10.

.JfuveV, thenu+vevV.

.IfueVandk €F, then kueV.

ut+v=v-+u

cut+(vHw)=(u+v)+w

There is an object 0 in V, called a zero vector for V', such that u+0 = 0+u = u

foralluin V.

For each u in V, there is an object -u in V, called the additive inverse of u,

such that u+ (—u) = —u+u = 0; u\(

k(lu) = (kl)u

k(u+v) =ku+ kv mN

S

Remark The elements of the underlying field ' are called scalars and the elements

of the vector space are called vectors. Note also that we often restrict our attention

to the case when F =R or C.

Examples of Vector Spaces

A wide variety of vector spaces are possible under the above definition as illus-

trated by the following examples. In each example we specify a nonempty set of

objects V. We must then define two operations - addition and scalar multiplication,

and as an exercise we will demonstrate that all the axioms are satisfied, hence entitling

V' with the specified operations, to be called a vector space.

1.

The set of all n-tuples with entries in the field F, denoted F" (especially note
R"™ and C").



1.4 Linear Combinations of Vectors and Systems of Linear

Equations

Have m linear equations in n variables:

a11x1 + appxe + - - + a1, = bl
a1 + Gooxo + -+ - + Qo = bo
Am1T1 + ApaXe + -+ ATy = bm

Write in matrix form: Az = b.

ca\eCO"

NO€SeL
T = : i‘s the\clﬁunﬁl(v@oﬂf\unkndnsoﬁ b6 : is the column
PreV'\C oage > b

Note: g5, bj eRor C.

A = [a;;] is the m x n coefficient matrix. te

m

1.4.1 Gaussian Elimination

To solve Az = b:
write augmented matriz: [A|b].
1. Find the left-most non-zero column, say column j.
2. Interchange top row with another row if necessary, so top element of column j is
non-zero. (The pivot.)
3. Subtract multiples of row 1 from all other rows so all entries in column j below
the top are then 0.
4. Cover top row; repeat 1 above on rest of rows.

Continue until all rows are covered, or until only 00...0 rows remain.
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1.5 Linear Independence

In the previous section it was stated that a set of vectors S spans a given vector space
V' if every vector in V is expressible as a linear combination of the vectors in S. In
general, it is possible that there may be more than one way to express a vector in V
as a linear combination of vectors in a spanning set. This section will focus on the
conditions under which each vector in V' is expressible as a unique linear combination
of the spanning vectors. Spanning sets with this property play a fundamental role in
the study of vector spaces.

Definitions If S = {v;,v,...,v,.} is a nonempty set of vectors, then the vector

equation \4
U

kivi+ kove 4 -+ - + kv =

has at least one solution, namely e
\Not

If thls@t(eaysolutlon t ag@d a linearly independent set. If there are

other solutions, then S is called a linearly dependent set.

Examples

1. If vi = (2,-1,0,3),v2 = (1,2,5,—1) and v3 = (7,—1,5,8), then the set of

vectors S = {vi,Va,vs} is linearly dependent, since 3vy + va — vz = 0.
2. The polynomials
pi1=1—x p2=5+32—22% pg=1+3z—2a°
form a linearly dependent set in P, since 3p; — p2 + 2p3 =0

3. Consider the vectors i = (1,0,0),j = (0,1,0),k = (0,0,1) in R3. In terms of

components the vector equation

ki + koj + ksk =

17



becomes

k1(1,0,0) + k2(0,1,0) + k3(0,0,1) = (0,0,0)

or equivalently,

(K1, k2, k3) = (0,0,0)

Thus the set S = {i,j, k} is linearly independent. A similar argument can be

used to extend S to a linear independent set in R".
4. In Msy3(R), the set

1 -3 2 -3 7 4 -2 3 11

4 05) \ 6 -2 7]\ -1 -3 2 u\(
is linearly dependent since \ ‘C
2s\C

1 -3 2 Sgl 000
—4 0 5 (OX;(\ -7 2 00 0
q(%&’ two theore@ @@q@te sunply from the definition of linear inde-
pendence and linear dependence.

