1. Vector Differentiation

Introduction: Vector calculus or vector analysis, is concerned with differentiation and
integration of vector fields. It is used extensively in physics and engineering, especially in the
description of electromagnetic fields, gravitational fields and fluid flow.

Point Function: A variable quantity whose value at any point in a region of space depends
upon the position of the point, is called a point function.

Scalar Point Function: If to each point P (x, y, z) of a region R in space there corresponds a
unique scalar f(P), then f is called a scalar point function.

Examples.
(i) Temperature distribution in a heated body,
(i) Density of a body & (iii) Potential due to gravity.

Vector Point Function: If to each point P (x, y, z) of a region R in space there cc)\tponds a
unique vector f(P), then f is called a vector point function. CO

Examples. esa\e
(i) Forest wind, (ii) The velocity m \NQ&( (|||),7 q)tatlonal force.
1.1 Gradl-e s&‘ag)pomt fu

@Xg@l\’t is closely rel@ &gerlvatlve but it is not itself a derivative.

The value of the gradient at a point is a tangent vector.

The gradient can be interpreted as the “direction and rate of fastest increase”

S
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grad® _ —2i+4j+4k _ —i+2j+2k

The unit vector normal to the surface @ = = =
|grad ¢| 6 3

Example 4. 1f V@ = (y? — 2xyz®)i + (3 + 2xy — x?23)j + (62° — 3x%yz?)k, find @.

Solution. Let F = V9 = F.d# = V@.d7 [taking dot product with d7 ]

T

2 (399 L 009 pOON (4o gia L gopY 09 L 00, 00
.dr—(lax+]6y+kaz).(dxl+dy]+dzk)—axdx+aydy+ aZdz

dr

™

a9 a9 W,
= dg [as o, ax +Edy+ 5,4z = d(b]

Or d¢ = F.d7 = V9.d7F
0 = [(y? — 2xyz®)i + (3 + 2xy — x22%)j + (62° — 3x%yz?)k|. (dxi + dyj + dzk)
= (y? = 2xyz3)dx + (3 + 2xy — x22z3)dy + (623 — 3x%yz?)dz -----------mmmnn- (1)
= 3dy + 6z3dz + y?dx + 2xydy — 2xyz3dx — x*z3dy — 3x?yz%dz
d® = 3dy + 6z3dz + d(xy?) — d(x?yz3)
Integrate, we get @ = 3y + 324 +xy? —x%yz3+C \(

Example 5. Find the angle between the surfaces x? + y \e ar@ox& + y? — 3 at the
point (2, —1,2). é-

Solutlo;\{,r_]e‘\;(bl = x? %yg/ﬁg}c\é 2 = x ;l .
P ( ea_nd ?a@ 2] + 4k

1’l2—|7¢ (2 12)—4l 2_]_k

Let 6 is the angle between the vectors n; and n, which are normal to the given surfaces @, and
@, respectively. Then

.M, _ 44+(-2).(-2)+4.(-1) _ 16 _ 8

Ml Vi6+4+16V16+4+1  6V21  3v21

.0 =cos™ 1 (%)

Example 6. fu =x+y +2z v =x?+y%+ 2% w = yz + zx + xy, prove that
gradu, grad v and grad w are coplanar vectors.

cosO =

Solution. Here, we have

du=V —(Aa+*a+ a)( +ty+z)=1
gradu=Vu = lax ]ay P) x+y+z 1+

?\T‘)

A .0 .0 . R ~
gradv=\7v=(l +]$+k£)(x2+y2+22)=2xl+2y]+22k

+I€E)(yz+zx + xy)
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[X—Di+ (Y —2)j+Z-2)k] (4i+2/+2k)=0

Or4X+2Y+2Z=120r 2Z+Y+Z =6
Equations of the normal to the given surface at the point (1, —1,2) are

X-x Y-y Z-z . X-1 __Y-2 _Z-2 X-1_Y-2_Z-2
®w T m - m TR T T
ox dy 0z

Example 3. Find the equations of the tangent plane and normal to the surface

yz — zx + xy + 5 = 0 at the point (1, —1,2).

