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CHAPTER 1. NUMBER SETS

1.3 Basic ldentities

34.

35.

36.

37.

pre'

41.

42,

Real numbers: a, b, ¢
Additive Identity
a+0=a

Additive Inverse
a+ (— a) =0

Commutative of Addition
a+b= E+ aV 1 U\(
Associative of Addition
(a+b)+c=a+(b+c NO‘e
16& ‘fg)tractbs—n’( O"
e

Multlp? ative Identity
a-l=a
Multiplicative Inverse

1
a-—=1,a#0
a

Multiplication Times 0
a-0=0

Commutative of Multiplication
a-b=b-a



55.

preV®

57.

58.

59.

CHAPTER 1. NUMBER SETS

Figure 7. \(
U

Polar Presentation of Complex Numbers \e CO '

a+bi=r(cos+ising) tesa

Modulu aCo %%
ol o oo
a’+b” ( g
(p=arc na('argument)
a

Product in Polar Representation
z,-2, =1,(cosp, +ising, )-,(cosp, +ising,)

=15, [cos(g, +¢,)+isin(e, +0,)]

Conjugate Numbers in Polar Representation

r(cos @ +isin®) = r[cos(— ¢)+isin(- ¢)]
Inverse of a Complex Number in Polar Representation

L _Lcos(~¢)+isin(-)]
r(coscp+1sm(p) r
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Chapter 2
Algebra

2.1 Factoring Formulas

Real numbers: a, b, ¢

Natural number: n O U\(

G
65. a’-b’=(a+b)a Notesa\e
a’-b’ ﬁ%ﬂ\wbz O—‘ ?)?)8

66.
P(@\’\eﬂfﬁ @&125

68. a'-b'=(a>—b*)a>+b?)=(a—b)a+b)a>+b*)

69. a’-b’=(a—b)a*+a’b+a’b’+ab’+b’)

70. a’+b°=(a+b)a'—a’b+a’b’—ab’ +b’)

71.  Ifnis odd, then
a”+b"=(a+ b)(a“"1 —a"’b+a" b’ —...—ab" 7 + b“‘l).

72. Ifniseven, then
a"—b"=(a- b)(a“’1 +a"’b+a" b’ +...+ab" + bn’l),

12



CHAPTER 2. ALGEBRA

a"+b"=(a+ b)(a"_1 —a"?b+a"’b’ —...+ab"* - b“‘l).

2.2 Product Formulas

Real numbers: a, b, ¢
Whole numbers: n, k

73. (a—-b) =a’-2ab+b’

74. (a+b)=a’+2ab+b’

G
75. (a-by=a'-3a b+3abzwb3 J"es‘a.\%e
o oot P
P( b)P—a Q@s 4ab’ +b*

(a+b)' =a* +4a’b+6a’b’ +4ab’ + b’

79. Binomial Formula
(a+b)' ="Cja" + "C,a" 'b+"C,a"’b* +...+ "C__ab""' + "C,b",
n!

k!(n—k)

are the binomial coefficients.

where "C, =

80. (a+b+c) =a’+b’>+c’+2ab+2ac+2bc

81. (a+b+c+..+u+v)=a’+b’++.. . +u>+v’ +
+2(ab+ac+...+au+av+bc+...+bu+bv+...+uv)

13
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119.

120.

121.

pred!

123.

124,

125.

CHAPTER 2. ALGEBRA

Equations

Real numbers: a, b, ¢, p,q, u, v
Solutions: x,, X,, V,, V,> ¥,

Linear Equation in One Variable

ax+b=0, x:—k.
a

Quadratic Equation

-b=+ b2—4ac- U\(

ax’ +bx+c¢=0, x,, =

Discrizminant Ote
D=b’- €% Om N
@ Formulas

If

{:11\9‘%@@”

ax’ +bx=0, x,=0,x,=—

| ¢
ax’+c=0, X, =% .
a

Cubic Equation. Cardano’s Formula.
y' +py+q=0,

18



185.

186.

187.

188.

190.

CHAPTER 3. GEOMETRY

Law of Cosines
a’=b*+c*—2bccosa,
b* =a’ + ¢’ —2accos B,

c=a’+b’—2abcosy.

