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Example-5: If u = log(x3 + y3 + z3 — 3xyz), show that

du  ou  du 3 a , 9 , a\> _ 9
). 54—5 6_z_x+y+z ,and b) (a+5+6_z) u__(x+y+z)2'
Solution: Here we have, u = log(x® + y3 + 23 — 3xy2) v cee e v cve e e e (1)
Differentiating equation partially with respect to ‘x” we get
du 1
(CE S 77) [T ¢2)

ax (3 +y3 4+ 23 — 3xyz)

Similarly differentiating equation (1) partially with respect to ‘y” and ‘z” we get

ou _ ! (3y? — 322) @)
I R ey y V7' N K

ou 1 ‘\)
P 1yt 2 300 (322 = 3xY) v e e e e e e e (4) a\e ‘CO
eS

Adding equations (2), (3) & (4) we get NO‘.

ou du ou_ ‘3 +3 + @;&5’(3 )
ax "oy "oz y yz = oux

x3

Ou  Ou ?( (5)

o o0 0

_( N )(au+au+6u)
“=\ox Tyt \ax T ey Tz

9\ 3 3 3
x+y+2? @x+y+2?2 (+y+2)?

a+a+a)2 _(a+a a>( 3 )
dx dy 0z = \ox ay 0z)\x+y+z

<a+a+az_a< 3 >+a( 3 )+a( 3 )
ox 0dy 0z U ox x+y+z/ 0z\x+y+z/ 0dz\x+y+z

a o a)z 9
(x+y+z)2 °
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a dz ad dz d i} dz ad dz 0 .
9z _ 0z 9x | 0z Oy = =2 24 2 regpectively.

du  dx du 9y ou v ax'dv  dy v

Example-7: If u = x3 + y3where x = acost,y = asint. Find the value of ‘;—7: and hence verify the result.
Solution: Here we have, u = x3 + y3 o oo s e v e e v (1)

Where, x = acost,y = ASINt ... ccceece cer cee er eve er ere oen (2)

Therefore, u is a composite function in single variable t. So we shall have

du Ou dx Ou dy

FriaF MU T . (3)

Now from equations (1) & (2)

M g2 g K N € )

0x dy

% = —asint & % = ACOSE wovvevvr s e s e e e e o (B)

Using equations (4) & (5) in equation (3), we get \4

Z—T: = 3x*(—asint) + 3y?*(acost)

du
dt

{Putting values of x and y fro Wio& }()
Again, from @l@@l\L&j 2), we geP age

u = a3cos3t + a3sindt

= 3a3(sin’t.cost — cos?t.sint) ... ... ...

So, differentiating both sides with respect to t we get

du

Frie a®[(3cos?t). (—sint) + (3sint?t).cost

du . ,

Fr 3a3(sin®t.cost — cos®t.sint) .......... (7)

From equations (6) & (7) result is verified
Example-8: If u = x? — y? + sinyz, where y = e*,z = logx, then find Z—Z.
Solution: Here we have, u = x% — ¥2 + SINYZ o vevveecee ee vee e o (1)

Where y = €%, = l0gX w.cov vev cev ve ee e et et et ee e ee e ene e (2)

Here u will be composite function in single variable x. So we shall have
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du Ou dx Ou dy Ju dz

Ix ox dx +— 3y dx —+ = B dy e

Now, differentiating equations (1) and (2), we get

au_z au_ oy + &au_

P X, 3y " vy + zcosyz P YCOSYZ v cvvvvr e er v o
dy codz 1
ax %%

Using equations (4) and (5) in equation (3), we get

du—z +(-2y + Je* + (1)
I X Yy + zcosyz)e yCcoSsyz .

Putting values of y & z from equation (2), we get

du 1
i 2x + (—2e* + logx.cosyz)e* + e* (;) cosyz

-~ (3)

4

. (5)

Example-9: If v = f(2x — 3y, 3y — 4z,4z — 2x) compute the value of 6v, + 4v, + 3v, .

Solution: Given that v = f(2x — 3y,3y — 4z,4z — 2x)
(0= e i T ) R

Wherer = 2x —3y,s =3y —4z,t =4z — 2x ........ N

So, from equation (2), we get -‘( Om

s oY page.®

ds 065_3 s )

ax dy oz

at_ at_oat_

ox  dy oz

Now. b, =2 =y =0 3 v 35 dv ot
v Ve T e TV T 5 ok T as tax ot ox

2D+ Z O+ L2 orve=2(L-L) e

at

dv O0v dr dv 0s 617 ot

Y =%y " aray os oy ot oy

v, af( 3)+af(3)+ - (0) Orv, = ( a—f+‘3—f)

ar as
_av_f)v (')r_l_(')v 6s+6v ot
Ve =9z " 9r 9z s 9z ' ot oz

_9f of r_ of —a(_9 L Of
_ar(0)+6s( 4)+6t(4) Orvz—4( 6s+6t)

. (8)

. (5)

(6)

(7)

