
Lorentz-Shimogaki Theorem 2703

Theorem 2.7 ([5]). Let 0 < p < ∞. M is bounded on Λpu(w) if and only if
there exists q < p such that for some constant c and for every finite family of cubes
and sets (Qj, Ej)j with Ej ⊂ Qj .

(2.4)
W
(
u
(⋃

j Qj
))

W
(
u
(⋃

j Ej
)) ≤ cmax

j

( |Qj|
|Ej|

)q
.

It is also mentioned in [5] that for a wide class of w, for instance for w(t) =
tα, α > −1, (2.4) is equivalent to the same condition but with a unique Q and
E ⊂ Q. Thus, Theorem 2.7 represents a generalized version of Proposition 2.2.

We show that Theorems 2.3 and 2.4 and their proofs can be generalized with
minor changes to the spaces Λpu(w). To be more precise, given weights u and w,
we associate the function νu,w defined by

νu,w(λ) = inf
{Qj}

inf
{Ej}:Ej⊂Qj, minj |Ej|/|Qj|=λ

W
(
u
(⋃

j Ej
))

W
(
u
(⋃

j Qj
)) ,

where the infimum is taken over all finite families of cubes {Qj} and over all
families of sets {Ej} such that Ej ⊂ Qj with minj |Ej|/|Qj| = λ.

Theorem 2.8. For any p > 0 we have

(2.5) ΦΛpu(w)(λ) � 1
ν1/p
u,w(λ)

and

(2.6) αΛpu(w) = 1
p

lim
λ→0

log(1/νu,w(λ))
log(1/λ)

.

Theorem 2.9. Let 0 < p <∞. Given weights u andw, the following statements
are equivalent.

(i) M is bounded on Λpu(w);
(ii) lim

λ→0

νu,w(λ)
λp

= +∞;

(iii) lim
λ→0

log(1/νu,w(λ))
log(1/λ)

< p;

(iv) if ψ ∈ A, then for any finite family of cubes {Qj} and any family of sets {Ej}
with Ej ⊂ Qj ,

min
j

|Ej|
|Qj| ψ

( |Qj|
|Ej|

)
≤ c

(
W
(
u
(⋃

j Ej
))

W
(
u
(⋃

j Qj
)))1/p

.
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The first equivalence follows from the previous proposition, and the second
one is trivial.

The following lemma shows that except for the trivial case ΦX ≡ ∞, ΦX is
equivalent to a finite non-increasing submultiplicative function near the origin.
This is enough to give meaning to the limit in Definition 1.1 since, by Proposition
3.3, the limit defining αX exists:

αX = lim
λ→0

logΦX(λ)
log(1/λ)

.

Lemma 3.4. Let X be any quasi-Banach function space. If ΦX(λ0) < ∞,
for some λ0 ∈ (0,1/4n] then there is a non-increasing, submultiplicative on (0,1]
function Φ̃X such that Φ̃X(1) = 1, and

(3.11) cΦX(λ) ≤ Φ̃X(λ) ≤ ΦX(λ) (0 < λ < 1),

where c depends only on X.

Proof. It follows from (3.6) that

‖m2nλξf‖X ≤ ‖mξ(mλf)‖X ≤ ΦX(ξ)‖mλf‖X ≤ ΦX(ξ)ΦX(λ)‖f‖X,
and thus,

(3.12) ΦX(2nλξ) ≤ ΦX(ξ)ΦX(λ) (λ < 1, ξ <
1

2n
).

Set now Φ̃X(λ) = sup
0<ξ<1

ΦX(ξλ)ΦX(ξ) (0 < λ ≤ 1).

It is clear that Φ̃X is submultiplicative on (0,1] and Φ̃X(1) = 1. Next, Φ̃X is
non-increasing because ΦX is so. Also, due to the fact that ΦX is non-increasing,
the left-hand inequality in (3.11) holds trivially with c1 = 1/ΦX(1−). Further, it
follows from (3.12) that

ΦX(ξλ)ΦX(ξ) ≤ ΦX(ξ/2n)ΦX(ξ) Φ(λ) ≤ ΦX(1/4n)Φ(λ),
which proves the right-hand inequality in (3.11) with c2 = ΦX(1/4n). Observe
that c2 is finite since ΦX(λ0) <∞, 0 < λ0 ≤ 1/4n. ❐

4. PROOF OF THE MAIN RESULTS

Denote M2f =MMf . We start with the following simple lemma.
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Therefore limλ→0 λΦX(λ) = 0, which proves (i) ⇒ (iv).
Assume now that (ii) holds. This means that there are constants c > 0 and

δ < 1 such that for any f ,

(4.2) ‖mλf‖X ≤ cλ−δ‖f‖X.

We next observe that for any cube Q,

1
|Q|

∫
Q
|f | =

∫ 1

0
(fχQ)

∗(λ|Q|)dλ,

and hence,

Mf(x) ≤
∫ 1

0
mλf(x)dλ ≤

∞∑
i=1

2−im2−if (x).

From this and from (3.8) along with (4.2), we obtain

‖Mf‖X ≤
∥∥∥ ∞∑
i=1

2−im2−if
∥∥∥
X
≤ 41/ρ

( ∞∑
=1

‖2−im2−if ‖ρX
)1/ρ

≤ c
( ∞∑
i=1

2−(1−δ)ρi
)1/ρ ‖f‖X ≤ c′‖f‖X.

This completes the proof of (ii) ⇒ (i).
Let us show now that if the space X is r-i space, then αX = ᾱX . Consider the

spherically symmetric rearrangement of f defined by

f?(x) = f∗(vn|x|n),

where vn is the volume of the unit ball. Note that the functions f and f? are
equimeasurable. It follows from (3.5) that

(D(2nλ)1/nf )?(x) ≤ (mλf)?(x) ≤ (D(λ/3n)1/nf )?(x).

Therefore,
‖D(2nλ)1/nf‖X ≤ ‖mλf‖X ≤ ‖D(λ/3n)1/nf‖X

and

hX
( 1

2nλ

)
≤ ΦX(λ) ≤ hX(3n

λ

)
.

From this and from the definitions (1.2) and (3.9), we readily obtain that
αX = ᾱX . ❐
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