(θ) = 0.
Corollary: If f, g have the same Fourier coefficients and are both con-
tinuous at θ then f(θ) = g(θ).

3. If f is continuous at θ and
∑

|f̂(n)| ≤ ∞, then its Fourier series at θ
does not converge to f(θ).
By M-test: Uniformly to f if f ∈ C(S).
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