11 -
=, m[sm 1x]3dy
Al

_rl 1
o Y=y

4
2

z
== [sin™y]g =2.7 =T (Answer)

Example 2: Evaluate f[ (x +)* dxdy over the area bounded by the ellipse—; + 75 = 1

2

Solution: (Here we have area bounded by the curve j— + J? = 1, depending on variables x and y so we have to construct

a strip parallel to any one axis to observe variable limits of one variable.)

Iz
For the ellipse we may write §= + ’1—% or y=i§ a® — x?

- The region of integration R can be expressed as
b b

Az x <a, ——Val—x?<y=-+va®—x?,
a @

where we have chosen variable limits of y and constant limits of x.

So first we will integrate w.r.t. y,

w [[(x+y)* dxdy = [[ (x* +y* + 2xy)dxdy



or 0¢ 0r| lcosg —rsing 0
J:a(x,y,Z):@ ﬂ @:sinqj I COS ¢ O:r(cosz¢+sin2¢):
or,g,z) |or o¢ oz

o a al |0 0 1

o 0 oz
= 1 f(X,y,z)dxdydz = [|f f(rcose¢,rsin ¢,z)rdrd¢dz.
Vv %

e For full volume of the cylinder X2 + y2 = a2 &z=btoz=c0<r<a,b<z<c0<¢g<2m.

e For first(positive) octant of the cylinder

X2+y223.2&2thOZ:C;OSFSa,bSZSC,OS¢Sﬂ/2.

4.3.4.5 Solved examples a\e CO .
[0y 2
Example 1: Evaluate ? zxj " xdyd byc an N@&—gordma%
+_( O‘ﬁ
Solution: In the glven m}?f\ae\l\l ( e
P 29
y varies from 0 to v 2x — X2

Now, y = 2X—X2 :>y2:2X—X20I’X2+y2:2X

In polar co-ordinates, we have X = rcosé@;y =rsin 4,



Solution: The region R in xy-plane i.e., parallelogram ABCD with vertices A (1,0), B (3,1),C (2,2), D (0,1) becomes
region R in uv-plane i.e., rectangle ABC D’ with vertices A (1,2), B'(4,1),C'(4,-2), D'(l,-2).

Solving the given equations for xand y , we getx = %(ZU +V),y= %(u ~v).

Here

.

) C
3 oteSa\e'

H X+Y) dxdy H u2|J|dudeg&KA/ w;dv 21@
Example 6: @&rer\’sformatlon Pyag+y Vv, show that ﬂRSIn( jdxdyzo,where R is the region

bounded by the co-ordinate axes and X+ Yy =1 in first quadrant.

Solution: Here, region R is a triangle OAB in xy-plane having sides x =0,y =0and x + y =1.

Also
u ou
J:a(u,v):ax oy| L -4,
olx,y) | v p 1|
ox oy

Using given transformation, we get
If x=0,y=0thenu=-v,u=v.
If x+y=1thenv=1.

Thus corresponding region R'in uv-plane is a triangle OPQ bounded by u =—-v,u=v,v=1.
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712 r=cardioid
A=2 | frdrdé

#=0r=parabola

1+cos@
l?2 r2
At H a0

0l 2) 1
1+cosé
zl2
A= | (1+cos¢9)2—;2 do
0 (1+cos®)
7l2 wl2
A="] (l+cos®)do— | ;zda
0 0 (1+cos@)
7l2 nl2
A= | ﬁ+00326?+200349)d(9—l ) sec4gd9
0 4 0 2
/2
Let Ilzﬂj (1+c0520+2c039)d¢9
0
/2
and |2:lﬂj sec4gd9,then
4 4 2

T 1nx _3_72' t
|1—5+§E+2— 4+2 mNO A6
| :lﬂjlzsec“—de - \N -‘(O ?) O-‘

17/4 4 Pag
lo == | sec” ¢.2d¢ let — =

4 o 2

= df =2d¢
17/4
|2=§ ) (1+tan2¢)secz¢d¢ lett =tan ¢
0
:>dt:se02¢d¢
11
|2=Eé(1+t2)dt
3 1
|2:l(t+t_] :E
2 3 3
0
Hence required area= 37” +2 —% 3 + ﬂ(Answer).
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Therefore, required volume

ﬁ
sz 4Iy zdxdy
y=-2 x=—Jay?

