Properties of Contour Integrals
> [.kf(2) dz=k[.f(z) dz , kisa constant
> f@tg@]dz=[.f(z) dz+ [, g(2) dz
> [f(2) dz= fclf(z) dz + fczf(z) dz, where C = C,; U C,
> [ f(2) dz=—[.f(2) dz, where —C denotes the
curve having the opposite orientation of C.

Example. Evaluate [.(x* + iy?)dz, where C is the contour in given figure:

Solution. We have [ .(x* + iy?)dz = fcl(x2 + iy?)dz + fcz(x2 +iy?)dz

onCi:y=x=>dy=dxandx - 0to1 y
2 4 a2 —_ (Y24 ;.2 : L 1 +2
Now,fcl(x +iy?)dz = [ (x* +ix*)(1 + D)dx l
—(1+l)2f de—gl C2
aln 1+i
onCy:x=1=>dx=0andy - 1to2
. 2 o C
fcz(x2 +iy?)dz = [[ (1 +iy?)idy } .
2, 2, T,
=—[[yldy+if dy=—3+i

i 2 4 a2 2., 7T N__7,5.;
Finally, [ (x* +iy*)dz = Ji+ (-5 +1) = -5+ ;1.

Example. Evaluate f01+i(x —y —ix?)dz, along real aﬁ t@%ﬁ'l and then along a line parallel to

imaginary axisfromz =1toz=1+1.

Solution. Let I = f”l -X(O " ?)?)

A -
= uZ} %e ?g 1+i
Ledts d”f@“‘? 2
=
onC;:y=0=>dy=0andx—->0tol c,
Now, f, (x —y — ix?)dz = f (x — ix?) dx = 5 — i |
1 Cy x — axis

onC:x=1=>dx=0andy—->0to1l
. 1 . . 1,
fcz(x—y—lxz)dz:fo (1-i-y)idy=1+:i
al=c—Zi+14-i=2+41i0
2 3 2 2 6

Example. Evaluate fC(Z — z2) dz, where C is the upper half of the circle. |z — 2| = 3. What is the value of integral if
C is the lower half of the circle?
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Similarly, for triply connected region, We can show that

$f(@dz=$. f(2)dz+§ f(2)dz

D
In general, suppose C, Cy, Cs, ..., C, are simple closed curves with a
positive orientation such that Cy, C,, ..., C,, are interior to C but the regions C @
interior to each Cy,, k = 1,2,3, ...... ,nhave no points in common.
If £ is analytic on each contour and at each point interior c

to C but exterior to all the C, k = 1,2,3, ... ... N

§of (D)dz = Ti_§ f(2)dz

Cauchy’s integral formula

Statement: If f(z) is analytic within and on a closed curve C and z, is any point within C, then

f(zo) =

ﬁ /@ 5, OR ﬁ f(z)dZ—Zm f(zy)

2mi 7 C z—z,

Proof. By Cauchy’s theorem, we have A
ﬁczf(?d +§ f(Z)d +¢ f(Z)d +¢ f(Z)d =0
fien o C
Now, Sa\e
The equation of the circle Cy is |z — zo| = r NO‘G
g 3

= lfoznf(zo +re'?)do

= ifoznf(zo) d9 [as r - 0]

= 2mi. f (zp)
4; f(Z)

sz

OR f(z) =

2mi

Example. Evaluate §, 2=

dz where C is the circle |z| = 2.

Solution. Let f(z) =z — 4z + 4

which is analytic and z, = —i is within C. Thus

ﬁcz —4-Z+4-d = 2i. f( l)

= 2mi. [(—i)? — 4(—i) + 4]

= 2mi. [—1 + 4i + 4]

= 2mi(3 + 4i) = 2m(—4 + 30)
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Example. Expand f(z) = Z(zl_l)

Solution. Here, f(z) can be written as:

11
f@) = ~—+—==1® +£)

1 1
where, f,(z) = -2 = —35,5 = _E[m]
2

-tfi-e e -

(z=2)* | (z=2)®
PEE T

1 z—2
=t T
This series converges for |%| <1lor|z—2|<?2

and

1 1 1 1
() = 5= —';:z[;:;z:

_ 11 1
fZ(Z)_Z—l_l-I-Z—Z_Z—Z 14 1
z—2
_J_l__L+(J02_(i03+m
T z-2 z—-2 z—2 z—2 e
1 1 1

z-2  (z-2)2 ' (z-2)3

This series converges for |—| <lorl<|z-2|

8z+1
“*1 ina Laurent se s

-z)
Solution. We can write e\N " O

Example. Expand f(z) =

f()—zr§9¥f$rﬂ_ (842 &P&&&éﬁi

= +9+9z+9z2% + -

3
Example. Expand f(z) = Py about z = 1.
_ _[z-1D+1]® _ (z-1)3+3(z-1)?+3(z—1)+1
Solution. f(z) = (Z T oyt T
1
=t +3+(z—1)

Example. Expand f(z) = 221_

ina Laurent seriesvalid1 < |z —2| <2

1 1 1 1 1 1
Solution. f(z) = 2+1 2i (z_—l N z_+l) T2 (z_—l - 2i+z—i)
11 1 1 11 1
" 2i\z—i 20 421 T 2iz—i (202

20
i1 1

" 2z—i 4'8

i
+-+=(z—10) .

