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Chapter 4

SOME SPECIAL FUNCTIONS

4.1. Exponential Functions

In this section, we construct a class of functions of the form fa : R→ R, where for every x ∈ R,

fa(x) = ax.

Here a > 0 denotes a positive real constant.

Let us state very carefully what we mean by ax. We would like to define ax appropriately so that

ax+y = axay

for every x, y ∈ R. To do so, we must have ax+0 = axa0. This forces us to write

a0 = 1. (1)

Also, it seems reasonable to write

an = a . . . a︸ ︷︷ ︸
n times

for every n ∈ N. (2)

Next, it is clear that it is necessary to define, for every p, q ∈ N,

y = a1/q > 0 if and only if yq = a, (3)

and

ap/q = (a1/q)p. (4)
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