Law of Sines

— .b = _=2R,
sino  sinf3 siny

where R is the radius of the circumscribed circle.

Ro_ @ _b_c_bc_ac_ab abc
2sina 2sin 3 - 2siny - 2h, - 2h, - h, u\(
. _(p—a)p-b)p-c) Sa.\e

..1
Il

NOW

st , 1.0 3

sin — —,
2 bc

w0s % [plp-2 ,
bc

an®_ [(=blp—c)
p(p-a)

h, :—\/P afp-b)p—c),
hﬁﬂpp—a)(p—b)(p—C),
h, =%¢p(p—a)(p—b)(p—6) :

31



CHAPTER 3. GEOMETRY

Figure 23.

230. a+b=c+d

_a+b c+d

231 4=t s\e C

3.13 Kite

Sides of a kite: a, b
Diagonals: d,,d,
Angles: o, 3,y

Perimeter: L
Area: S

42



CHAPTER 3. GEOMETRY

3.15 Tangential Quadrilateral

Sides of a quadrilateral: a, b, ¢, d
Diagonals: d,,d,

Angle between the diagonals: ¢
Radius of inscribed circle: r
Perimeter: L

Semiperimeter: p
Area: S

Figure 26.

242. a+c=b+d

243. L=a+b+c+d=2(a+c)=2(b+d)

Jd2d2 —(a—bf(a+b-p)y
r:
2p

244,

>

L
where p=—.
P 2

45



CHAPTER 3. GEOMETRY

ZSinE
n
a a’
257. r=m-= =, |R*——
2tanE 4
n
258. L=na
2
259. Szﬁsinz—n,
2 n

49



CHAPTER 3. GEOMETRY

2 2
274. S =l[sR—a(R—h)]:R—( ar —sinocj =—(x—sinx),
2 2 \180° 2
S= zha .
3
3.22 Cube
Edge: a
Diagonal: d
Radius of inscribed sphere: r U\(

Radius of circumscribed sphere: r

Surface area: S Sa’\e .

Volume: V

Figure 37.

275. d=a3

276. r=2
2

55



CHAPTER 3. GEOMETRY

286. V=S,h

287. Cavalieri's Principle
Given two solids included between parallel planes. If every
plane cross section parallel to the given planes has the same
area in both solids, then the volumes of the solids are equal.

3.25 Regular Tetrahedron

Triangle side length:
T il Juk
Area of base: S, \e ‘C

So

Surface area: S

a

Figure 40.

288. h:\/ga
3

58



CHAPTER 3. GEOMETRY

3.27 Frustum of a Regular Pyramid

) a,,a,,a;,...,a,
Base and top side lengths:
b,,b,,b,,...,b,
Height: h
Slant height: m
Area of bases: S,, S,
Lateral surface area: S;

Perimeter of bases: P,, P,

Scale factor: k
Total surface area: S
Volume: V

61
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300.

301.

302.

303.

CHAPTER 3. GEOMETRY

3.28 R taﬁ?@@a‘:Qi nzv@g
eN \gdes @aage ’?

Top edge: c

Height: h

Lateral surface area: S;
Area of base: S,

Total surface area: S
Volume: V

62



CHAPTER 3. GEOMETRY

, (h,-h,Y
326. S=S,+S;=nR/ h,+h, +R+_ [R"+ 5

nR*

327. V= ; (h, +h,)

3.32 Right Circular Cone

Radius of base: R

Diameter of base: d U\(
Height: H

Slant height: m a\e .
Lateral surface area: S; N O‘@S

Area of l‘ygé ?@“\

P(e\’\@mj\; 20° 1

Figure 49.

69



CHAPTER 3. GEOMETRY

P
e\? e
P ( Semi-egs:aa,l')%( a>b)

Surface area: S
Volume: V

356. S= 2nb(b +2 ar“me) )

e
va?-b?

a

where e =

357. v =§nb2a

77



CHAPTER 4. TRIGONOMETRY

471. Inverse Cosecant Function

y =arccscx, X € (— 00, — l]u [l,oo), arccscx € {—g, Oj ) (0, g}
y
T
2 y = arccsc X
3l

NOe g
OAL OW\F.WPZ £ 29
P(e},18 Pr &gﬂues of Inverse

Trlgonometrlc Functions

472. 1 ﬁ \/5
X 0 — /= | = 1
2 2 2
arcsinx | 0° 30° 45° 60° | 90°
arccosx | 90° 60° 45° 30° | 0°
L 2| 5
X -— | -—— | - | -1
2 2 2
arcsinx | 309 _ 45° | —60° | 20
arccos x 120 135° 150° 180

102



CHAPTER 4. TRIGONOMETRY

T )
482. arccosx= E —arcsinx

483. arccosx =arcsinvl-x*>, 0<x<1.