2 -y
ZJ' J. (4—y)dxdy

2
V=2[(4-yW4-y*dy
2
V= ZJ% (4«/4— y? )dy—ZJZ' yJ4-y’dy  {using the property of odd function}
-2 -2
Y, =8j J4-y2dy =16j\/4— y>dy
-2 0

2
_ 2
Vv —16[y—v42y+25in1%}

0

\Y

V =16[ 2sin'1] = 32x% — 167 ( Answer)

Example2: A triangular prism is formed by planes whose iqt@n‘@ﬁ;abx y =0and x = a.Find the volume of the

prism between the planes z = Oand the surface z =4 + “ A‘6

Solution: The volume of the bow réﬁi‘no 6 0
RN pad

x=0y=0 z=0

V=
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2
For paraboloid: x =rcosg¢, y = rsin ¢so that z = L
a

2 _R2

For cylinder : r orr =R.

Now, using the symmetry of the bounded region, the required volume is
WA
V=4[ [ [ rdzdrdg

9=0r=0 =0

7T2R
V:4J'_[r.r2adrd(p
00

4a

7l 4 R 7 4
B r 1 sy 7R
V_4.![ ld(o_g%[ R'dgp = > (Answer ).

Example 5: Find the volume common to the cylinders X2 + y2 —a%and x? +z%2 =a?.

Solution: It is clear from given equations that the base of one cylinder is on xy— plane and of other is on
xz— plane. So the volume of the common region of both cylinders is

. w7 uk
V= I I I dz dy dx tesa-\e ‘CO

x=—ay-\a? ¥ 2=\’ x*
\ i O
V=J;JI_[Z]_3J?f—2XZdy(ZiX “()m 28 O‘ A©

o eW
TRk pagl

. ° 2 u2\4y t 2 2 _E
V_4_L(a =X )dx_8_(|).(a =X )dx_ : (Answer ).

2

Example 6: Find the volume bounded above by the sphere X2 + y2 +22 =a?and below by the cone

x? +y? =22

Solution: The bounded region lies between the cone X2 + y2 = z%and the sphere X2 + y2 +2%2 =a?.

So required volume is

V =y dzdydx.

Here, z=\/x2 +y2 andz =+/a? — x2 _y2 ;

Also the intersection of the given surfaces gives,
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Changing into Spherical polar coordinates

iy ax®yzdxdydz iy (rsin @cosg)?(rsin sin g)rcosd)r? sin adr dodg
flly sexyzdxdydz [, (rsin @cosg)rsin @sin ¢ )r cos@)r 2 sin &dr dOdg

[l r®sin4 o cosGsin ¢c052 #rdédeg

[[[}V; r°sin 3 @.cos Osin ¢cos2 gdrdodg

X

x|
I

Now, for the volume in positive octant

ﬁfZﬂfZ?
r sin 9COS€S|n¢COS ¢drd9d¢
.I‘J.JV M(zyZdXdde 0 00

X= =
[2712a
l 4oxyzdxdy dz ”I ﬁj Jr°sin3 @ cos@sin gcos? gdr dodg
0 00
ﬁ/2ﬁ/2_r7_a 4 ) ’
[ ] | —=| sin"@cosPsin gcos” gdrddd¢
_ 0 ol 7 0
X= ——
nl2xl2 r6 3 ) 5
[ [ |—| sin®@cosdsin gcos” ¢gdrd&d¢g
o 0|6 \4
r )
zl2 ¢d ‘\Ga; (:;(:)-
—sm cos .
L I 31 ? ? _24a 2 _16a \,656'
7 72'/2 35 3 O

Sln ({08 N 6
pcosgdg
(Om £ A

Using symmet?
16a — 6a - 16a

X = Therefore, the position of centre of gravity (C.G.) = (16—61 16_a 16_aj (Answer).

35 3 35

4.4.3.4 Practice problems

1. Find the mass of a lamina in the form of the cardioid r = a(1+ cos e)whose density at any point varies as the square of

21

its distance from the initial line. Ans: 3—2,u;za4
X 2 2

2. A plate in the form of a quadrant of the ellipse [—] + (X] = 1is of small but of varying thickness, the thickness at
a a

any point being proportional to the product of the distance of that point from the major and the minor axes. Find the

. . 8a 8b
coordinates of the centre of gravity of the plane. Ans: (E , Bj
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