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B4 First

volumes sum to V. Then on one hand,
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—mr =V.
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On the other hand, the intersection of a ball of radius r
with the plane containing F' is a disc of radius at most r,
which covers a piece of F of area at most 7r?; therefore

n
Z 7”1'2 >A.
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By writingn as }! | 1 and applying Holder’s inequality,
we obtain
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vZ> 7 — A3
n _<;<3nrl) _97r

Consequently, any value of ¢(P) less than 96A3 works.

The answer is yes. We first note that for any collection
of m days with 1 < m < 2n — 1, there are at least m
distinct teams that won a game on at least one of those
days. If not, then any of the teams that lost games on
all of those days must in particular have lost to m other
teams, a contradiction.

If we now construct a bipartite graph whose vertices are
the 2n teams and the 2n — 1 days, with an edge linki

a day to a team if that team won their game o
then any collection of m days is con f at
least m teams. It folloyvs fr 1 ge Theorem

that one can matﬂl\ ys with 2n — 1 e
teams? (oen respective da

lution. We will show that the answer is yes.
First note that for all x > —1, ¢* > 1 +x and thus

x >log(1+x). ()

We next claim that a, > log(n+ 1) (and in particular
that a, —logn > 0) for all n, by induction on n. For
n = 0 this follows from @y = 1. Now suppose that
a, > log(n+1), and define f(x) =x+e™*, which is
an increasing function in x > 0; then

an+1 = f(an) > f(log(n+1))
=log(n+1)+1/(n+1) >log(n+2),

where the last inequality is (2) with x = 1/(n+1). This
completes the induction step.

It follows that a, —logn is a decreasing function in n:
we have

(ans 1 —log(n+ 1)) — (a, — logn)
=e “+log(n/(n+1))
<1/(n+1)+log(n/(n+1)) <0,

where the final inequality is (2) with x = —1/(n+1).

Thus {a, —logn};_, is a decreasing sequence of posi-
tive numbers, and so it has a limit as n — oo,
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Second solution. Put b, = ¢, so that by, | = bye'/?n.
In terms of the b, the problem is to prove that b, /n has
a limit as n — oo; we will show that the limit is in fact
equal to 1.

Expanding el/tn asa Taylor series in 1/b,, we have
bn+1 =b,+1+R,

where 0 < R, < ¢/b,, for some absolute constant ¢ > 0.
By writing
n—1
b,=n+e+ Z R;,
i=0

we see first that b,, > n+ e. We then see that

sa\e-.

that b, /n — 1 as n — oo.
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t:inark. This problem is an example of the general
principle that one can often predict the asymptotic be-
havior of a recursive sequence by studying solutions of
a sufficiently similar-looking differential equation. In
this case, we start with the equation a4+ —a, = e~ %,
then replace a,, with a function y(x) and replace the dif-
ference a, | — a, with the derivative y'(x) to obtain the
differential equation y’ = e, which indeed has the so-
lution y = log x.

B5 Define the function

f(x) = sup{xloggi(s) +loggs(s)}-

seR

As a function of x, f is the supremum of a collection of
affine functions, so it is convex. The function e/ @) is
then also convex, as may be checked directly from the
definition: for xj,x, € R and ¢ € [0, 1], by the weighted
AM-GM inequality

1ol @) (1 = f)ef(2) > ) +(1-1)1 (x2)
S o+ (1-0x)

For each t € R, draw a supporting line to the graph of
e/ at x = t; it has the form y = xh; (t) 4 hy(t) for some
hi(t),hy(t) € R. For all x, we then have

sup{gi(s)*g2(s)} = xh (1) + ha(1)

seR



