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1 -2 0 -2 0 1
=3 - +1
3 4 1 4 1 3
=3(4+6)-2(0+2)+1(0-1)
=30-4-1
|A| =25
1 -2 2 1 0 1
(b) |A| =3 -0 +1
3 4 3 4 1 3
:3(4+6)+1(—4—1)
=30-5
|A| =25

9.7 Properties of the Determinant: u
The following properties of determinants are frequently\éulﬁo

their evaluation: @_

1. Interchanging the corresponding (e&u ns of a
determinant does not chan “ A D). For
example, con&deradeﬁ‘hér“(\

P( @M = la, ? ................... 1)

= a1(b2C3 — b3C2) b1(3.2C3 — 61302)+ Cl(azb3 — a3b2) (2)
Now again consider

4 a ag
|B] =b; b, by
Ci C GC3
Expand it by first column
|B| = 8.1(sz3 — bng) — b1(8.2C3 — agcz) + Cl(azbg — agbz)
which is same as equation (2)
a, b ¢
S0 Bl=la, b, ¢,
ag by ¢4
or  [B[=]A]

2. If two rows or two columns of a determinant are interchanged, the
sign of the determinant is changed but its absolute value is
unchanged.

For example if
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a b ¢
Al = a, b, ¢,
ag by cj

ka, kb; ke,

Consider a determinant, |B|=|a, b, ¢,
a3 by ¢c3
|B| = kal(b2C3 - b3C3) - kbl(azcg - 8.302) + kCl(azbg - agbz)
= k(al(bzcg — b3C3) — b1(3.2C3 — a3C2) + C1(a2b3 — agbz))
b ¢

So Bl =kfa, b, ¢, CO ‘\)\4

a; by ¢ a\e
Or |B] = K|A| 9 GS
6. The value of a determlnant h each el Qof any

row or of any colu n or su ac@% onstant
multiple oi“&e&@yﬁ]‘sp ndlng eIe en r row or column.
b,

a2 Cz
az by c;
Consider a matrix,
a,; +ka, b;+kb, c;+kc,
Bl = a, b, Cy
dg bs C3
= (al+ka2)(szgfbng)f(b1+kbz)(8.2C3*8.3C2)+(C1+kC2)(azbgfagbz)
= [al(b2C3— b3C2) —b1(32C3— 83C2) +C1(3.2b3 — agbz)]
= [kaz(szgf b3C2) fkb2(3.2C3 — 8.302) +kCz(azb3 — a3b2)]

a b ¢ a, b, ¢
=la, b, c,/+kla, b, c,

ag by ¢ az by c;
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9.8  Solution of Linear Equations by Determinants:
(Cramer’s Rule)
Consider a system of linear equations in two variables x and y,

ax + by =c¢; 1)
arxX + bzy =C (2)
Multiply equation (1) by b, and equation (2) by b; and subtracting,
we get
X(a1b2 - a2b1) = b2C1 - b1C2
b,c, —b,C
— 27 1~2 (3)
b, —a,b,
Again multiply eq. (1) by a; and eq. (2) by a; and subtracting, we
get

y(azby —aih,) = axcy — aic; \ e
y= a6 —aCy NO‘. 53- ’

a,b, —a,b
m £ AO

\,) and y g%\ 2 and (4) has the same

denomf¥natdr albz — aghs. So m of equations (1) and (2) has
solution only when a;b, —azb; # 0

The solutions for x and y of the system of equations (1) and (2) can
be written directly in terms of determinants without any algebraic
operations, as

¢ b a G
c, b a, C
x= 2—2 andy= 22
a by a, b
a, b a, b
This result is called Cramer’s Rule.
a
Here | * = |A| is the determinant of the coefficient of x and y
a; Dy
in equations (1) and (2)
Cy

If = |A|

) bz
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o | S

Hence AB=BA =1

7 3
and therefore B=A"=
2 1

Example 10: Find the inverse, if it exists, of the matrix.

0 -2 -3
vl oo

Solution: \,@5

|A|=0+2 (-2 +3) - 3(-2 + 3)

Cofzictc)lf\(l)f AT ;rtle_l " {mi& ® 0 O_" ACO
A1 \, \e A12 3 ﬁlf% _
Re pag s

Matrix of transpose of the cofactors is

0 2 3
adjA=C'=|-1 -3 -3
1 2 2
So
0 2 3
Al iadJA—i -1 -3 -3
Al -1
1 2 2
0 -2 -3
Al=11 3 3

-1 -2 -2
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Q.5  Find the solution set of the following system by means of matrices:

Q) 2x -3y =-1 (i) X+y=2 (i) x-2y+z =-1

X+4y=5 2Xx-z=1 X+y-22=4
2y—-3z=-1 y-z =1

(iv) —4x+2y-9z=2 (v) X+y-22=3

3X+4y+z =5 X-y+z=0

X—-3y+2z=8 3X+3y—-62=8

Answers 9.3 \(

Q1 (i) Non-singular (i) Singular

(i)  Singular CO U

(ili)  Symmetric

Qs () 8 \Ng“ (n ﬁ3A04
e\ yag 5 5 s

Q2 ()  Symmetric (ii) W @ﬁa\

Q.4 (i) (ii) |—1 -3 —3] (iii) T "5 1o

1 2 2

~NIN N

(iv) A does not exist.

Q5 () {@n} ay {@ 1,1}y Gi) {1107}
(iv) {(7,-3,-49)} (v no solution
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2 3
__11. Value of m for which matrix {6 }is singular.
m

(a) 6 (b) 3 (c)8 (d)9

_12.1f [a;] and [b;] are of the same order and a;; = bj then the matrix

will be

(@) Singular  (b) Null (c) unequal  (d) equal
13. Matrix [ajj]mxn IS @ row matrix if:

@ i=1 (b)y j=1 (¢ m=1 (@) n=1
14, Matrix [Cijlmxn iS @ rectangular if:

(@) 1# ] (o) i=j (¢) m=n (@d) m-n=0
15. If A =[ajjJmxn is ascalar matrix if :

(a)ai,-:O Vi;ﬁj (b) aij:kVi:j

(€) aj=k Vi=#]j (d) (a)and (b) \e C
16. Matrix A= [a.,]mxn is an edentity matrlx if: a.

@ Vvi=j,a;= ‘.Q.J =

©Vi#j, a.,_o te%@ d) both(b) (A_O

17. Which matrix ayrl
(a) Dia é\ﬂNdentlty d) None
éa\?mxn then o P Q@
a) mxn (b) k (¢ kmxn (d) mxkn

19. (A-B)* = A*-2AB + B?, ifand only if :

o V¥

(@ A+B=0(b) AB-BA=0 (c) A>+B*=0 (d)(a)and c

20. If Aand B ARE symmetric , then AB =

(@ BA (b) A'B' (c) B'A (d) (a) and (c)
Answers
01 (Mc @a @3) d 4)a G)c  (6)c
Na (8)b 9) a 10)c  (11)d (12)d
(13)c (14) d  (15)d 16)d  (17)d (18) a

(19) b (20) d




