
● Indeterminate forms can occur when the limit evaluation 
results in a fraction where the numerator and denominator 
both approach zero or infinity.

● The Squeeze Theorem and L'Hopital's rule can be used to 
evaluate limits in indeterminate forms.

Trigonometric Limits

● Trigonometric limits are limits that involve trigonometric 
functions and can be evaluated using the unit circle and 
various limit properties.

● The limit of a trigonometric function as the input approaches 
infinity or negative infinity can be studied using the unit circle.

Limits: Left and Right Sided

Trigonometric Ratios and Unit Circle

● Understanding of Trigonometric Ratios and their relationship with the Unit Circle

Limits and Infinity in Rational Functions

● Concept of limits and infinity in the context of rational functions

Rational function behavior

● Examining the behavior of rational functions as the input values approach certain 
values

Continuity of Functions
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● Understanding the concept of continuity in functions

Slope and Average Rate of Change: Difference Quotient

● Using the difference quotient to find the slope and average rate of change of a 
function

Properties of Trigonometric Functions

● Advanced understanding of the properties of trigonometric functions

Angle Measurement and Periodicity

● Measuring angles and understanding the periodicity of trigonometric functions

Unit Circle: Interpretation of Cosine and Sine

● Interpreting the Cosine and Sine functions using the Unit Circle

Rational functions and their graphs

● Graphing rational functions and understanding the effect of the polynomial on end 
behavior

Derivative Calculations

● Techniques for calculating derivatives

Limits and Secant Lines

● Using Secant lines to find limits
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● Understanding the concepts of horizontal and vertical asymptotes

Holes in rational functions

● Understanding the concept of holes in rational functions

Unit Circle Principles

● Fundamental concepts of the Unit Circle

Derivative and Slope

● Understanding the relationship between the derivative and the slope

Useful Rules for Derivatives

● Common and useful differentiation rules

Limits: Left and Right Sided

● Understanding the concepts of left-sided and right-sided limits

The effect of polynomials on end behavior

● Impact of the degree and leading coefficient of a polynomial on end behavior

Asymptotes in rational functions

● Understanding the concepts of asymptotes in rational functions
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● Analyzing the properties of a function through its graph

Applications to Real-life Contexts

● Using limits in real-life applications

Failure of Derivatives

● Cases where the derivative does not exist

Polynomial Derivatives

● Techniques for finding derivatives of polynomials

Trigonometric Functions: Cosine, Sine, and their properties

● Properties of Functions: Cosine, Sine, and properties

Polynomial Derivatives: Calculation Methods

● Calculating polynomial derivatives

Quadratic Equations: Solving and Identities

● Solving quadratic equations and working with quadratic identities

Trigonometric Identities: Pythagorean, Sum & Difference

● Understanding key trigonometric identities including Pythagorean, sum, and 
difference
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● Understanding the fundamental elements of angle measurements and their effect on 
periodically

Unit Circle: Interpretation of Cosine and Sine:

● Interpreting functions of cosine and sine as coordinates of points on the Unit Circle

Rational functions and their graphs:

● Graphing of rational functions and interpreting graphical properties relating to their 
asymptotes and general shapes

Derivative Calculations:

● Computing and applying the derivative of a function with respect to its argument

Limits and Secant Lines:

● Understanding and computing limits using secant lines

Asymptotes and Holes:

● Identifying and determining horizontal asymptotes and holes in rational functions

Rational Functions and Intermediate Value Theorem:

● Examining behavior of rational functions as applied to the Intermediate Value 
Theorem

Similarity between Sine and Cosine:

Preview from Notesale.co.uk

Page 12 of 138



Rational Expressions: Simplifying and Operations:

● Simplifying rational expressions and performing operations on them

Importance of Continuity:

● Examining the significance of continuity in real-life applications and advanced 
mathematical context

Limits and Series:

