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Figure 1.5: The direction cosines are cosines of the angles shown.

It is MUCH more easily remembered in terms of the (pseudo-)determinant

i ]k
axb= di dp as
by by, bs

uk

where the top row consists of the vectors 1, J, k rath qﬁ@lérs.

. 1t follows that a x a = 0.

Since a determinant with two equal row
It is also easily verified that (a xb);

that a x b is orthogonal

(perpendlcular to both a hown in
Note that 7 x = I a kk%:p
The m@‘ fthe Vv ct can be obtained by showing that

la x b|?>+ (a-b)?
from which it follows that
lax b| =absinf

which is again independent of the co-ordinate system used. This is left as an
exercise.

Unlike the scalar product, the vector product does not satisfy commutativity but
Is in fact anti-commutative, in that a x b = —b x a. Moreover the vector product
does not satisfy the associative law of multiplication either since, as we shall see
later a x (b x c) # (a x b) x c.

Since the vector product is known to be orthogonal to both the vectors which form
the product, it merely remains to specify its sense with respect to these vectors.

Assuming that the co-ordinate vectors form a right-handed set in the order 7], k
it can be seen that the sense of the the vector product is also right handed, i.e
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2.1.4 Vector triple product

This is defined as the vector product of a vector with a vector product, ax (b x c).
Now, the vector triple product a x (b x ¢) must be perpendicular to (b x c), which
in turn is perpendicular to both b and c. Thus a x (b x ¢) can have no component
perpendicular to b and ¢, and hence must be coplanar with them. It follows that
the vector triple product must be expressible as a linear combination of b and c:

ax(bxc)=XAb+puc.

The values of the coefficients can be obtained by multiplying out in component
form. Only the first component need be evaluated, the others then being obtained
by symmetry. That is

(ax (bxc)); = axbxc)s—as(bxc)
= 82(b1C2 — b2C1) + 83(b1C3 — b3C1)
(aQCQ + 83C3)b1 — (agbz + a3b3)C1
(arc1 + a2 + ascz) by — (arby + axbo + asbs)cy

= (a-c)by —(a-b)g \(

The equivalents must be true for the 2nd and 3rd c%\ e;@Qo we arrive at the

identity te
ax(bxc)=(a- c)b‘ @)mgoo“ ’LO’L

\,\
P ( e ag?l n arbitrary direction

K >

ax (bx c)

Figure 2.2: Vector triple product.

2.1.5 Projection using vector triple product

An example of the application of this formula is as follows. Suppose v is a vector
and we want its projection into the xy-plane. The component of v in the z

direction is v - k, so the projection we seek is v — (v - k)k. Writing k < a, v < b,
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~

k + c,

ax(bxc) = (a-c)b—(a-b)c
oo - o
kx(vxk) = (k-k)v—(k-v)k
= v—(v-k)k
Sov—(v-k)k=kx (vxk).
(Hot stuff! But the expression v — (v - k)k is much easier to understand, and
cheaper to compute!)

2.1.6 Other repeated products

Many combinations of vector and scalar products are possible, but we consider only
one more, namely the vector quadruple product (a x b) x (c x d). By regarding
a X b as a single vector, we see that this vector must be representable as a linear
combination of c and d. On the other hand, regarding ¢ x d as a single vector, we
see that it must also be a linear combination of a and b. This provides aynppeans
of expressing one of the vectors, say d, as linear combination of th \Mree,

as follows: \
(axb)x(cxd) = [(axb)-d @K %a
- [(c Yﬁ)dﬁ\ d) ,{)]AL()'Z
Hence 20
(a x b)Pc]‘i ~ [(b x c) @ﬁQc xa)-d]b+[(axb)- dlc

[(bxc)-dla+[(cxa)-d/b+[(axb)-d]c
[(a x'b)-c]

This is not something to remember off by heart, but it is worth remembering that
the projection of a vector on any arbitrary basis set is unique.

or

d=

= aa+0Cb+yc .

& Example

Q1 Use the quadruple vector product to express the vector d = [3, 2, 1] in terms
of the vectorsa=11,2,3], b=1[2,3,1] and c = [3, 1, 2].