484. arccosx=m—arcsinVl—-x>, —-1<x<0.

2

485. arccosx =arctan , 0<x<1.

X

X
486. arccosx=m+arctan , —1<x<0.

487. arccosx= arccot

(\L\
488, é\N X: amal)ilA'

P ( 489 arct@ agrc cotx

. X
490. arctanx =arcsin

1+x

: ]

491. arctanx =arccos

=> x=>0.
1+x

492. arctanx =-—arccos

, X<0.

1
V1+x®

104



CHAPTER 5. MATRICES AND DETERMINANTS

529. Diagonal matrix is a square matrix with all elements zero
except those on the leading diagonal.

530. Unit matrix is a diagonal matrix in which the elements on
the leading diagonal are all unity. The unit matrix is
denoted by I.

531. A null matrix is one whose elements are all zero.

5.4 Operations with Matrices

B\

532. Two matrices A and B are equal if, and onl\i eg‘goth
of the same shape mx n an Zlements are
equal.

533_.\e \;NI trhﬁeY lge%;\ls @,Lpe mx(li)%‘éaaed) of, and

prev

a a
NEATE 32 3l
m2 e amn
b, .. b,
b22 b2n
B= [bii]_ : : : 4
b, b, ... b

111



CHAPTER 5. MATRICES AND DETERMINANTS

then
c11 c12 clk
c c c
21 22 2k
AB = C = . >
bml cm2 ka
where
n
c;=a;b;+a,b, +...+a, b= Zaixbkj
r=1

(i=1,2,...,m;j=12,...,k).

Thus if

:[aij]:[au : :ls},gz[bi]: El%\e _CO .\)\(
» A Qte

then

. “Q& 2
preVt ”a@@ ?F }

536. Transpose of a Matrix
If the rows and columns of a matrix are interchanged, then
the new matrix is called the transpose of the original matrix.

If A is the original matrix, its transpose is denoted AT or

~

A.

537. The matrix A is orthogonal if AA" =1.

538. If the matrix product AB is defined, then
(AB)' =B"A".

113



CHAPTER 6. VECTORS

556. w=u+Vv

Figure 76.

120



CHAPTER 7. ANALYTIC GEOMETRY

609. Midpoint of a Line Segment

X, +X
X, =——=, A=1.

7.2 Two-Dimensional Coordinate System

Point coordinates: x,, X,, X,, Y> V1> Vs
Polar coordinates: r, @

Real number: A

Positive real numbers: a, b, c, u\(
Distance between two points: d

Area: S Sa\e .

B(x, y,)

A(x,, v,)

Figure 88.

131



CHAPTER 7. ANALYTIC GEOMETRY

B(x, ¥,)
]

Ax,, ¥,)

Clx,, ¥s)

X

o V¥
Figure 91. \e C
614. Incenter (Intersection t%ﬁ of aglangle

ax1+bxi +§m +by2

Figure 92.

134



CHAPTER 7. ANALYTIC GEOMETRY

B(r,, ¢,)

Figure 96. g\)\(

620. Converting Rectangular Coordinates to Po‘téo@ge

X=rcosQ, y=rsing. O"esa
yiew “""“ﬁ% ot 3%
P(e P age A(r )

Figure 97.

621. Converting Polar Coordinates to Rectangular Coordinates

r=4x>+y%, tan(p:X.
X

138



CHAPTER 7. ANALYTIC GEOMETRY

626. Equation of a Line Given a Point and the Gradient
y =Y, +k(x—x,),
where k is the gradient, P(xo, yo) is a point on the line.

y

P(xy ¥

o\
) _‘( Omugﬁ £10_‘ ?)3%

x vy 1
x, vy, 1=0.
X, v, 1

141
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652.