● Limits and Infinity in Rational Functions
● Continuity of Functions
● Rational function behavior
● asymptotes and holes in Rational Functions
● Slope and Average Rate of Change: Difference Quotient
● Limits and Secant Lines
● Constant Multiple Derivatives
● Continuity and Existence of Limits
● The effect of polynomials on end behavior
● Asymptotes in rational functions
● Limits: Left and Right Sided
● Limit Evaluation and Indeterminate Forms
● Rational Function Limits
● Asymptotic Behavior
● The Squeeze Theorem
● The effect of polynomials on end behavior
● Importance of Continuity

Properties of Trigonometric Functions:

● Trigonometric Ratios and Unit Circle
● Angle Measurement and Periodicity
● Unit Circle: Interpretation of Cosine and Sine
● Properties of Trigonometric Functions
● Tangent, Secant, Cotangent, and Cosecant Functions
● Graphing Trigonometric Functions
● Periodicity of Tangent
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● Trigonometric Limits
● Graphical Analysis of Functions
● Failure of Derivatives

Identities:

● Trigonometric Identities: Pythagorean, Sum & Difference

Expressions and Equations:

● Rational expressions: Simplifying and Operations
● Quadratic Equations: Solving and Identities

Derivatives:

● Derivative and Slope
● Seeking Function Derivatives
● Polynomial Derivatives
● Polynomial Derivatives: Calculation Methods
● Useful Rules for Derivatives

Horizontal and Vertical Asymptotes:

● asymptotes and holes in Rational Functions
● Asymptotes in rational functions
● Graphical Analysis of Functions
● The effect of polynomials on end behavior

Importance of Continuity:

● Continuity of Functions
● Continuity and Existence of Limits
● Importance of Continuity

Slope and Average Rate of Change:

● Slope and Average Rate of Change: Difference Quotient
● Derivative and Slope
● Seeking Function Derivatives
● Polynomial Derivatives: Calculation Methods
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● A polynomial is an expression consisting of variables and 
coefficients, involving operations of addition, subtraction, 
multiplication, and non-negative integer exponents.

● The degree of a polynomial determines its end behavior:
● Odd degree polynomials: as x approaches negative or 

positive infinity, the polynomial goes to negative or 
positive infinity, respectively.

● Even degree polynomials: as x approaches negative or 
positive infinity, the polynomial goes to positive or 
negative infinity, respectively.

Asymptotes in Rational Functions

● Vertical asymptotes occur at the values of x that make the 
denominator of a rational function equal to zero (provided the 
numerator is not also zero at that point).

● Horizontal asymptotes can be determined using the degree of 
the polynomial in the numerator and denominator:

● If the degree of the numerator is less than the degree 
of the denominator, the horizontal asymptote is y = 
0.

● If the degree of the numerator equals the degree of the 
denominator, the horizontal asymptote is the ratio of 
the leading coefficients.

● If the degree of the numerator is greater than the 
degree of the denominator, there is no horizontal 
asymptote.

Holes in Rational Functions
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● A hole in the graph of a rational function occurs when the 
numerator and denominator of the function share a common 
factor other than 1, and this factor can be cancelled.

● To find a hole, set the common factor to zero and solve for x. 
The resulting value of x indicates the location of the hole.

Polynomial Derivatives and End Behavior

● The derivative of a polynomial can be used to analyze its end 
behavior:

● A positive derivative implies an increasing function.
● A negative derivative implies a decreasing function.

● Polynomial derivatives are used to classify local and absolute 
extrema, and to determine concavity.

Polynomials and Series

● Polynomials can be used in the context of series, where they 
are used to approximate more complex functions.

● Asymptotic behavior provides insight into how well a 
polynomial approximates a given function over a specific 
domain.

Key Terms

● Polynomial
● Degree
● End behavior
● Vertical asymptote
● Horizontal asymptote
● Hole
● Common factor
● Polynomial derivative
● Extrema
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● Derivative: the rate of change of a function.
● Limits and secant lines: used to calculate derivatives.

Asymptotes and Holes:

● Asymptotes: lines that a function approaches but never 
reaches.

● Holes: missing points in a function that can be found by 
canceling factors.