.\'
//’—_‘\
// R
Yy //—\\ A
/ / \
i |
l '\-
0 I h '
\ /
\ \ 4 /
\ T /
\ /
N 4
\\\

> () o
n=0
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Zero of an Analytic function
The value of z for which the analytic function f(z) becomes zero is said to be the zero of f(z).
An analytic function f(2) is said to have a zero of order m if f(z) is expressible as
f(z) =(z—a)™ ¢(z), where ¢p(z) isanalyticand ¢p(a) # 0
Singularity:

A point z, is said to be a singular point or singularity of f(z) if f(z) fails to be analytic at z, but is analytic at some
point in the neighbourhood of z, .

Isolated and Non-Isolated Singularity

If z = a is a singularity of f(z) and if there is no singularity within a small circle surrounding the point z = a, then
z = a is said to be an isolated singularity of the function f(z), otherwise it is called non-isolated.

z+1
z(z-2)

Example. Consider the function f(z) =

It is analytic everywhere exceptat z = 0 and z = 2. Thus z = 0 and z = 2 are the only singularities of this function.
There are no other singularities of f(z) in the neighbourhood of z = 0 and z = 2. Hence z = 0 and z = 2 are the
isolated singularities of this function.

Again, consider the function

F@ =g =)

It is not analytic at the points where tan (Z) = 0 = tannm i.e. at the points where -= b u\k

_1 \S-
>z= - (1,2,3 i) Sa
Thus z = 1,1,1, , z = 0 are the smgulw ctlon ?? h are isolated except z = 0 because
in the neighbourhood of z = =0, thege ber e?er £ Sz =— where n is large. Therefore, z = 0
is an non-isolated sng Mlen funct@ &
Types of Sl
If z, is an isolated singularity, then in some deleted neighbourhood of z, the function is analytic and hence its
Laurent’s expansion exists as

f(2) = En=0an(z = 29)" + Xy=1 bn(z — 29)™" Where 0 < |z —a| <

[o0]

b b b b
=Zan(z—zo)”+ L e —2

z—zy (z2—20)* (z—12)3 (z —zp)"

n=0

The first series on the right side of Laurent expansion is the regular part ( Taylor series) while series with negative
powers of (z — z,) is called Principal Part.

(i) Removable Singularity: If in some neighbourhood of an isolated singularity z,, the Laurent series expansion of the
function has no Principal Part (P.P.) then z, is called a removable singularity. Moreover, the nomenclature is justified
as it can be removed by appropriately defining the function at z = z,.

Note, that the function

f(2) = Si;lz, z # 0 ; is undefined at z = 0.

Note that it has a removable singularity at z = 0 due to the absence of the Principal Part in the Laurent expansion.
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(z —z1)(z — z;) = 0 = z = 7z, z, (both are simple)
itisgiventhat a > |b| = |z,| > 1
v Z9.2y = =10 z0.25] =1
> |zil ]zl =12 |z < 1 [as|z,| > 1]
Hence only z; lies inside the unit circle C

Now, [Res. of f(Z)]Z=Zl = Zh_gl (z —2)f(2)

1 1 b

- Zh_gll (z-2z5) - z,—2,  2iva?—b2?
. b _ bm
- éCf(z)dz = 2mt (Zi\/az—bz) "~ Vaz-p?
2 bm 2T

From (1), 1= b \/az—bz] " VaZ-p?

21 cos 36
Example. Evaluate [~ ———
Solution. Let1 = [ -2

5—4cos6

o 2316

1= Realpartoff — 4COSGde R.P. [f Wde]

putei® =z, d9—l

y4

“1= RP[§ =2

Cm( )] where C: |z| =1

G
= RP. [—- ¢ dz| = RP. [ o \kO‘. S‘a_\e'

Let f(2) = i whereezl\N aﬁc( Q&‘; 28 O“ ?)3
#1=RP.[ @5[@@) P ag ---------------- @)

Poles of f(z) aregivenby (z—2z,)(z—2,) =0>z = 7,2,

(both are simple) it is very clear that only z; lies inside the unit circle C.

Now, [Res. of f(2)];=s, = Jim (z = 2)f ()= lim 7= = fozz -1
. .
Sﬁcf(z)dz = 27n( 12) —%

From (1), I = R.P. [——l(—f)] ==

6 12
2 2
Example. Evaluate J; msin’6-2c0s9 yq
2+4cos @
2 29-2
Sol. Let I —f msin6-2¢0s8 yg

2+cosfO

J-er 2sin?6—4 cos 0
- 2+cos 6

daeo

_ J-2Tl.'1 cos260—4cos @
2+cos 6

deo
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