653.

654.

CHAPTER 7. ANALYTIC GEOMETRY

General Form
Ax’ +Bxy +Cy’ +Dx+Ey +F=0,
where B> —4AC<0.

General Form with Axes Parallel to the Coordinate Axes
Ax’+Cy’+Dx+EBy+F=0,
where AC>0.

Circumference
L=4aE(e),
where the function E is the complete elliptic integral of

the second kind.
o V¥

Approximate Formulas of the Circumferen\ee C

L=r(1.5(a+b)-+/ab), tesa

7.6 Hyperbola

Transverse axis: a

Conjugate axis: b

Foci: E(-¢,0), E(c,0)

Distance between the foci: 2¢
Eccentricity: e

Asymptotes: s, t

Real numbers: A,B,C, D, E, F, t, k

154



CHAPTER 7. ANALYTIC GEOMETRY

y

EXTo\L |
658. é}wﬂorﬁ&psygngt\&t—ifG O‘ ?)3%

preVipage

659. c’=a’+b’

660. Eccentricity

C
e=—>1
a

661. Equations of Directrices
2
x=+2=42
e c

156



CHAPTER 7. ANALYTIC GEOMETRY

-p/2| O\ p/2

\e.©
Fi @"esa
Weﬁ&) t dlrectr?A 9 O" ?)38

N\
P ( Cooﬁaas' 0 the focus

(1o
2

Coordinates of the vertex
M(0,0).

667. General Form
Ax’ +Bxy +Cy’ +Dx+Ey +F=0,
where B> —4AC=0.

668. y—ax’, p=——
2a

Equation of the directrix

159



CHAPTER 7. ANALYTIC GEOMETRY

p
F(xo,y0 +Ej,

Coordinates of the vertex
b 5 4ac-b’
X,=——, Y, =aX, +bx,+c= .
2a 4a

Figure 122,

7.8 Three-Dimensional Coordinate System

Point coordinates: Xg5 Yor Zos> Xi5 Vs Zy5 «--

Real number: A

Distance between two points: d
Area: S

Volume: V

161



CHAPTER 7. ANALYTIC GEOMETRY

Z

P(e X—X ez
Xl—?a z,-2,|=0,
X,=X3 Vo7 Ys Z,77Z4
or
x y z 1
vz b
X, Vv, 2, 1
X; YV, z; ]

168



CHAPTER 7. ANALYTIC GEOMETRY

y

G
X Fl&atesa;e%
6<,2. et&x: le%() O-‘ ?)
P ( e =x,+as gz ’
wzherze E::ys,:)catre the coordinates of any unknown point on

the line , the point P(xl,yl,zl) lies in the plane, the vectors
(a,,b,,c,) and (a,,b,,c,) are parallel to the plane.

170



CHAPTER 7. ANALYTIC GEOMETRY

a, bz <

687. Equation of a Plane Through P,(x,,y,,z,) and P,(x,,y,,z,),
and Parallel To the Vector (a, b, c)
X=X Y=—% -1z,
X, =X, Vo~V 2,72y|=0

a b C

2

O o
ow OTGaohB2
\ P 20 P(x,%,2)

Figure 134.

688. Distance From a Point To a Plane
The distance from the point P,(x,,y,,z,) to the plane

Ax+By+Cz+D=0is

173



CHAPTER 8. DIFFERENTIAL CALCULUS

734. Square Root Function

yzx/;, xe[O,oo).

735. Exponential @Xv@
P ( e\, \é:\l\llfg geez 7 8@1%8

O0<a<1 a>1

0,1)

Figure 161.

198



CHAPTER 8. DIFFERENTIAL CALCULUS

742. Hyperbolic Cosecant Function
1 2
y=cschx, y=cschx=— =——, xeR, x#0.
sinhx e*—e

y

y = csch x

5 e (‘,

ese

W ﬁ(()m’LNO \1 ?)38
S

P ( e\,\ P ag Figure 168.