Solution. Let@ =yz—zx+xy+5=10
Vo=@ -2)i+z+x0]+ @ -0k=>V0],_,,=-31+3]—2k

Equation of tangent at the point (1, —1,2) is given by

[X = Di+ ¥ +1Dj+Z-2k]. (-31+37-2k)=0

Or -3X+3Y—-2Z+4+10=0=>3X-3Y+2Z=10
O‘\)

Equations of the normal to the given surface at the point (1, —1,2) are:

Xx Yy _Zz ;. X-1 _Y+1 _ Z+2 \

ax ay 9z
Example 4. Find the equations Mawgne an %O the surface z = x? + y? at the
point (2,—1,5). -‘( O O
Soluté:\H%\Nx —-y? oe 2’3—
ag(b l2-15 =—414+2j+k

0 =—-2x1 +

Equation of tangent at the point (1, —1,2) is given by
(X =21+ +Dj+Z-5k] (-4t+2/+k)=0

Or 4X+2Y+Z2Z+5=0=>4X-2Y—-7Z=5
Equations of the normal to the given surface at the point (1,—1,2) are

X-x Y-y Z-z ie X-2 Y+1 Z 5
@ T g0 T a0 BE oy 2 1
ax ay 0z

Exercise
1. IfF(x,y,z) = xz°1 — 2x%yzj + 2yz*k find divergence and curl of F(x,y, z)
2. Find the divergence and curl of the vector field V = x2y2i + 2xyj + (v — xy)k

3. A fluid motion is given by V = (y + 2)i + (z + x)j + (x + y)k

(i) 1s this motion irrotational? If so, find the velocity potential

(i) Is the motion possible for an incompressible fluid?
21| Page



2. Vector Integration

Introduction: The process of integration to compute the integrals of vector functions of a real
variable is known vector integration. i.e. we compute integrals of functions of the type

f©) = AT+ L] + (OF.

2.1 Line Integral: Any integral that is evaluated along a curve is called a line integral. The
terms path integral, curve integral, and curvilinear integral are also used for line integral.

The line integral of £(¢) along the curve C is denoted by Je F(®)dt, if C is a closed curve then
the integral sign [ . is replaced by ¢ . .

2.1.1 Work done by a force: Let F be the force acting on a moving particle along the path C,
then the total work done (W) by F during displacement from A to B on C is given by

W =[] F.d? where, 7 = xi+yj + zk and d = idx + jdy + kdz

Example 1. If 4 = (x — y)i + (x + y)j, evaluate sﬁc A. d7 around the curve C consisting
of y = x? and x = y?2. u

| ) 0.
Solution. Let I = fﬁc Ad? ; C:y=x?andx = e C
852!

0‘((0,0) 1 x

OncCy;, y=x?=>dy=2xdx andx > 0to1

OnC,; x =y%2=dx =2ydy andy - 0 tol

A.d7 = [(x — y)i + (x + y)f]. Gdx + jdy) = (x — y)dx + (x + y)dy
Now, I = $, A.d7 = $, A.di+ $_ A.dF

= fol[(x — x%)dx + (x + x%)2xdx] + flo[(yz —y)2ydy + (y* + y)dy]

= fol(Zx3 + x% + x)dx + flo(Zy3 —y2+y)dy
_z, 1.1 2.1 1_:2
4 3 2 4 3 2 3

Example 2. Evaluate the line integral [ .[(x* + xy)dx + (x* + y?)dy], where C is the square
formed by the lines y = +1 and x = +1.
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6—2x

L(6-20 (%) dx
= %f;=0(6 —2x)% dx

= %f;=0(6 —2x)3dx = 4f03(3 —x)3dx

_ 4[(3 -x)*

ff A7 =81
S

Example 2: Evaluate [f A.7 dS, where A = zi + xj — 3y2zk and S is the surface of the
cylinder x? + y? = 16 included in the first octant between z = 0 and z = 5.