..(8)
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Practice Exercise:

Q-1: Find all first order derivatives of function u = sin‘lg

Ans: = Y gt _ X

ax YAz 0y -2’

. —_ _ 622 _ 2 622
Q-2: Ifz = f(x + ct) + @ (x — ct), show that Freiak e
a. _ ,rcos@ : _ ,7Cc0SO ; ; 9x 10y 9y _ 10x
Q3Ifx=e .cos(rsinf),y = e .sin(rsin@), prove that 5 =730 3r = 730"

: = — 77— - Ou , Ou  ou _
Q4 fu=uly—zz—xx y)ShOWthatax+ay+az 0

S =X =Y =z ou % L
Q-5.u—f(r,s,t),r—y,s—z,t—x.Showthatxax+yay+zaz 0.

A 5.0 o o: O %v | 9%v 9%v
Q-6:Ifx+y =2e%cosp,x —y = 2i e’sing , then show that FY TR PPl 4xy Fxdy"

. : 0z , @
Q-7:If z = u? + v?,u = rcos@, v = rsinf. Find values of a_i&£ .

Ans: 2 =2r&55=0. 0 UK
Q-8: If three thermodynamic variables P, V, T are connected by a relati%@la)c . Then show that
(), (@), @), =1 Note

Q-9: If u = f(x* + 2yz,y2 + 22, héﬁ&o that (y? ZAz_Z@ = yz)z—;+ (z% - xy)z—: =0.

e
Q-10: If f<x,)§l_(&>,z>\= 0. Sho@%g;ﬁe.% ey

14
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Ju Ju y du ou
= (—) orxa+ya—y—nu

Note: Similarly, if u = f(x, y, z) is a homogeneous function in three variables X, y, z of degree n then by Euler’s
theorem we shall have,

du du du

xa+ya—y+z£:nu

Example-1: If u = (vx +Vy)®, then find value of x— + yg;.

Solution: Here we have 1 = (VX 4+ V)5 oo oos v e s e e e et et et e e e v e (1)

5 5

From (1) we have u = (v/x)® (1 + \E) oru = x§<1 _,_\E)

This is of formu = x"¢ (), so given function u is a homogeneous function in variables x, y of degree n =
X

5 :
E.Therefore from Euler’s theorem for homogeneous function of degree n, we shall have

au Ju au+ 6u_5
ax ya =nu or xa yay—zu \4

Example-2: If u = f( ) then find the value of x— + yg; a\e ‘CO A
\GC
Solution: Here u = f( ) S0 it is expreSS|bIe amx » “ ’(
=0.

Therefore, uisa homogene é&qu) arlables X, y&@ee
Hence by Eul@ ‘ am for homoger@ &g»
Ju du

au P u
ax ya =nu or x

% +yay 0

1 4
Example-3: Verify Euler’s theorem for homogeneous function for u = x3 y stan™?! G)

. 1 y
Solution: Here we have u = x3y s tan™! (;) SRR @

Replacing x by ux & y by wy in equation (1) we get

1

= y PR S NS
t -1(Z — (=1 t 1(Z

u=u\s 3 x3y “3tan (x) or u U X3y 3 tan (x)

Clearly u is a homogeneous function in variables X, y of degree -1.

Therefore, from Euler’s theorem on homogeneous function, we must have

au au

Now differentiating equation (1) partially with respect to x we get

16
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Practice Exercise:

-1: State Euler’s theorem for homogeneous function and verify it for u = sin"1< + tan™12 .
g y y x

1
x3+y

W

Q-2: Verify Euler’s theorem for z =

N =

1
x2+y

x+2y+3z

. — cin-1
Q-3: If u = sin (W

Ju Ju Jdu
) .showthatxa+y@+za—z+ 3 tanu = 0.

u

3
Q-4: Apply Euler’s theorem for homogeneous function for u = (x? — 2xy + y?)z to evaluate values of (i) x Pl yz—;

9%u 5 0%u
dx0y ay2 "

2
and (i) x? 23+ 2xy

Ans: (i) 3u and (ii) 6u.

x3+y3+23
ax+by+cz

Q-5: If u = cos™! ( ), then show that xu, + yu, + zu, = —2 cotu.

1 1
_ 2+y2 a
Q-6: If u = csc™! |55, then evaluate x == + y
x3+y3 dox

ou

oy U\A

. 1
Ans: 2 tanu .

2 2 2
Q-7:lfu= tan‘lyz , show that x? % + 2xy 0 u,‘+ W&%Zug‘?