Rational Functions and Intermediate Value Theorem:

● Intermediate Value Theorem: a continuous function takes on 
every value between two points in its domain.

Constant Multiple Derivatives:

● Constant multiple rule: the derivative of a constant times a 
function is the same as the constant times the derivative of 
the function.

Similarity between Sine and Cosine:

● Sine and cosine have similar properties and can be shifted in 
phase to create other trigonometric functions.

Tangent, Secant, Cotangent, and Cosecant Functions:

● Other trigonometric functions: tangent, secant, cotangent, and 
cosecant, each with their own properties and applications.

Graphing Trigonometric Functions:
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science, and finance, including modeling of projectile motion, 
vibrations, electrical circuits, and more.

Polynomial Derivatives

● The derivative of a polynomial can be calculated using basic 
differentiation rules, providing insight into the function's rate of 
change and critical points.

Trigonometric Identities

● Trigonometric identities are equations that relate different 
trigonometric functions or values, providing a powerful tool 
when solving problems involving trigonometric functions.

Quadratic Equations and Solving

● Quadratic equations are polynomial equations of degree two, 
and can be solved using factoring, completing the square, or 
the quadratic formula.

Rational Expressions

● Rational expressions are ratios of two polynomials, and their 
manipulation involves techniques such as simplifying, adding, 
subtracting, multiplying, and dividing rational expressions.

Importance of Continuity

● Continuous functions play an essential role in calculus, 
providing a foundation for concepts such as differentiation 
and integration.

Trigonometric Ratios and Unit Circle
● Defining trigonometric ratios: sine, cosine, tangent, secant, 

cotangent, and cosecant
● Unit circle and its relationship with trigonometric ratios
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● Determining the location of holes using the numerator and 
denominator of a rational function

Asymptotes in Rational Functions
● Vertical and horizontal asymptotes
● Oblique asymptotes
● Asymptotic behavior of rational functions

Failure of Derivatives
● Conditions that result in undefined or infinite derivatives
● Interpreting these conditions in real-life contexts

Polynomial Derivatives
● Calculation methods for polynomial derivatives
● The effect of polynomials on end behavior
● Graphical analysis based on polynomial derivatives

Trigonometric Functions: Cosine, Sine, and 
their Properties

● Defining cosine and sine functions
● Basic properties of cosine and sine

● Periodicity
● Even and odd functions
● Symmetry

Polynomial Derivatives: Calculation Methods
● Power rule
● Sum, difference, and product rules
● Quotient rule
● Chain rule

Preview from Notesale.co.uk

Page 56 of 138



● Angle measurement in radians and degrees
● Periodicity of trigonometric functions

Unit Circle: Interpretation of Cosine and Sine

● Relating the unit circle to the values of sine and cosine

Tangent, Secant, Cotangent, and Cosecant Functions

● Defining tangent, secant, cotangent, and cosecant functions
● Reciprocal identities

Graphing Trigonometric Functions

● Understanding the basic graph shapes of trigonometric 
functions

● Identifying critical points, increasing/decreasing intervals, and 
intervals of concavity

Horizontal and Vertical Asymptotes

● Determining horizontal and vertical asymptotes of 
trigonometric functions

Periodicity of Tangent

● Recognizing the periodicity of tangent and cotangent 
functions

Trigonometric Limits

● Evaluating limits in trigonometric functions
● Using trigonometric identities to simplify and solve limits

Useful Rules for Derivatives

● Memorizing the derivative rules, including power rule, product 
rule, quotient rule, and chain rule
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Derivative Calculations Notes:

Trigonometric Ratios and Unit Circle

● Topic focuses on the relationship between the angles and the 
ratios of the sides of a right triangle.

● Unit circle is a circle with radius 1, and it is used to define the 
trigonometric functions sine, cosine, and tangent.

Limits and Infinity in Rational Functions

● Limits describe the behavior of a function as the input (x) 
approaches a certain value.

● Infinity as a limit indicates that the function increases or 
decreases without bound as the input approaches the 
specified value.