Solution: We have 4 = zi + xj — 3y2zk

Z
To find 7 N \) ‘\Q
. . I‘ \. | z =5
A vect | to the surface S b
VECLor normal 1o the surtace 5 IS given by esla, e- . /

3 o t : > 4s
VS =V(x?+y%—16) = 2xi + i
~fi=a unlt vect nﬁl‘o@gﬁ;}ce O-‘ 7 0 EE(\J

P ( a(Zx)H(zy)z % 'r’ ) N

X 0(0.0.0) v

A _ x4y
n== Xl? Z=u

[~ on the surface of the cylinder: x* + y* = 16]

- xi+yj)

5 1 1
A.r’i:(zi+xj—3y22k)-< :Z(xz+xy):zx(y+2)

Now let R be the projection of S on yz-plane, therefore

[f; Ands=ff, AnXZ ... (1)

7.1

We have

~ A xi+yJj\ . x
Tl.l=(—y]).l=—
4 4

Therefore from (1), we get
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Z YI'\
B(0.3)
X
B(3.0 o% ¥ >
(3.0, 0(0.0) y=0 A(6.0.0)

X /A (6.0.0)

6-x 6-x-2y 6-x
6 2 3 2
=3ff dxdydz=3f f f dzdydx—3 &éﬁ— dydx
v x=0 y=0 =0

b o

&,%G\Nyﬁtxdx= 6 '%L:l [(6—x)2 (6 — - x)? ]dx
pret - pe

_ f(6—x)2 1[6— )3]6 1

=—(216) =18
1 (216)

ff (xdydz +ydzdx+zdxdy) =18

Example 6: The vector field F= x2i + z j + yzk is defined over the volume of the cuboid

givenby 0 <x <a, 0 <y <bh, 0 <z < cenclosing the surface S, evaluate ffs F.dS.

Solution: By Gauss divergence theorem, we know that

ﬂs .ﬁdszﬂfv div F dv

where V is the region bounded by the closed surface S.

ffs F.d§=ﬂs .ﬁd5=fﬂv div F dV

=)

=)
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Example 5: Using Green’s theorem, find the area of the region in the first
quadrant bounded by the curves y = x, y = i,y = %

Solution: By Green’s theorem, we know that the area bounded by a closed curve C is given by

1
A=_¢ (xdy—ydx)
Here the curve C consists of three curves: C;:y ==; C:y ==; C3:y =x

Y

C:C1UC2 UC3

0(0.0)

{ese
= 3|l (x dy - y(lxbmhk yd 3‘+T( Q@dy -y dx)]

P(e&q'\a\l}] ............ g @ 5

Along C;:y = f ,dy = —dx x varies from 0 to 2.

wh=fo (xdy—ydx)= [, de —%dx) =

11:0

Along C,:y = i ,dy = —xl—zdx, x varies from 2 to 1.

vl = fcz(x dy—ydx)= fxl=2 [x (—xiz) dx —%dx] =-2 f;%dx = —2(logx)}

= —2(log1 —1log2) =2log2

I, = 2log?2

Along C3:y = x,dy = dx, x varies from 1 t0 0. A( 2,%)
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f F.d# :3€ [(x?2 +y2)i—2xyfl.Cdx +jdy) = f [(x% + y?)dx — 2xy dy]
c c c

Y T

C(-a.,b) Giy=b B(a.b)
s 1 <
I =
I |
T 4 > Nk
&) &)

= = - -

D(-a.0) O0(0.0)" “C,:y=0  A{a.,0)

Here the closed curve C consists of four lines AB,BC,CD and DA. Let these straight lines are
denotes by C, , C, , C; and C, respectively. u

~ 4. Fdr—f [(x? +y2)dx—2xydy]+f [(x? +é)6\@yg+f (x% + y¥)dx —

2xy dy + f [(x? + y?)dx — 2xy dy] NO

or, §, .. G\N f@ﬁom 5’(@&10 -------- ®
W}‘\@have L = f [ @a@ 2xy dy]

Along C;: x = a,dx = 0 and y varies from 0 to b.

wl = f (0—2aydy) = —Zaf oYy dy = —a(y?)§ = —ab?

