
Inverse transformation : 𝑞(𝑥, 𝑡) =
𝑒𝑙𝑞(𝑥,𝑡)

1+𝑒𝑙𝑞(𝑥,𝑡) 

b. Original CBD model 

𝑙𝑞(𝑥, 𝑡) = 𝐾𝑡
(1)

+ 𝐾𝑡
(2)(𝑥 − 𝑥) 

- 𝑥 = average age in the data set 

- 𝐾𝑡
(1)

 and 𝐾𝑡
(2)

 are time series. We assume they are random walks with drift: 

𝐾𝑡
(𝑖)

= 𝐾𝑡−1
(𝑖)

+ 𝑐(𝑖) + 𝜎𝑘𝑖𝑍𝑡
(𝑖)

, 𝑖 = 1,2 

- 𝑍𝑡
(1)

 and 𝑍𝑡
(2)

 are standard normal random variables with correlation 𝜌, but 
independent for different t. 

- 𝐸[𝑍𝑡
(1)

𝑍𝑡
(2)

] = 𝜌, −1 ≤ 𝜌 ≤ 1 

- 𝐸 [𝑍𝑡
(𝑖)

𝑍𝑢
(𝑗)

] = 0, 𝑓𝑜𝑟 𝑡 ≠ 𝑢, 𝑖 = 1,2; 𝑗 = 1,2 

- Advantages: fewer parameters and less parameter uncertainty 
- Disadvantage: fit to population is sometimes worse 

c. CBD M7 model 

𝑙𝑞(𝑥, 𝑡) = 𝐾𝑡
(1)

+ 𝐾𝑡
(2)(𝑥 − 𝑥) + 𝐾𝑡

(3)((𝑥 − 𝑥)2 − 𝑠𝑥
2) + 𝐺𝑡−𝑥 

- Let 𝑚 = 𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛, then 𝑠𝑥
2 =

𝑚(𝑚+2)

12
, or 𝑠𝑥

2 =
∑ (𝑥−𝑥)2𝑥𝑤

𝑥=𝑥0

𝑥𝑤−𝑥0+1
.  𝑠𝑥

2 is the variance of age 

range in the data set. 
- 𝐺𝑡−𝑥 is the cohort effect. (ARIMA time series) 
- Advantages: includes a cohort effect and a quadratic age difference term. 
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