Theorem 1.8. A set S with two or more vectors is:

(a) Linearly dependent if and only if at least one of the vectors in S is expressible

as a linear combination of the other vectors in S.

(b) Linearly independent if and only if no vector in S is expressible as a linear

combination of the other vectors in S.
Example

1. Recall that the vectors

vy =(2,—-1,0,3), va = (1,2,5,—-1), vz = (7,—1,5,8)

18



Example Let S = {i,j}, U = {i,2j} and V = {i +j,j}. Let the sets S,U and V be
three sets of basis vectors. Let P be the point i + 2j. The coordinates of P relative

to each set of basis vectors is:

S — (1,2)
U—(1,1)
T — (1,1)

The following definition makes the preceding ideas more precise and enables the
extension of a coordinate system to general vector spaces.

Definition

e If V is any vector space and S = {vy,Vva,..., vy} is a set of V@(@i{l\ﬂ%@ﬂ
S is called a basis for V' if the following two COé%@_\]&:‘

_— ol
(a) S is linearly mde;zén(deém N O_‘ 69

® 5 e e 2V
A B&X is the vector spag g@égization of a coordinate system in 2-space and

3-space. The following theorem will aid in understanding how this is so.

Theorem 2.1. If S = {vy,Va,...,Vn} is a basis for a vector space V', then every
vector v in V' can be expressed in the form v = c¢;vy + cavg + -+ - + ¢,V in ezactly

one way.

Proof. Since S spans V, it follows from the definition of a spanning set that every
vector in V' is expressible as a linear combination of the vectors in S. To see that
there is only one way to express a vector as a linear combination of the vectors in .5,

suppose that some vector v can be written as
V =CVy+CVay+-:+C,Vpn

and also as

v=Fkvi+kyva+---+k,Vn

21



(a) Every set with more than n vectors is linearly dependent.
(b) No set with fewer than n vectors spans V.

Proof. (a) Let 8" = {wy,wa,..., W} be any set of m vectors in V', where m > n.
It remains to be shown that S’ is linearly dependent. Since S = {v1,va,...,Vy}
is a basis for V', each w; can be expressed as a linear combination of the vectors
in S, say:

W1 = A11V1 + A21V2 + -+ Gp1Vn
W2 = A12V1 1+ A22Va + 4 Gp2Vn
cO uk
Wm = A1mVi + QGomVe + - +a \e_
So

To show that S’ is linearly dependenwé@ 1, ko, .. q must be found, not

all zero, SUC}‘I that -‘( Om Ar
\,\e\N k1W1 @z l kmwm =0
prer ™ pa

combining the above 2 systems of equations gives
(k1ai1 + kearo + - - + kmaim)va
+ (krag1 + kaaga + + -+ + kinGom) V2

+ (klanl + k2an2 + -+ kmanm)vn =0

Thus, from the linear independence of S, the problem of proving that S’ is a
linearly dependent set reduces to showing there are scalars ki, ks, ..., k,,, not

all zero, that satisfy
anky + argks + -+ - + aymky, =0

CL21]{31 + (12211‘2 + -+ CLkaJm =0
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Examples

1. Let A be an m x n matrix, and B be an n X p matrix, then AB is an m X p

matrix. Also Ty : F* — F™, and T : FP — F™ are both linear transformations.

Then
TA [©] TB = TA<TB (X))
= ABx
= (AB)x
= TAB(X)
where x € FP. And therefore Ty o Tg = Typ : FP — F™. O U\(

2. If V has a basis f = {vy,ve}and T : V _){e%&\ transformatlon given

by ﬁ(oﬂ'\w ‘69

+ 3V2

preV\eT oage T

To find T o T'(—vy 4 3va) takes two steps as shown below.

