2.10. Then, V; V21_p is again an A, (X) weight such that

5
ViV, P = <mE’Ul (mE’U2)1_p)

on E, with the maximal function mpg restricted to £ as per Definition 2.2. The fact that vi,ve €
A;(E) implies that there is a constant C' = max{[vi]; , [v2];} such that v; < mgv; < Cv;, i =1,2,
almost everywhere on E (Proposition 2.3). Thus there exist nonnegative functions g;, i = 1,2, such

that gi,gi_1 € L>®(X) and g;mpv; = v; almost every where on E. Defining g = g‘lsgg(p_l) we see
that g,g~! € L>®(X), g > 0, and
_ _p\ 0
g(@)Vi(@)Va(2)' 7P = (o1(x)va(2)'77)" = v(2)’ = w(x)

for almost every z € E. The weight W = gV1V21_p is in A,(X) and satisfies W = w a. e. on E.
Finally, if p = 1, we reproduce the above argument taking v; as v and discarding the weight
V9. ]

3. BALLS AND CHAINS

The aim of this section is to collect several preparatory results concerning balls in a metric space
with a doubling measure. Our reason to delve into the geometry of Whitney-type balls is that
they can be used to give estimates for Muckenhoupt weights over chains. In particula§, A.emma 3.8
is needed to prove Lemma 4.4 in the next section, which in turn is an int l&; Holden’s
argument in [17]. We have found it necessary to provide an expligiy pro Femma 3.8, as we
could not locate one in the literature. 1 *

While most results in this section do not requi g‘@tﬁa assumptions, on occasion we need

i

to assume the existence of geodesics joirjmg € ir of poi 0 cite an example of geodesic
spaces relevant to partial diff Qmmns, Corol 8.3 [16] states that a complete,

doubling metric space thatINUpp a Poincaré Medyali its a geodesic metric that is bilipschitz
equivalent toéﬂj\ IMng metric, sy o depending on the doubling constant of the
measu lﬁ ata of the a ality.

We day that a complete mebric space (X, d) is a geodesic space provided that any two points

x,y € X can be joined by a continuous, rectifiable curve v : [a,b] — X with d(z,y) = £(), where
{(vy) denotes the length of 7. A rectifiable curve 7 : [a,b] — X satisfying ¢(y) = d(y(a),v(b)) is
called a geodesic on X. Note that for a general rectifiable curve « : [a,b] — X, we always have the
inequality £(y) > d(v(a),y(D)).

We will invoke the following well-known property of geodesics: if [a’, '] C [a, ], the subarc v ol ]
of the geodesic 7 : [a,b] — X is a geodesic too. Hence, for any three points ~(¢;) on the geodesic v
such that a < tg < t1 < t9 < b, the triangle inequality for d becomes an equality:

d(v(to),(t2)) = d(v(to),7(tr)) + d(v(t1),~(t2))-

Slightly abusing notation, we write Vi o] to mean ity 0] whenever v(t;) = x;, i = 1,2.
Throughout the rest of this section, we will assume that (X, d, u) is a complete metric measure
space such that p satisfies the doubling condition (2). Also, when using the notation A ~ B or
A < B for any two real numbers A, B, we understand that the constants involved may depend on
the doubling constant Cy(u).
We begin by showing two lemmas in metric geometry for future reference. In the first one, the
measure does not play any role.

Lemma 3.1. Let X be a geodesic space, and B, B’ any two balls in X. Assume that rad(B)
rad(B’) and that B' contains the center of B. Then there exists a ball B” C BN B’ with rad(B")
rad(B).

<
~
~
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If B, Ey are subsets of D, we define kp(E1, E2) = inf;, cp, 20er, kp(21,22). As there is no risk
of ambiguity, we will leave out the subscript D in the following.

It is easy to see that the quasihyperbolic diameter of any Whitney-like ball is bounded, which is
the content of the following lemma.

Lemma 3.7. Assume further that X is a geodesic space and let D C X be a domain. If B C D 1is
a ball such that d(B,0D) ~ rad(B), then k(x,y) < C for any two points x,y € B.

