Matrix Algebra

Example 9.3. Given A and B below, find 3A — 2B.

1 =25 5 0 -—11
A=1(0 -3 9(,B=|3 -5 1
4 —6 7 -1 -9 0
Solution. We compute:
[3 -6 15 0 0 -22
3A-2B=|0 -9 27| -6 =10 2
(12 —18 21 -2 —18 0
-7 —6 37
=|-6 1 25
(14 0 21

Below are some basic algebraic properties of matrix addition /scalar multlw

p

Theorem 9.4: Let A, B, C be matrices of the same sga\a bz\/g be scalars. Then

() A+B=B+A

(b) (A + Zﬁ(\c 0 — oA+ BA
o ez\hiD 6 o |
Ov
9.2 Matrix Multiplication

Let Tg : R? — R™ and let T : R™ — R™ be linear mappings. If x € R? then Tg(x) € R"
and thus we can apply Ta to Tg(x). The resulting vector Ta(Tg(x)) is in R™. Hence, each
x € RP can be mapped to a point in R, and because Tg and T are linear mappings the
resulting mapping is also linear. This resulting mapping is called the composition of T
and Tg, and is usually denoted by Ta o Tg : R? — R™ (see Figure 9.1). Hence,

(TaoTg)(x) =Ta(Te(x)).

Because (Ta o Tg) : R? — R™ is a linear mapping it has an associated standard matrix,
which we denote for now by C. From Lecture 8, to compute the standard matrix of any
linear mapping, we must compute the images of the standard unit vectors ey, ey, . .., e, under
the linear mapping. Now, for any x € RP,

+B)—aA+aB

Ta(Te(x)) = Ta(Bx) = A(Bx).
Applying this to x = e; for all i = 1,2, ..., p, we obtain the standard matrix of T o Tg:
C=[A(Be;) A(Be;) --- A(Be,)].
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Matrix Algebra

Solution. First AB = [Ab; Abs Ab; Aby):

—4 2 4 —4
AB = 1%:3 -1 -5 -3 3
-4 -4 -3 -1
12
7
720
79
20 4
7 9 10
20 4 4}
7 9 10 2
On the other hand, BA is not defined! B has 4 columns and A has 2 rows. \( O

Example 9.7. For A an @X;qute B B?,B
P(e\'\e\'\dlgag? 8 6&1 L

1|, B=|-3 0 -2
1 1 2 1 -2

Solution. First AB = [Ab; Aby Abs):

[ —4 4 3 -1 -1 0
AB = 3 -3 —1 -3 0 =2
-2 -1 1 -2 1 =2
[ —14
= 8
3
[ —14 7
= 8 —4
. 3 3
[ —14 7 —14
= 8 —4 8
. 3 3 0
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Matrix Algebra

Contracting e, by a factor of k& = 3 results in (0, %) and then rotation by 6 results in

[fat] o

Therefore,

scos(f) —1sin(f)
A= [T(el) T(eg)] = [ ]

+sin(f) 4 cos(9)

On the other hand, the standard matrix corresponding to a contraction by a factor k = % is

Therefore,

w]

[cos(&) — sin(&)] [1 0] F cos(d) —3 sin(&)]
= — A
sin(f)  cos(6) 3 i

o O-
rotation contraction

After this lecture you shmmlﬁollmﬁr‘: 26
e know how te w iply matri s2
Xt@ﬁd h iplicatj @gﬂd 0 composition of linear mappings
ﬁ gebraic propertiﬁaa multiplication (Theorem 9.8)
how to compute the transpose of a matrix
the properties of matrix transposition (Theorem 9.12)
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Determinants

Example 11.2. Compute the determinant of A.

A=l 3]
(ii) A = > _12}
=[]

Solution. For (i):

det(A):'g _21

For (ii):
det(A) = ‘ > _12'

For (iii):
det(A) = ‘51620 8‘

prev®

where

Hosge 2%

(—110)(

cﬁe
As in the 2 x 2 case, theW@wm 3§

6ator2

=~ 6)© - ©-) -1

= (3)(=2) = (=6)(1) = 0

_apeo

st%5 = b can be shown to be

Numerator;»,

D

D = all(a22a33 - a23a32) - alz(a21a33 - a23a31) + a13(a21a32 - a22a31)-

Notice that the terms of D in the parenthesis are determinants of 2 x 2 submatrices of A:

D = ay(azass — a23a3ﬁ — a12(a21a33 — A23a31) + arz(az1azs — a22a3;)-

A2 a23
a32 433
Let
Q22 A23 21
A= . A=
32 Aa33 a3y

Then we can write

Q21 A23

G21 A22
a31  as3 a31 a3z
Q23 Q21 A22
s and A 13 = .
ass |31 A32

D= a1q det(All) — a19 det(Alg) + a3 det(Alg).

23

The matrix A, = {am a
33

a32

a;x a2 13
A = [ay az as
31 QAg2 Aass

a
—>A11:|i22

} is obtained from A by deleting the 1st row and the 1st column:

a23
32 Aa33
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