FAHMEED RAJPUT
The Binomial Expansion

The binomial Theorem allows us to expand many brackets without multiplying each bracket out one by one.
It states:
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To expand (x+2)", we could expand (X +2)(x+2){x+2)(x+2). which would be a very long winded
process. Or we could just substitute for €+ £ and ™ into the expression for the binomial expansion. Example:
Expand +q}(‘.|5fi—3 b ._,.'-(. n=>5 then
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which simplifies to
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and further to \e .
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We may be asked to_s @Norg mvolvm 2&0lents For example the coefficient of ¥ in the
binomial e XOE ise the coefficient of * .Find n.
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Hence we can write down the equation '~

Now we have to perform some trickery:
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Example: Find the equation of the normal to the curve * +4xy —16y"=0 at the point (2.1 -

a4 aytax Ly D dy.
We differentiate implicitly to get dx dx e have to make 9¥ the subject of this
equation.
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The Factor Theorem

We can use the factor theorem to find if a particular value of * is a root of a polynomial equation or to find
out if a particular linear factor divides a polynomial perfectly, with no remainder.

The Factor Theorem

plx) b
If lax—b) is a factor of the polynomial #{x) then (@X—=b) has no remainder or equivalently, = @

We show uses of the factor theorems in the following examples.
Example: Show that (*+2] js a factor of #(x)=2x"—12x+x—6.

Example: Find the polynomial with with mteger coefficients gﬁ\@s-z% o

If these are the roots, the factorsi & ém —1 Aﬁ% ?} ) and (Xx=6). hence we expand and

S|mp||fy fﬁ}(_l |.rf+ et =% T — 9% =20x

Example: When F e HPI is divided by (¥*—2) or (x+1) the remainder is zero. Find aand 2
hence find the polynomial plx).

Remainder 0 when 7{*) is divided by (¥*—2)—=p(2)=0—16+4a+2b+1=0—4a+2b=—15.
Remainder 0 when #{*] is divided by (x+2)=p(=1)=0—=-2+a-b+1=0—a—b=1.

Now we solve the simultaneous equations

da+2b=—15 (1)

a—h=1 )

(1)+2 *f2]6a=—13—>ﬁ=—%

19 3 13 5 19
(1)—4#%(2)6b=—19—b=——. plx)=2x ——x ——x+1

Hence, 6 6



FAHMEED RAJPUT

x
=

Example: Differentiate * !
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Solving Quadratic Exponential Equations by
Substitution

Some exponential equations can be factorised in linear factors. The simplest can be factorised into quadratic
equations. We then put each factor equal to zero and solve it.

Example: Solve € —9¢" +20=0. (1)

Factorise to get (€' —4)(e"—5]=0
e'—4=0—e'=4—x=In4 gre' —5=0—¢'=5—x=In5.

The above equation has two solutions. In general, as for quadratic equations, an exponential which can be
expressed as two factors can have one, two or no solutions. It is convenient to make clear the connection by

expressing the original equation as a quadratic using the substitution #~ e". Then pr=e” and equation (1)
above becomes 9P +20=0. This equation factorises to give [P=4)(p—5]=0 g0 P=4 5. Since the
original equation was expressed in terms of *+ we still have to find *+ but we can use the supstitution ” =e’
with the values of # that we have found, to find * e CO ‘\)

.

p=e'=4—x=In4 5 p=e'=5—x=In5. tesa'\

WO
Example: Solve 3¢" —8 ¢ —=3=0 ﬁ(()m O“ ?)7
BN
Substitute EP"‘(@e = P—3§aa-@ ise this expression to give (3p+1)(p—3]=0
| | | 1

3p+l=0—=p=—— E'?*=———}.r=;]nf——].
3 3 2 3" This has no solution since there is no real log of a negative
number.

) 1
p—3=0 —>e"‘=3—>x=?1n 3.
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Example: Solve 3¢ +10e +3=0

Substitute € =P to get 3 +10p+3=0 and factorise this expression to give (3p+1)(p+3)=0

1 2 1 1 1
3p+1=0—p=—am ¢ =—=—x==In(—=].

3 2 3" This has no solution since there is no real log of a negative
number. This has no solution since there is no real log of a negative number hence the equation has no
solutions.

) 1
p+3=0—e=—3-x==In(-3).
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Example: Solve 4sinx =7cosx

Sin. 7 7 7
o L tanx=——x=arctan (—)=60.26degrees
cosxy 4 4 4

Now we we the property of the tan curve that it repeats every 180 degrees. The solutions are

60.26, 180+60.26, 360+60.26, 540+60.26, 720+60.26, 900+60.26.....degrees