Rational function behavior

● Rational functions are defined as ratios of polynomial 
functions.

● The behavior of rational functions at vertical asymptotes, 
horizontal asymptotes, and holes is important to study.

Continuity of Functions

● Continuity describes the property of a function that can be 
drawn without lifting the pen from the paper.

● The limit of a function as x approaches a certain value must 
equal the value of the function at that point for the function to 
be continuous at that point.

Slope and Average Rate of Change: Difference Quotient

● The slope of a function describes the rate at which the output 
is changing with respect to the input.
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● Limits and Infinity in Rational Functions

● Rational function behavior

● Continuity of Functions

● Slope and Average Rate of Change: Difference Quotient

● Properties of Trigonometric Functions

● Angle Measurement and Periodicity

● Unit Circle: Interpretation of Cosine and Sine

● Rational functions and their graphs

● Derivative Calculations

● Limits and Secant Lines

● asymptotes and holes

● Rational Functions and Intermediate Value Theorem

● Constant Multiple Derivatives

● Continuity and Existence of Limits

● Similarity between Sine and Cosine

● Tangent, Secant, Cotangent, and Cosecant Functions

● Graphing Trigonometric Functions

● Horizontal and vertical asymptotes

● Holes in rational functions

● Unit Circle Principles

● Useful Rules for Derivatives

● Limits: Left and Right Sided
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● Useful Rules for Derivatives

● Limits: Left and Right Sided

● The effect of polynomials on end behavior

● Asymptotes in rational functions

● Limit Evaluation and Indeterminate Forms

● Rational Function Limits

● Periodicity of Tangent

● Trigonometric Limits

● Applications to Real-life Contexts

● Importance of Continuity

Trigonometric Ratios and the Unit Circle

● Ratios of side lengths in right triangles: sine 

(opposite/hypotenuse), cosine (adjacent/hypotenuse), tangent 

(opposite/adjacent)

● Unit circle: x = cos(θ), y = sin(θ)

● Sign conventions: Quadrant I: +, Quadrant II: –, Quadrant III: –, 

Quadrant IV: +

Limits and Rational Functions

● Rational functions: ratio of polynomials

● Vertical asymptotes: lines where the function 

increases/decreases without bound

Preview from Notesale.co.uk

Page 102 of 138



Limits and Derivatives

● Limits & secant lines

● Evaluating limits graphically, numerically, and analytically

● One-sided limits

● Indeterminate forms & the squeeze theorem

● Finding derivatives using first principles

Derivative Rules and Slope

● Power rule: n(f(x))^(n-1)

● Product rule: f(x)g(x)

● Quotient rule: f(x)/g(x)

● Chain rule: (f(g(x)))

● Slope-finding with derivatives

Conceptual Analysis

● Observing behavior on the sides of an asymptote

● Evaluating trigonometric limits

● Understanding relative minimums and maximums

● Comparing secant and tangent lines

● Analyzing trig graphs

● Derivative applications in physics, engineering, and more.
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Applications to Real-life Contexts: 

Trigonometric Ratios and Unit Circle
● Using trigonometric ratios in right triangles to solve real-world 

problems such as calculating heights and distances.

● Understanding the unit circle and its relationship to the 

trigonometric ratios, including the interpretation of cosine and 

sine.

● Using the unit circle to find the values of cosine and sine for 

any angle.

Limits and Infinity in Rational Functions
● Understanding the behavior of rational functions as the 

variable approaches positive or negative infinity.

● Calculating limits of rational functions using different 

techniques.

● Identifying vertical asymptotes and holes in rational function 

graphs.

Continuity of Functions
● Understanding the concept of continuity in calculus.

● Identifying where a function is continuous or discontinuous.
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● Rational Function Limits

● Periodicity of Tangent

● Trigonometric Limits

● Graphical Analysis of Functions

● Applications to Real-life Contexts

● Importance of Continuity

Failure of Derivatives

In some cases, the derivative of a function may not exist or be 

meaningful at certain points. This is known as the failure of 

derivatives.