743. Inverse Hyperbolic Sine Function
y =arcsinhx, xeR.

203



CHAPTER 8. DIFFERENTIAL CALCULUS

759. lim =1
x—0 X

760. limM -1
x—0 X

X—>00

761. lim(l+lj —e
X

o

762. lim(l + Ej =e
X

X—>0

763. !(iilolax =1 a\e ‘CO *

8 3 %e@qutmgnd onf_gt.@ the Derivative
pre Func\? Qc .,

Independent variable: x
Real constant: k
Angle: o

764. y'(x)=lim flx + Ax)~f(x) =lim Ay _dy

Ax—0 AX a0 Ax  dx

209



CHAPTER 8. DIFFERENTIAL CALCULUS

d(u—v)zﬂ_ﬁ

dx dx dx
dx dx

769. Product Rule
du-v) du dv
—_t =V + u-—
dx dx dx

210



CHAPTER 9. INTEGRAL CALCULUS

(ax +b)™"

880. [(ax+b)'dx= Newey

+C,n=-1.

881. j§=1n|x|+c
X

882. [ _Ligax+bj+c
ax+b a

883. ja’”bdx=3x+bc_2ad1n|cx+d|+c
cx+d c c \(
884. j( & I+ ¢, axb. \e CO-U

x+a)(x+b) a-— b |X+a|t€5a

887. j _Lplatbx] o
x(a + x) a | x |

888. j—:—i+31na+bx +C
(a+bx) ax a’ X

889. j

12(1n|a+bx|+ a )+C
a+bx) b a+bx

229



CHAPTER 9. INTEGRAL CALCULUS

x*dx 1 a’
890. j(a+bx)2 —g[a+bx—2aln|a+bx|—a+bXJ+C
dx 1 1. |a+bx
1. = —1
89 J.x(a+bx)2 a(a+bx)+a2 " X e
go2. [ L X"l ¢
x“"—-1 2 |x+1
go3. [- & L1t ¢
1-x 2 |1-x u\(
dx 1. 1la+x e‘co‘
894, Iaz—xz_Zalna—x +C esa\

o\
895, W@%%O ol ?)38

NN :
P(esge. jﬁ: angSC

1+x
dx 1 X
897. =—tan ' = +C
J‘az +x? a a
xdx 1
898. -[xz e :—ln(x2 +a2)+C

dx 1 b
899. Im = Earctan(x\/;J +C, ab>0.

230



CHAPTER 9. INTEGRAL CALCULUS

925. J.X\/X +a’dx = x +a )/+C

926. IXZ\/ x” +a’dx =§(2x2 +a’Nx*+a?—

927.

928.

932. j

933. J.\/x —a’dx = \/x —-a —a?ln

——1In
8

4

x+vx*+a’|+C

+C

J-\/x2+a2 dx = Vvx?+a®
i —_
X X

\/X +a’

dx
xvVx*+a’

+ln‘x+ x> +a’

=ln‘x+\/x2 +a’

+C ‘u\(
tesa\ e €0

+C

a
x*+a —?ln‘x+ x> +a’

1 X

=—In——F————
a |a++/x’+a’

+C

2

X+\/X —a’|+C

934. [xVx'—adx=1(x'~a’)? +C

234



CHAPTER 9. INTEGRAL CALCULUS

1090. Area of a Region

b f(x)
A= J‘ Idydx (for a type I region).
ag(x)

y
y = h(x)

y
d
X =p(y)
X =q(y)
C
0 X

Figure 199.
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CHAPTER 9. INTEGRAL CALCULUS

1091. Volume of a Solid
V= ”f(x,y)dA .
R

. z=fxy)

| £0
P IfR 1% t&gglon bounded by x=a, x=b, y=h(x),

y =g(x), then
V= J.J-f x,y)dA = j-gf[i' (x,y)dydx.
R 2 hix)

If R is a type II region bounded by y=c, y=d, x=q(y),
x=ply), then

V= ”fxydA ]1. }xy)dxdy.
)

R cply

aly
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CHAPTER 9. INTEGRAL CALCULUS

Hypxy)dA
Hp x,y)dA

1097. Charge of a Plate
Q= ” o(x,y)dA
R

where electrical charge is distributed over a region R and its
charge density at a point (x,y) is o(x,y).

1098. Average of a Function

u:éLjf(x,y)dA, CO .

where S= ”dA .