A1l Grinding away at the determinants, we find
[(axb)-c] =-18; [(bxc)-d]=6; [(cxa)-d =-12; [(axb)-d] =-12
So,d=(—a+2b+2c)/3.
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2.2.2 The shortest distance from a point to a line

Referring to Figure 2.5(a) the vector p from c to any point on the line is p =
a-+ b —c = (a—c)+ Ab which has length squared p? = (a — ¢)? + A\? +2X(a —
c)-b . Rather than minimizing length, it is easier to minimize length-squared. The
minumum is found when d p?/dX = 0, ie when

A=—(a—c)-b.
So the minimum length vector is
p=(a—c)—((a-c)-b)b.

You might spot that is the component of (a—c) perpendicular to b (as expected!).
Furthermore, using the result of Section 2.1.5,

p=bx[(a—c)xb].

Because b is a unit vector, and is orthogonal to [(a — c) x b], the modulus of the
vector can be written rather more simply as just

Pmin = |(a—c) X Bl :

Figure 2.5: (a) Shortest distance point to line. (b) Shortest distance, line to line.

2.2.3 The shortest distance between two straight lines

If the shortest distance between a point and a line is along the perpendicular, then

the shortest distance between the two straight lines r = a+ \b and r = ¢ + ud
must be found as the length of the vector which is mutually perpendicular to the
lines.

The unit vector along the mutual perpendicular is
p=(bxd)/bxd.
(Yes, don't forget that b x d is NOT a unit vector. b and d are not orthogonal,
so there is a sin @ lurking!)
The minimum length is therefore the component of a — c in this direction

Pmin = |(@a—c) - (b xd)/|bxd]| .
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3.5 Rotating systems

Consider a body which is rotating with constant angular velocity w about some
axis passing through the origin. Assume the origin is fixed, and that we are sitting
in a fixed coordinate system Oxyz.

If pis a vector of constant magnitude and constant direction in the rotating system,
then its representation r in the fixed system must be a function of t.

r(t) = R(t)p

At any instant as observed in the fixed system

dr :
— =R R(
gt~ "PERP

but the second term is zero since we assumed p to be constant so we have

— =RR'
dt f

Note that: CO .
sa\e
e dr/dt will have fixed magnltude te

o dr/dt will always\ﬁ p%(p@m t ﬁxéegotatlon
. dr?t(v@\,a\ h d?ﬁ {?"

e r(t) will move in a ptane in the fixed system.

ose constraints;
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3.5.2 Rotation 3: Instantaneous acceleration

Our previous result is a general one relating the time derlvm vector in
rotating and non-rotating frames. Let us now consmﬁ\ d differential:

F=wxr+wxr+Rp+Rp NO‘GS

(Ol g
\a/\r/fj ssfgags(slg%thé\‘qéxr 6%@2?“ zefo WhICh kills off the first term,

¥ wXx (wxr+Rp)+Rp+Rp

= wx (wWxr)+wxRp+Rp+Rp
wx (wxr)+wxRp+RR'R)p+Rp
= wX (wxr)+2wx (Rp) +Rp

The instantaneous acceleration is therefore

F = Ro+ 2w x (Rp) + wXx (wxr)

e The first term is the acceleration of the point P in the rotating frame mea-

sured in the rotating frame, but referred to the fixed frame by the rotation
R

e The last term is the centripetal acceleration to due to the rotation. (Yes! Its
magnitude is w?r and its direction is that of —r. Check it out.)
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last term is the centripetal acceleration resulting from the rotation of the
sphere. The middle term is the Coriolis acceleration.

Using Fig. 3.2, at some instant t
r(t) = p(t) = rcos(yt)m + rsin(yt)i

and

Then
Yx(yxp)=O-pY—"P=—7p=—7rT,
Check the direction — the negative sign means it points towards the centre

of the sphere, which is as expected.
Likewise the last term can be obtained as

w X (W xr) = —wrsin(yt)h
Note that it is perpendicular to the axis of rotation m, and because of the

minus sign, directed towards the axis)
The Coriolis term is derived as: \e CO .