Reasons for Failure of Derivatives

​ Vertical tangents: A derivative does not exist at a point if the 

graph of the function has a vertical tangent at that point.

​ Sharp corners: A derivative does not exist at a point if the graph 

of the function has a sharp corner at that point.

​ Discontinuities: A derivative does not exist at a point if the 

function is discontinuous at that point.

​ Infinite limits: A derivative does not exist at a point if the limit of 

the difference quotient is infinite as the denominator approaches 

zero.

Preview from Notesale.co.uk

Page 114 of 138



● Familiarity with features like asymptotes and holes is 

important when working with derivatives of rational functions.

Derivative Calculations

● Derivatives are a measure of how a function changes as its 

input changes.

● There are different rules and methods to calculate derivatives.

Limits and Secant Lines

● Limits and secant lines are closely related concepts, and 

knowledge of one is necessary for a complete understanding 

of the other.

Asymptotes and holes

● Asymptotes are values that a function approaches as its input 

values get larger or smaller, while holes are missing values in 

the domain of a function that can be filled in.

Importance of Continuity

● Continuity is an important property of functions, as it ensures 

that limits and derivatives can be calculated at a given point.

Derivative and Slope
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the constant multiple rule can be used to simplify the expression 

before taking the limit.

Asymptotic Behavior

The constant multiple rule can also be used when working with 

rational functions and their asymptotic behavior. For example, the 

asymptotic behavior of $\frac{5x}{x^2+1}$ is the same as the 

asymptotic behavior of $\frac{x}{x^2+1}$.

Note: This is a partial list of notes on the topic of Constant Multiple 

Derivatives. The notes have been formatted using markdown as a 

student might do for study purposes. Other related topics have been 

excluded as per the request in the prompt.

Polynomial Derivatives

Topics

● Polynomial Derivatives: Calculation Methods

● Quadratic Equations: Solving and Identities

● Useful Rules for Derivatives

● Derivative and Slope
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● Perfect Square Trinomials: determining when a 

quadratic polynomial is a perfect square

● Sum/Difference of Perfect Squares: factoring 

expressions of the form $a^2 \pm 2ab + b^2$ and $a^2 

\pm b^2$

Key Terms:

● Quadratic Equation: a polynomial of degree 2

● Solutions: values that satisfy the equation

● Linear Factors: factors that are linear expressions of the form 

$ax + b$, where $a$ and $b$ are constants

● Quadratic Formula: a formula for finding the solutions of a 

quadratic equation

● Vertex Form: a form of the quadratic equation that reveals the 

vertex of the parabola

● Perfect Square Trinomials: quadratic polynomials that are 

perfect squares

● Sum/Difference of Perfect Squares: factoring expressions 

using the difference of squares formula or the sum of squares 

formula

Notes:
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● Quadratic Identities

● Perfect Square Trinomials:

● A quadratic polynomial is a perfect square 

trinomial if it can be expressed as $(x \pm a)^2 

= x^2 \pm 2ax + a^2$.

● Example: $x^2 + 10x + 25 = (x + 5)^2$.

● Sum/Difference of Perfect Squares:

● A sum/difference of perfect squares can be 

factored using the formulas $a^2 \pm 2ab + 

b^2 = (a \pm b)^2$ and $a^2 \pm b^2 = (a \pm 

ib)(a \mp ib)$, where $i$ is the imaginary unit.

● Example: $x^2 + 6x + 9 = (x + 3)^2$ (sum) and 

$x^2 - 9 = (x + 3)(x - 3)$ (difference).

Practice Problems:

​ Solve the quadratic equation $3x^2 + 12x - 15 = 0$ using 

factoring.

​ Find the solutions of the quadratic equation $x^2 + x - 6 = 0$ 

using the quadratic formula.

​ Convert the quadratic polynomial $2x^2 + 12x + 14$ to vertex 

form using completing the square.

​ Determine if $x^2 + 12x + 36$ is a perfect square trinomial.
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