Proof. Let z denote the center of B, and let v C B be a rectifiable curve connecting z and z such
that £(7|[.,4) = d(z, ). Then

k(z,x S/ — 5/ — <,
(= Yy (Y, 0D) Yo Tad(B) - rad(B)

Similarly we obtain k(z,y) < C, and the triangle inequality implies k(z,y) < C. O

The next lemma establishes an equivalence between shortest Whitney chains and quasihyperbolic
distance. It is essentially contained in the proof of Lemma 9 in [29]. For a detailed proof of the
corresponding lemma in R", see Proposition 6.1 in [18]. Notice that if the space X is geodesic and
D C X is a proper subset, the distance functions d(-,0D) and d(-, X \ D) coincide over D. We are
then allowed to use Lemmas 3.3 and 3.4 with the distance d(-,0D) instead of d(-, X \ P).

Lemma 3.8. Assume further that X is a geodesic space Let Xc@d in and B; =
B(xi,ri) e W(D), i =1,2. Then k‘(Bl,Bg ~ k(x1,x2)

Proof. Let M = k'(Bl,Bg) be the length of t mney chain joining B; to Bs. In the

case x| = Ty, both quantities amou m ere is 92500 prove. Suppose now xj and

To are distinct pomts First, Bl,B2 enote by v the quasihyperbolic

geodesic Jomlng an take zt % pomt on «. Of all the Whitney balls
S

contai the o ag radius, say, B = B(z,r). Consider the ball B,
center% nd with radius ear that B, C 2B, and thus B, is contained in D with

d(B,,0D) > d(2B,0D) > r by Vlrtue of Lemma 3.3 (ii). Also, by the properties of the Whitney
decomposition ( Lemma 3.3 (ii)), we have

d(B,,0D) < d(z,0D) < d(B,dD) + diam(B) < 8r,

and we conclude that d(B,,0D) ~ rad(B,) = r.

Let «y, be a subarc of yN B, passing through z and of maximal length. We claim that ¢(v,) > Cir
at all times. Whenever 7 is not entirely contained in B,, by the continuity of 7, there exists a
point ¢ € ~y, such that d(q,z) > r/2. Then we have ¢(vy,) > d(q,z) = r/2. In the case v C B,,
by the properties of the Whitney decomposition there exists a constant 0 < ¢ < 1 such that
l(v,) = L(y) > d(z1,22) > cry. Furthermore, Lemma 3.4 (i) gives » ~ r; and consequently
0(7y,) > Cqr. Recalling that v, C B, and d(z,0D) < 8r, in all cases it holds that

dl 2(72) Crr
> > - > . 12
/ d(y,0D) ~ r+d(z,0D) ~ Or = (12)

Next, we cover the geodesic v by balls { By, };, with the points {z;}; C v chosen so that every point

is contained in at most two balls B,,. Among these collections we choose the one with the smallest

cardinality, say m = #{B,,}. For any z € 7, Lemma 3.4 (ii) shows that there are at most C' Whitney

balls intersecting B,. Now let M; be the minimal number of Whitney balls needed to cover | J; B.,,

and denote this collection by F. Clearly My > M, because M was the length of the shortest chain

joining By and Bs. Also, we have that # F = M; and, by minimality, for every B € F there is at
14



Also, by Lemma 3.8, we have k(2}, 2}) ~ k(B}, By) and thus k(B}, By) < C;. With these remarks,
Lemma 4.2 (ii) allows us to estimate

N
S Sy

s u(;i) /gwd“ (17)
< u(;é) /éwd“ (18)
s (Zggéé’%)p_l (;g) / O (19)
S u(ll%’) / ,wdn (20)

Line (16) follows from the fact that the measure wdy is doubhng Whlle @1(1\% are Lemma
4.2 (iv) and (ii), respectlvely On lines (17) and (20) we used l-ah (BY) ~ w(B;).
Finally, if ( =BY ... ,BN = Bz) is the s ain connectlng B1 and BQ, we

have that N < C by the previous argume palr ccutive balls (B7~!, B7) in the

chain has nonempty intersecti dtB’~1) ~ r éz Lemma 3.3(iv) and therefore

rad(BO) ~ rad( BJ )‘ Wtﬂery for @ J , because N < C. Moreover, if
€ BI7In BJ 1nequaht ’&_

P d(po,pN) ?§ d(pj—1,pj) <22rad i—1) S rad(BY).
7j=1

It follows from Lemma 3.2 that ,u(Bi) ~ p(BY), which in turn implies p(B1) ~ pu(Bg). We conclude

that
/ wd,ug/ wdp
B1 B

and, swapping the roles of By and Bs, the inequality in the other direction. O
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