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2 The Definition

As I've already stated, | am assuming that you have seen complex numbers to this point and that
you're aware that i = /—1 and so i> = —1. This is an idea that most people first see in an algebra
class (or wherever they first saw complex numbers) and i = /-1 is defined so that we can deal
with square roots of negative numbers as follows,

V=100 = 1/(100) (—1) = V100 v—1 = v/100 i = 104

What I'd like to do is give a more mathematical definition of a complex numbers and show that i = —1
(and hence i = /—1 can be thought of as a consequence of this definition. We’ll also take a look
at how we define arithmetic for complex numbers.

What we’re going to do here is going to seem a little backwards from what you've probably already
seen but is in fact a more accurate and mathematical definition of complex numbers. Also note
that this section is not really required to understand the remaining portions of this document. It is
here solely to show you a different way to define complex numbers.

So, let’s give the definition of a complex number. O u\k
OV

Given two real numbers a and b we will define the complex nuﬁ\

Note that at this pomt we’ *tamne% ?ﬁz |Zi%|s point. The number a is called
in

the real part of 7\’1‘@ ber bis cal@ part of z and are often denoted as,

There are a couple of special cases that we need to look at before proceeding. First, let's take a
look at a complex number that has a zero real part,

Imz =15

z2=0+0bi="bi

In these cases, we call the complex number a pure imaginary number.
Next, let’s take a look at a complex number that has a zero imaginary part,
z=a+0i=a
In this case we can see that the complex number is in fact a real number. Because of this we can
think of the real numbers as being a subset of the complex numbers.

We next need to define how we do addition and multiplication with complex numbers. Given two
complex numbers z; = a+bi and z; = ¢+ di we define addition and multiplication as follows,
z1+2z=(a+c)+ (b+d)i
2129 = (ac — bd) + (ad + ¢b) ¢
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Complex Number Primer Arithmetic

Therefore, the multiplicative inverse of the complex number = is,

1 a b .
BGEET ®

As you can see, in this case, the “exponent” of —1 is not in fact an exponent! Again, you really
need to forget some notation that you've become familiar with in other math courses.

So, now that we have the definition of the multiplicative inverse we can finally define division of
two complex numbers. Suppose that we have two complex numbers z; and z, then the division of
these two is defined to be,

= (7)
In other words, division is defined to be the multiplication of the numerator and the multiplicative
inverse of the denominator. Note as well that this actually does match with the process that we
used above. Let’s take another look at one of the examples that we looked at earlier only this time
let’s do it using multiplicative inverses. So, let’s start out with the following division.

6+ 3i . o
10+8Z:(6+3z)(10+81) ! CO u\(

We now need the multiplicative inverse of the denomi gas\ng Equation 6 this is,

oy
KR SURN e
E 3 \,e tlpllcatl@ age 10 — 8 60 — 48i + 30i — 2442 21 9

(64 37) (10 +8i)" " = (6 + 34) 61 64 —5—8—2

Notice that the second to last step is identical to one of the steps we had in the original working of
this problem and, of course, the answer is the same.

As a final topic let’s note that if we don’t want to remember the formula for the multiplicative inverse
we can get it by using the process we used in the original multiplication. In other words, to get the
multiplicative inverse we can do the following

1 10-8 _ 10— 8

10+ 8i) ' = =
(10+8) = G0 sy M0 —8) 107 1 &

As you can see this is essentially the process we used in doing the division initially.
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Complex Number Primer Conjugate and Modulus

(b) 21— 29 =13 — 21 = 21— 29=13—20 =13+ 21

(€) 71 —Z2=5+i— (—8+31) =5—i—(~8—3i) =13 +2i

We can see that results from (b) and (c) are the same as the fact implied they would
be.

There is another nice fact that uses conjugates that we should probably take a look at.However,
instead of just giving the fact away let’s derive it. We’'ll start with a complex number z = a + bi and
then perform each of the following operations.

z24+%zZ =a+bi+(a—bi) z—-Z =a+bi—(a—0b)

Now, recalling that Re z = ¢ and Im z = b we see that we have,

z+z z—Z
Rez = Imz = 1
ez 5 mz 5 \XYL (13)
Modulus x CO
The other operation we want to take a look at |n &aﬂ modulus of a complex num-
ber.Given a complex number z = a + i t enotc;i@d and is defined by

,LWX_ @‘ (14)
Nohce‘\i?fr@‘n\ldulus of a ?@@%er is always a real number and in fact it will never be
negative since square roots alWays return a positive number or zero depending on what is under
the radical.

Notice that if z is a real number (i.e. z = a + 0i) then,
|2 = Va2 = [qf

where the | - | on the z is the modulus of the complex number and the | - | on the « is the absolute
value of a real number (recall that in general for any real number a we have Va2 = |a|).So, from
this we can see that for real numbers the modulus and absolute value are essentially the same
thing.

We can get a nice fact about the relationship between the modulus of a complex number and its
real and imaginary parts.To see this let's square both sides of Equation 14 and use the fact that
Re z = a and Im z = b.Doing this we arrive at

12]? = a® + b* = (Re 2)* 4 (Im 2)?
Since all three of these terms are positive we can drop the Im z part on the left which gives the
following inequality,

1z|* = (Re 2)? + (Im2)? > (Re 2)?
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Complex Number Primer Polar & Exponential Form

-

-1+

-1,1) Z=u+ b

(@)

by
I

In this interpretation we call the z-axis the real axis and the y-axis the imaginary axis. We often
call the zy-plane in this interpretation the complex plane.

Note as well that we can now get a geometric interpretation of the modulu S ‘Mﬁge above,
we can see that |z] = Va2 + b? is nothing more than the Ien f@ s¢tor that we're using to

represent the complex number z = a + bz This Sﬁ also tells us that the inequality
|z1| < |22| means that z; is closerto the |n plex’2 ) than z; is.

Polar Form
Let’'s now take \{h‘flrs alternat rm o@complex number. If we think of the non-zero
compl ij— a—+bi a? 9 in the zy-plane we also know that we can represent
this po by the polar coordi a here r is the distance of the point from the origin and 6

is the angle, in radians, from the positive z-axis to the ray connecting the origin to the point.

s ~

Z=o+ 5
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