T(—Vl + 3V2) = —T(Vl) + 3T(V2)
= —2V1 — 3V2 + 3<—7V1 + 8V2)

= —23V1 + 2]_V2
Hence

ToT(—vi+3ve) = T(—23vy+ 21vy)
= —23T(V1) + 21T(V2)
= —23(2V1 + 3V2) + 21(—7V1 + 8V2)

= —193vy1 + 99v4
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Example
Let Abem xn and let T'=T4. Then Ty : F" — F™. Let {ej1,ea,...,e,} be the

standard basis for F”. Then by the previous theorem it can be stated

Im(Ta) = span(Ta(ei),Ta(ez),...,Ta(en))
= span(Aey, Ae,, . .., Aey,)
= span(coly(A), coly(A), ..., col,(A))

4.4 Rank and Nullity

Definitons If 7 : U — V is a linear transformation, \(

e the dimension of the image of T is called the rank o\earﬁlgenoted by

rank(7"), NO"GS
e the dimension Of\ﬁ lﬁ(e@ﬁ\ed th ul@& f@ nd is denoted by nul-

srevie oage &

Example

e Let U be a vector space of dimension n, with basis {u;,us,...,u,}, and let

T :U — U be a linear transformation defined by
T(uy) =us,T(uz) =ug, -, T(up_1) =uy and T'(u,) =0
Find bases for ker(T) and Im(T) and determine rank(7") and nullity (7).

Theorem 4.6. If T : U — V is a linear transformation from an n-dimensional vector

space U to a vector space V', then
rank(T) + nullity(T) = dim(U) = n

Proof. The proof is divided up into two cases.
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1. (a) the vectors uy,us,. .., ug defined by
Uj = .’I?lel + xng2 + -+ LUnjVn

will be a basis for the kernel of T.

(b) the vectors T(Ve,), T(Vey), - - -, T(ve,) form a basis for the image of T.

2. If N(A) = {0}, then ker(T) = {0}
If C(A) = {0}, then Im(T) = {0}

3. Thus it follows that rank(T') = rank(A) and nullity(T') = nullity(A).

o8



A corollary to our result is that for a vector space V' over F, V is isomorphic to
F™ if and only if dim(V') = n.

This formalises our association of n dimensional vector spaces with F"™ as I hinted
at when we looked at standard bases.

Another consequence is that we can associate £(V, W) with M,, .

4.9 Change of Basis

A basis of a vector space is a set of vectors that specify the coordinate system. A
vector space may have an infinite number of bases but each basis contains the same
number of vectors. The number of vectors in the basis is called the dimensio he
vector space. The coordinate vector or coordinate matrix o@@inge)s with

any change in the basis used. If the ba81s for a a s Changed from some
old bases  to some new bases 7, hw coo { ctor [v]s of a vector
v related to the gew d1 ( ctor th@ wing theorem answers that
oxeVieY 5 a0e ®

Theorem 4.10. If the ba,szs for a wvector space is changed from some old basis =
{ui,uz,...,uy} to some new basis v = {v1,Va,...,vn}, then the old coordinate
vector [w|g is related to the new coordinate vector [w|, of the same vector w by the

equation

where the columns of P are the coordinate vectors of the old basis vectors relative to

the new basis; that is, the column vectors of P are

[u1]77 [u2]w SR [un]v
P s called the change of basis matrix or the change of coordinate matrix.

Proof. Let V' be a vector space with a basis § = {uy,uz,...,u,} and a new basis
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v =A{v1,Va,...,vp}. Let w € V. Therefore w can be expressed as:

W = aiUuy + asug + - -+ + a,Up
Thus we have
[W]ﬂ = (alu ag, ... 7an)

As 7y is also a basis of V' the elements of 3 can be expressed as follows
U3 = P11Vi +pP21vVe + - + PpiVn

Uz = P12V1 + P2oVae + -+ + PpoVn

Un = Pin'V1 + PanV2 + -+ PnnVn

\e.CO
Combining this system of equations with tﬁb&@% on for w gives

S %ﬁ(@m@g o +@ﬁn)69
P 't e\, \ewr(@a@@6§pgnan)vz+

+(pn1a1 + Pn2G2 + -+ pnnan)vn+

and thus it can be seen that

P11a1 + P12G2 + - -+ + Piply

P21G1 + P22to + - - -+ Popy
[W]v = .

| Pn1a1 + Pn2G2 + -+ Prnnln

which can be written as

P11 P12 - Pin a1
D21 P22 - Don Q2
[W]7 =
L Pn1t Pn2 - DPnn 1L (07% |
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