2Wwxp = 2w x (yxp) teSa
0 Oﬁy )
A
P( = 2w r@s’ )

Instead of a projectile, now consider a rocket on rails which stretch north
from the equator. As the rocket travels north it experiences the Coriolis force
(exerted by the rails):

2 ¥ w Rcosvyt )
+ve -ve +Hve +ve

Hence the coriolis force is in the direction opposed to £ (i.e. in the opposite
direction to the earth's rotation). In the absence of the rails (or atmosphere)
the rocket's tangetial speed (relative to the surface of the earth) is greater
than the speed of the surface of the earth underneath it (since the radius
of successive lines of latitude decreases) so it would (to an observer on the
earth) appear to deflect to the east. The rails provide a coriolis force keeping
It on the same meridian.

Revised Oct 2013
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at point r and the instantaneous displacement along curve C is dr then the
infinitessimal work done i1s dW = F.dr, and so the total work done traversing
the path is

WC = / F.dr
C

e Ampere’s law relating magnetic field B to linked current can be written as

j(I{ B.dr = ugl
C

where | is the current enclosed by (closed) path C.

e The force on an element of wire carrying current /, placed in a magnetic field
of strength B, is dF = Idr x B. So if a loop this wire C is placed in the field
then the total force will be and integral of type 3 above:

F:/]{dpr
C

Note that the expressions above are beautifully compact in vector notatioq‘%\ﬁd are

all independent of coordinate system. Of course when ev e need
to choose a coordinate system: often this is the sta%}a&b |an coordinate
system (as in the worked examples below) uﬁ% e, as we shall see in
section 4.6. ﬁ

& Examples e\l\l A_6 O“

Q1 An exan?e“@t\’e Xy- pl@@@ e F = x°yi 4+ xy?J acts on a body as it
moves bétween (0,0) and¥(1
Determine the work done when the path is

1. along the line y = x.
2. along the curve y = x", n > 0.
3. along the x axis to the point (1,0) and then along the line x = 1.

A1l This is an example of the “type 2" line integral. In planar Cartesians, dr =
1dx +Jdy. Then the work done is

/F-dr = /(Xzydx+xy2dy) .
L L

1. For the path y = x we find that dy = dx. So it is easiest to convert all
y references to x.

x=1

(1,1) x=1 B
/ (x2ydx+xy*dy) = / (x°xdx+xx>dx) = / 2x3dx = [x4/2|§;(1) =1/2.
(0,0) x=0 x=0
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in (eg) x while keeping y and z constant would result in a displacement of

ds = |dr] = Vdr.dr = \/dx2+ 0+ 0 = dx

But in cylindrical polars, a small change in ¢ of d¢ while keeping r and z constant
results in a displacement of

ds = |dr| = \/r?(d¢)? = rd¢

Thus the size of the (infinitessimal) displacement is dependent on the value of r.
Factors such as this r are known as scale factors or metric coefficients, and we
must be careful to take them into account when, eg, performing line, surface or
volume integrals, as you will below. For cylindrical polars the metric coefficients
are clearly 1, r and 1.

Example: line integral in cylindrical coordinates

Q Evaluate §-a- dl, where a = x3j — y3i+ x2yk and C is the circle of radius r
in the z = 0 plane, centred on the origin.

A Consider figure 4.5. In this case our cyllndrlcal c f Ctively reduce
to plane polars since the path of integratio ‘|n the z = 0 plane, but

let’'s persist with the full set of ﬂg the k component of a
will play no role (it is por m ﬁon and therefore cancels
as seen below). W % 8 6?) O¥ VK,@
O%f@g’%\@ terest 9

a=r}—sin’¢ +c ¢j + cos® psin k)
and (since dz = dr = 0 on the path)

dr = r do é
= rd¢(—sin i+ cos @)

so that

3m ,

2T
]{a dr = / r*(sin* ¢ + cos* ¢)dp = ——r
C 0 2

since

2 2
/ sin* pdp = / cos* pd¢p = Sul
0 0 4
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The metric coefficients are therefore h, = \%\, h, = %\ and h,, = |§—V';
A volume element is in general given by
dv = h,dué,.(h,dvé, x h,dwé,)
and simplifies if the coordinate system is orthonormal (since &,.(é, x &,) = 1) to
dVv = hy,h,h, dudvdw
A surface element (normal to constant w, say) is in general
dS = h,dué, x h,dvée,
and simplifies if the coordinate system is orthogonal to
dS = hyh,dudve,

4.6.4 Summary

To summarise:

General curvilinear coordinates \(

x = x(u,v,w), y=y(u,v, W) a&%)

r:X(uvw)l (uvw)
el s
ﬁgel or & 1 Or

Cu = h au’ & h, v’ h_W@_W

dr = h,duti+ h,dvVv + h, dww

dvV = hyh,h,dudvdw G.(V x W)

dS = hyh,dudv i x v (for surface element tangent to constant w)

(=
I

Plane polar coordinates

X = rcos9, y =rsiné

r = rcosfi+ rsinfj

h, = 1, hy =r

& = cosfi+sinbj, €y = —sinf1+ cos )

dr = dré, + rdféy
dS = rdrdok




Lecture 5

Vector Operators: Grad, Div and Curl

In the first lecture of the second part of this course we move more to consider
properties of fields. We introduce three field operators which reveal interesting
collective field properties, viz.

e the gradient of a scalar field,
e the divergence of a vector field, and \(

e the curl of a vector field. CO'
th | of tor field esa\e.

There are two points to get over aboﬂ@t

e The mechanics of t kgxﬁq}d, | ob‘ﬁrl,’}ogv%ch you will need to brush
Mbj calc 6%

up your mul '\ve ulus.,
° Ti?lx]@};ng phy@%ﬁng — that is, why they are worth bothering

about.

In Lecture 6 we will look at combining these vector operators.

5.1 The gradient of a scalar field

Recall the discussion of temperature distribution throughout a room in the overview,
where we wondered how a scalar would vary as we moved off in an arbitrary direc-
tion. Here we find out how.

If U(x,y,z) is a scalar field, ie a scalar function of position r = [x,y,z] in 3
dimensions, then its gradient at any point is defined in Cartesian co-ordinates by

ou., ou ., ouU ~
gradU—al + 3y + Ek'

It is usual to define the vector operator which is called “del” or “nabla”

. 0 . 0 ~ 0

63
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Then
gradU = VU .

Note immediately that VU is a vector field!

Without thinking too carefully about it, we can see that the gradient of a scalar
field tends to point in the direction of greatest change of the field. Later we will
be more precise.

& Worked examples of gradient evaluation

1. U=x?

= xX+y +2° u\(
= VU = (%7 — %“ - %l?)(x2+yéﬁe.co'
= 2X7+2y]+2zlA(m ?\\OE?,\O‘Z

vO
3.U=c-r, w?;e\c,"@w;t. - e 6A‘ ot =~

d 0 ?9 o
= VU = la—X + J@ %(c1x+c2y+c3z)_c11+c2/+c3k—c .

4. U= f(r), where r = /(x2+ y2 + z2)
U is a function of r alone so df /dr exists. As U = f(x, y, z) also,

of _ dfor of _dfor of _ dfor
Ox  drox Oy  drdy 0z drdz
of,., Of, Of. df (Or,. Or,. Or,

But r = \/x2 + y?2 4+ 72, so Or/0x = x/r and similarly for y, z.

L vy df (X/I\—l-y_,j\—FZIA() _df (£>

Cdr r T dr \r
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Figure 5.1: The directional derivative

5.2 The significance of grad

If our current position is r in some scalar field U (Fig. 5.1) ar@\é move an
infinitesimal distance dr, we know that the change m‘Jé C

dU = —dx + —dy —dz NOtesa.z
But we know t ?\l\l @é %dg“an}vu = (1oU/ox + jou/oy +

k@U/@@ fc@h also given by the scalar product

dU=VU-dr.
Now divide both sides by ds

du dr

_ U. —

ds =V ds

But remember that |dr| = ds, so dr/ds is a unit vector in the direction of dr.

This result can be paraphrased as:

e gradU has the property that the rate of change of U wrt distance in a
particular direction (d) is the projection of gradU onto that direction
(or the component of gradU in that direction).

The quantity dU/ds is called a directional derivative, but note that in general it
has a different value for each direction, and so has no meaning until you specify
the direction.

We could also say that
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7.7 An Extension to Stokes’ Theorem

Just as we considered one extension to Gauss' theorem (not really an extension,
more of a re-expression), so we will try something similar with Stoke's Theorem.

Again let a(r) = U(r)c, where c is a constant vector. Then
curl @ = Ucurl c+grad U X c)

Again, curl c is zero. Stokes' Theorem becomes in this case:

%U(c-dl):/(gradch-dS:/c-(degrad U)
C S s

or, rearranging the triple scalar products and taking the constant c out of the
iIntegrals gives

c-%UdI:—c-/gradedS .
C s

But c is arbitrary and so \4

fc Udl = — /S grad U x dS N()tesa\e .