Functions of three variables: f (x,y,z), g(x,y,z), .
Triple integrals: ”I f (x,y,z)dV, I” g(x,y,z)dV,
G G

Riemann sum: izn:zp:f(ui,vj,wk )AxiijAzk

i=1 j=1 k=1
Small changes: Ax;, Ay;, Az,
Limits of integration: a, b, ¢, d, r, s
Regions of integration: G, T, S
Cylindrical coordinates: r, 0,z
Spherical coordinates: r, 0, ¢
Volume of a solid: V

269



CHAPTER 9. INTEGRAL CALCULUS

1123. Properties of Line Integrals of Vector Fields

[(E-dF)=—[(F-ar),

-C C
where -C denote the curve with the opposite orientation.

[(-a5)= [(F-dF)= (& aF)+ [(E-aF),
C CuUC, G G,
where C is the union of the curves C, and C,.

1124. If the curve C is parameterized by (t)= <x(t),y(t),z(t)> ,
a<t<p, then

J.de+Qdy+Rdz: 0 \)K
e T %@a\m J
1125. @Igécdh\is @@me and%ve(y‘th% tion y =

P(e\,\jpd%q& )+Q(x, £( ))dfj

1126. Green’s Theorem

[ aQ_cr dxdy = § Pdx +Qdy,

ox Oy v

where F=P(x,y)i +Q(x,y)j is a continuous vector func-

aQ .

. . . . . .. 0P
tion with continuous first partial derivatives —, g mna

some domain R, which is bounded by a closed, piecewise
smooth curve C.
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CHAPTER 9. INTEGRAL CALCULUS

1127. Area of a Region R Bounded by the Curve C
1
S=||dxdy =—¢xdy — ydx
[ty =2ty -

1128. Path Independence of Line Integrals
The line integral of a vector function F=Pi +Qj +RK is

said to be path independent, if and only if P, Q, and R are
continuous in a domain D, and if there exists some scalar
function u=u(x,y,z) (a scalar potential) in D such that

f?=gradu,or@=P, %:Q, 6—u=R
Ox oy 1574

Then
jF( )-df = Ide +Qdy + Rdz=u(B)- u(A\e CO ‘UK

o
1129. Test for a Cons Wte-‘sag

odtor function F=Pi+Qj+Rk

P(e\, drynd oAt i and only if

If the line integral is taken in xy-plane so that
J.de +Qdy =u(B)-u(A),
C

then the test for determining if a vector field is conservative
can be written in the form
oP 0Q

oy ox
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CHAPTER 9. INTEGRAL CALCULUS

ou Ou
%:ﬁ(u,v)n%(u,v)ﬂ_(u,v)i

or or .
and 6_ x— is the cross product.
u

1141. If the surface S is given by the equation z =z(x,y) where
z(x,y) is a differentiable function in the domain D(x,y),
then

”fxy, )dS = ” X7,z (xy))\/lJr(gij ( jdxdyuK

ny

1142. Surface Integral of the Vector ;t@%ak\e Surface S

. IfSis orlented oytw:

20
oot o 3
p(e\"e\lidga A Dorssion 2

o IfSis oriented inward, then
”ﬂx,y,z)- dS= ”F(x,y,z)- ndS
S S

- or or
= D(J;J:v)F(x(u,v),y(u,v),z(u,v)) ‘:g X a—}dudv

u

dS=1dS is called the vector element of the surface. Dot
means the scalar product of the appropriate vectors.

The partial derivatives o and <& are given by
ou ov
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CHAPTER 9. INTEGRAL CALCULUS

L, = [[y’u(oy.z)ds.
S

1156. Moments of Inertia about the x-axis, y-axis, and z-axis

I = ”(yz +zz)p(x,y,z)dS ,

I —”x +z hi(x,y,2)dS,

I—”x+y hu(x,y,2)dS.

1157. Volume of a Solid Bounded by a Closed Surface

ca\e: C

1158. Gravitational For O"
\NI}W‘QLmSN ol 33%

P ( e\,\ Whe? %@1 %omt (X»Yo»2,) outside the surface,

= (XY SYo0z-2,),
w(x,y,z) is the density function,
and G is gravitational constant.

V= % ffxdydz -+ ydxdz + zdxdy

N

1159. Pressure Force
F= I Ip(f)dS ,
S

where the pressure p(f) acts on the surface S given by
the position vector r.