I, = f [(x? + y?)dx — 2xy dy]
C

2

Along C,: y = b,dy = 0 and x varies from a to —a.

— 3 -a
ol = fx=aa (x% + b?)dx = (x? + bzx) = —§a3 — 2ab?

a

I; = f [(x* + y*)dx — 2xy dy]
C.

3

Along C3: x = —a,dx = 0 and y varies from b to 0.

0
“ly =), (0+2aydy) =2,y dy = ay”)} = —ab®
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~§, F.di=§. xdy [+z=0 = dz=0]

2 2 21 (1+4cos2
= 7Tozcost.acostalt=azfoﬂcosztdt=a2f0ﬂ( TS t)dt
2

a? sin 2t a?
( ) = —(2n) = na?
0

-2 2

f F.d# = ma?
c

Toevaluate: [[; curlF.7dS

We have curl F =

N %lﬁl ~>
R~
<R ™

~

:(1—0)2;(0j1)A]A+A(1—O)I€=i+j+k esa\e
c/zfrlF=l+] NO
oMm 710

— i[5 0 - £ @] -1 [0 -2 @]+ k[0 - o) "4
cO- A

To find nn

Iffiisa an&‘ward drawn at “point (x,y,z) on the surface S i.e. the
? V(@\j =x t En
grade Vo
n=

~

lgrad ¢| — Vol
v—(Aa+Aa+ka>( +y2+ 2) = 2xi + 2yj + 2zk
¢=\l5; ]ay 5,) & y2+z%2—a xt+ 2yj + 2z
2xi+2yj+22]? _ 2xi+2yj+22]€ _ xi+yj+zfc
VAx2 +4y? + 472 \[x% + y? 4 722

~

B |2xt + 2y] + 2zk]|

S

i+yj+zk .
=% [sinceon S, x2 4 y2 + z2 = a?]

xi+yj+ zk

~

) (xi+yj+zfc) _ x+y+z
) T a
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jg ﬁ.df’:ﬂ curl F.A dS
C S

where S is an open surface bounded by a closed surface C.

To evaluate: §. F.d7
f F.d# = 3€ (xzt — yj + x?yk).(dx i+ dy j + dz k)
Cc C

=¢, (zxdx —ydy+x*y dz)

ZH
Y=0 X=0
C(0,0.4)

y 2X+y+2z=8

Here the closed curve C consists of three straight lines OB, BA and AO. Let these straight lines
are denotes by C; , C, and C5 respectively.

~ 4. F.d# = gﬁcl(zx dx —y dy +x*ydz) + 9562(2x dx —y dy + x*y dz)

+ gSC3 (zx dx —y dy + x*y dz)

OI‘, ﬁc ﬁ.d?211+12+13 (1)
We have
L=0¢ (zxdx—ydy+x*ydz)

C1

Along C;:x =0,y = 0,dx = 0,dy = 0 and z varies from 0 to 4.
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3. E-resources:
https://www.youtube.com/watch?v=fZ231k3zsAA&t=57s

https://www.youtube.com/watch?v=gOcFJKQPZfo

https://www.youtube.com/watch?v=3TkKm2mwR0Y

https://www.youtube.com/watch?v=ynzRyIL 2atU

https://www.youtube.com/watch?v=Cxc7ihZWag50

https://www.youtube.com/watch?v=vvzTEbp9lrc

https://www.youtube.com/watch?v=3edJPRkCV9k

https://www.youtube.com/watch?v=CHW6krHTtXE

https://www.youtube.com/watch?v=7FUNdFN6ZKI

https://www.youtube.com/watch?v=AqcbyjaSQ10 u\(

https://www.youtube.com/watch?v=y-gsgWf3Gms

https://www.youtube.com/watch?v=11d

https://www.voutube.co%@:&mAbztfﬁj !0“ ’l 0
; &l.com wat N7DdKE

ttps://www.youtube.cot/watch?v=YXf3aKxgELY

https://www.youtube.com/watch?v=eKD6aDwJ2l|

https://www.youtube.com/watch?v=8SwKD5 VL50
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