(o _5r1°
7.8 @E@qﬁ%\w jxteg@% Stokes’ Theorem

Q Derive ¢-Udr (i) dlrectly and (ii) using Stokes’',
where U = x° + y? 4 z? and the line integral is taken
around C the circle (x — a)?> + y? = a° and z = 0.

Note that, for no special reason, we have used dr
here not dl.

A(i) First some preamble.

If the circle were centred at the origin, we would write dr = adbéy =
ad@(—sin 01+ cos@)). For such a circle the magnitude r = |r| = a, a constant
and so dr = 0.

However, in this example dr is not always in the direction of &g, and dr # 0.
Could you write down dr? If not, revise Lecture 3, where we saw that in plane
polars x = rcos@, y = rsin@ and the general expression is

dr = dxi1+ dyj = (cosOdr — rsin8d6)i+ (sinfdr + r cos0db)j



Lecture 8

Engineering applications

In Lecture 6 we saw one classic example of the application of vector calculus to
Maxwell’s equation.

In this lecture we explore a few more examples from fluid mechanics and heat
transfer. As with Maxwell's eqgations, the examples show how vector calculus
provides a powerful way of representing underlying physics.

The power come from the fact that div, grad and curl ha ¥icance or
meaning which i1s more immediate than a coIIectlo @1 r‘lvatlves Vector
calculus will, with practice, become a conve d for you

e Electricity — Ampere
Fluid Mec@ @\I\‘h?‘sg?t@ @%Jaqon l
Th?rXoeThe Heat@agmn Equation

Mechanics/Electrostatics - Conservative fields

The Inverse Square Law of force

Gravitational field due to distributed mass

Gravitational field inside body

Pressure forces in non-uniform flows

95
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8.2 Fluid Mechanics - The Continuity Equation

The Continuity Equation expresses the condition of conservation of mass in a
fluid flow. The continuity principle applied to any volume (called a control volume)
may be expressed in words as follows:

“The net rate of mass flow of fluid out of the control volume must equal
the rate of decrease of the mass of fluid within the control volume”

dS

Control Volume V \ CO \)\‘

Figure 8.1

NOLeS

To express the above as a ma t| uatio note the velocity of the
fluid at each pomt of th (x ?& fi and the density by p(r) (a
scalar field). T @)j\ﬁ 0 rate e-Ioss through surface dS is dV = q-dS,
SO the s 0SS

d/\//—pq

so that the total rate of mass loss from the volume is

0
—a/vp(r)dv—/qu-ds.

Assuming that the volume of interest Is fixed, this is the same as

/—dV /,oq-dS.
S

Now we use Gauss' Theorem to transform the RHS into a volume integral

/—dV /Vdiv (pq)dV .

The two volume integrals can be equal for any control volume V only if the two
integrands are equal at each point of the flow. This leads to the mathematical
formulation of
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8.5 The Inverse Square Law of force

Radial forces are found in electrostatics and gravitation — so they are certainly
irrotational and conservative.

But in nature these radial forces are also inverse square laws. One reason why this
may be so is that it turns out to be the only central force field which is solenoidal,
I.e. has zero divergence.

If F=f(r)r,
div F=3f(r)+ rf'(r).

For div F = 0 we conclude

df
r +3f =0
or
AL
- :
Integrating with respect to r gives fr3 = const = A, so that 0 \(
A A ae-C
r3’ r2’ teS

The condition of zero divergence ﬁ@ squar, Qrc@@%pplies everywhere
except at r =0, where-té\cN e IS | @é 6

To show this N’ out aI X out of a sphere of radius R centered
AR AL U

on the origin

/F-dS:F/ f-dS:F/ d = F4mR? = 41 A = Constant.
S Sphere Sphere

Gauss tells us that this flux must be equal to

R
/div FdV:/ div F4mridr
4 0

where we have done the volume integral as a summation over thin shells of surface
area 4mr? and thickness dr.

But for all finite r, divF = 0, so divF must be infinite at the origin.
The flux integral is thus
e zero — for any volume which does not contain the origin

e 41A for any volume which does contain it.