Ly $O
P eNie\ pad®

22
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At (a,a)rt —s? =27a* > 0
f(x,y) has extreme value at (0, 0)
r = 6a
ifa > 0,7 > 0so that f(x,y)has a minimum value at (a, a) and minimum value = —a3
ifa > 0,7 < 0so0 that f(x, y)has a maximum value at (a, a)and maximum value = a3
Example 3:Examine for minimum and maximum values sinx + siny + sin(x + y)
Solution: Here f(x,y) = sinx + siny + sin(x + y)
f = cosx + cos(x +y)
fy = cosy + cos(x +y)
T = fix = —sinx —sin(x + y)
S = fyxy = cosx —sin(x + y)
t = fyy = —siny —sin(x + y) O u\k
By equating the first order partial derivative to zero esa_\e ‘C

cosx +cos(x+y) =0 oo O
(x+y) «\N O“ 6’(

cosy + cos(x +y) = O.a.. \|\‘ ........... A_
By subtractl@@@)}’(}) from (1p age 3

COSX = CcOSYOor X =Yy

put the value in equ (1) cos 2x = —cosx = cos(m — x)

x:§:y

The stationary point is (g g)

At(g,g)rz— 35—% t=—/3

9
rt—sZ=Z>Oandr<O

So f(x,y) has a maximum value at (— —) and maximum value |s£.

34
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Example 4: A balloon is in the form of right circular cylinder of radius 1.5m and length 4m and is
surmounted by hemispherical ends. If the radius in increased by .001m and length by .05m. Find the
percentage change in the volume of balloon.

Solution: Giventhat r = 1.5,h = 4, §r =.001 and 6h = .05

2 2 4
Volume of the cone V = nr?h + gnr3 + gnr3 =nrih + gnr3

4
SV = 1. 2rér.h + mrSh + 3™ 3r28r

8V = nr(2h8r + rSh + 4rér)

sV nr(2h8r + r6h + 4r6r)

|4 rih +§7rr3

Substituting the values of r, h, ér, §h, we get

Percentage error, - 100 = 5 .100 = 2.389% \e CO ‘\)
Example 5: What error in the common logarithm ofﬁﬁlﬁeﬁa’roduced by an error of 1% in the

number?
Solution: Let x be any nu Om “ 67

8
Then 6y = %logloe(Sx) = (f 100) (Klo logloe) = %logloe
sy = 2425 _ 043429
YT 100 -

Example 6: In estimating the number of bricks in a pile which is measured to be (5m.10m. 5m), the count
of bricks is taken as 100 bricks per m3. Find the error in the cost when the tape is stretched 2% beyond its
standard length. The cost of bricks is 2000 rs. per thousand bricks.

Solution: Let x, y and z be the length, breadth, and height of the pile.
Volume of pile,V = xyz = (5m.10m.5m) = 250

Taking log on both sides
logV = logx + logy + logz

Differentiating & = & + 2 + &
%4 X y z

53



P wN e

L 00N WU

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

KIET GROUP OF INSTITUTIONS, DELHI - NCR, GHAZIABAD

E- Link for more understanding

https://www.youtube.com/watch?v=XzaeYnZdK50&list=PLtKWB-wrvn4nA2h8TFxzWL2zy809th fy&index=1
https://www.youtube.com/watch?v=9-tir2V3vYY&Iist=PLtKWB-wrvn4nA2h8TFxzWL2zy809th fy&index=14
https://www.youtube.com/watch?v=aqfSO0i02kI&list=PLtKWB-wrvn4nA2h8TFxzWL2zy809th fy&index=15
https://www.youtube.com/watch?v=GoyeNUaSWO08&list=PLtKWB-

wrvn4nA2h8TFxzWL2zy809th fy&index=16
https://www.youtube.com/watch?v=jiEaKYIOATY&list=PLtKWB-wrvn4nA2h8TFxzWL2zy809th fy&index=17
https://www.youtube.com/watch?v=G0V_yp0jz5c&list=PLtKWB-wrvn4nA2h8TFxzWL2zy809th fy&index=18
https://www.youtube.com/watch?v=G0OV_yp0jz5c&list=PLtKWB-wrvn4nA2h8TFxzWL2zy809th fy&index=18
https://www.youtube.com/watch?v=McT-UsFx1Es&list=PLtKWB-wrvn4nA2h8TFxzWL2zy809th fy&index=9
https://www.youtube.com/watch?v=XzaeYnZdK50&list=PLtKWB-wrvn4nA2h8TFxzWL2zy809th fy&index=1

. https://www.youtube.com/watch?v=btLWNJdHzSQ&lIist=PLtK\WB-

wrvn4nA2h8TFxzWL2zy809th fy&index=12
https://www.youtube.com/watch?v=pgfcur31PTY
https://www.youtube.com/watch?v=hJOFMHVZVSc
https://www.youtube.com/watch?v=6iTAY9i v9E
https://www.youtube.com/watch?v=NpR91wexgHA

https://www.youtube.com/watch?v=gLWUrF_cOwQ
https://www.youtube.com/watch?v=pAblautRHGA \(
https://www.youtube.com/watch?v=HeKB72M2Puw

https://www.youtube.com/watch?v=eTp5wqg-cSXY Sa\e *
https://www.youtube.com/watch?v=6tQTRIbklp¢8 Ote

https://www.voutube.com/wa'fih(?v= gsc O_‘ 6’(
eNie™
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