1160. Fluid Flux (across the surface S)

® = {}¥(¥)-ds
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CHAPTER 10. DIFFERENTIAL EQUATIONS

Acceleration of gravity: g
Current: I

Resistance: R
Inductance: L
Capacitance: C

10.1 First Order Ordinary Differential
Equations

1164. Linear Equations
d
d—y +p(x)y =q(x).
X

W0, g of 3%

PY e\,\?(})w?z@@ﬁ)

1165. Separable Equations

% = f(x,y) = g(X)h(Y)

The general solution is given by
dy
= [g(x)dx +C,
/ h(y) /

or
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CHAPTER 10. DIFFERENTIAL EQUATIONS

1166. Homogeneous Equations
d
The differential equation &Y =f (x,y) is homogeneous, if

the function f (x,y) is homogeneous, that is
f(tx,ty) = f(x,y) .

The substitution z=-- (then y =1zx) leads to the separable
X

equation

x%+z =f(1,z2).

1167. Bernoulli Equation U\A
& s plx)y =alx)y". Sa_\e CO
aNow

dx
The sub??t@ leads to thﬁlll?yaalon
P(e\,\é\m_n)pg %@
1168. Rlccﬁquatlon
dy

<~ P)+ax)y+r(x)y

2

If a particular solution y, is known, then the general solu-
tion can be obtained with the help of substitution

7=

, which leads to the first order linear equation
Y=-Y:

& o)+ 2oz r(x).
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CHAPTER 10. DIFFERENTIAL EQUATIONS

1169. Exact and Nonexact Equations
The equation

M(x,y)dx + N(X,y)dy =0
is called exact if

oM _ON
oy ox’

and nonexact otherwise.

The general solution is

J.M(x,y)dx + J.N(x,y)dy =C.

1170. Radioactive Decay
dy

Ty, cO- \)\4
viltlere y 1s the amoun @&&Xent attime t, k
is the rate of deca “6‘ -‘ ?)13% ’

( e\, Wluﬁo& y Q()’)lis the initial amount.

1171. Newt? n’s Law of Cooling

dt =—k(T-S),

where T(t) is the temperature of an object at time t, S is the

temperature of the surrounding environment, k is a posi-
tive constant.

The solution is

T(t)=S+(T, -S)e™,

where T, =T(0) is the initial temperature of the object at
time t=0.
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CHAPTER 10. DIFFERENTIAL EQUATIONS

1176. Differential Equations with x Missing
y"=£(y,y).
Set u=y’. Since
»_du_dudy _ du

dx dydx dy

we have

du

—=f ,u),
e (y,u)

which is a first order differential equation.

1177. Free Undamped Vibrations
The motion of a Mass on a Spring is described by the equa— \4
tion

my +ky =0, Sa\e ‘C

where
m is the mass of the b&&
ki is the ftﬂ@ ing, .S %
i t of téy&‘a@ro@a uilibrium.
P(e\,\The% on 1S
0s

where
A is the amplitude of the displacement,

. o 2
®, is the fundamental frequency, the periodis T = il R
(’00

d is phase angle of the displacement.
This is an example of simple harmonic motion.

1178. Free Damped Vibrations
my + vy + ky =0, where
vy is the damping coefficient.
There are 3 cases for the general solution:
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CHAPTER 10. DIFFERENTIAL EQUATIONS

where I is the current in an RLC circuit with an ac voltage
source V(t)=E,sin(wt).

The general solution is
I(t)=C,e™ +C,e™ + Asin(ot— ),

where
R+ ,R 3 4L
r,, = C
b2 2L ’
Ao ok,

>

[ v
o 1 O-
g1 ), ‘mesa\e (¢

C,, C, a; consta‘ﬁ Oﬁltlal 93%0115
\é\e\l\' 3—2
P(eI 3. S@@@@al Differential Equations

1181. The Laplace Equation
o’'u o'u

8X2 + 6y2

applies to potential energy function u(x,y) for a conser-

vative force field in the xy-plane. Partial differential equa-
tions of this type are called elliptic.

Uk

=0

1182. The Heat Equation
o’u o*u Ou
t—=—
ox> oy’ ot
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CHAPTER 11. SERIES

1193. 1+2+3+...4+n= n(n+1)

1194. 2+4+6+...+2n=n(n+1)

1195. 1+3+5+...+(2n—1)=n’

n(2k+n—1)

1196. k+(k+1)+(k+2)+...+(k+n-1)= ;

n(n+1)(2n+l)
( 6)2 e U\(
1198.13+23+33+...+n3=[nnJr esa\ '
Lo+ (O-l- 2n =
e
P( 1200. 1’ +Q&g+(2n—1)3 =n*(2n> -1)

1197. P +2°+3*+...+n’ =

1201. 1+l+l+l+...+i+...=2

2]1

11 1 1
1202. —+ + +...+
112 23 3.4 n(n+1)

1203.1+l+l+l+...+ 1
1 2! 3
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CHAPTER 11. SERIES

1224. Integration of Power Series

Let f(x Za x"=a,+a,x+a,x +... for |x|<R.
n=0

Then, for |x| <R, the indefinite integral J.f (x)dx exists and

If(x)d.x = Iaodx + jalxdx + jazxzdx +

2 3 n+1
X

X X ~
:a°x+a17+a2?+"':n§;a“n+1+C'
11.10 Taylor and Maclaurin Series u\(

0.
Whole number: n tesa\e ‘C

Differentiable functlon\QO

Remam* (ﬁm 2?)
P(@Mé Tayl?e&‘ e 3
34 b=l ) pa)x—a)e @A)

2!
f(“)(a)(x—a)“
n!

+ +R,.

1226. The Remainder After n+1 Terms is given by

o) (F,)(x _ a)n+1

R =
" (n+1)

, a<f<x.

1227. Maclaurin Series
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3 5 7 n _ 2n+l
1234, sinx=x X4 XX, CUE
3 5 7 (2n+1)!

3 5 7 9

2 1 2
1235. tanx=x+X—+ X + X +6 X +..., X<
3 15 315 2835

N |3

3 5 7
1236. cotx=l—(£+x_+zi+ 2x J

+ <T.
X 3 45 945 4725
x’ 1-3x’ 1-3-5...(2n - 1)x>"
1237. arcsinx=x+—+

23 245 246 (n)2n+1)
x|<1. cO- \)\(

T 5@'\5 2n—1)x>""
1238. arccosx:—— Néx»e %%ﬂzn)(zn_i_l j,
s 11O 325 of
e\ e -
1239. arct@& — ... %i..., |x|£1.

2n+1
2 4 6 2n
1240. coshx=1+—+> 4+ X 4 + X
20 4 e (2n)
XS 5 7 X2n+l
1241. sinhx=x+—+—+—+... + +..
3 5 7 (2n+1)
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CHAPTER 12. PROBABILITY

where
x is a particular outcome,
t is a variable of integration.

1279. P(a<X<B)=F(G_uj—F(B_—Mj,

(&) (&

where

X is normally distributed random variable,

F is cumulative normal distribution function,
P(o. < X <) is interval probability.

1280. P(}X—u|<8)=2F(§j’ O \)K

here C
; is normally distributed rand%ga\e
F is cumulative normal unctio
1281. Cu (@mm@gu@“ ?3
( e\, \@ = gf :ﬁ

wher tisa varlable of integration.

1282. Bernoulli Trials Process

u=np , ¢’ =npq,

where

n is a sequence of experiments,

p is the probability of success of each experiments,

q is the probability of failure, q=1-p.

1283. Binomial Distribution Function

n
b(n,p,q)= (k] p*q" ",
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CHAPTER 12. PROBABILITY

1294. Markov Inequality
P(X>k)< ?

where k is some constant.

1295. Variance of Discrete Random Variables

X)= x-S~

where
X, is a particular outcome,

p; is its probability.

1296. Variance of Continuous Random Variables UK

o> = V(X)=E|(X - )= jx péxg‘a\e C

(o
1297 Propert V -‘ 3

V(cX =c*V(X
where cis a constant

1298. Standard Deviation

X) = V) = VE[X - 0]

1299. Covariance
cov(X,Y)=E[(X - u(X)XY - u(Y))]= E(XY) - p(X)u(Y),
where

X is random variable,
V(X) is the variance of X,

u is the expected value of X or Y.
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