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1.3 Basic Identities 
=
oÉ~ä=åìãÄÉêëW=~I=ÄI=Å=

=
=

34. ^ÇÇáíáîÉ=fÇÉåíáíó=
~M~ =+ =

=
35. ^ÇÇáíáîÉ=fåîÉêëÉ=

( ) M~~ =−+ =
=

36. `çããìí~íáîÉ=çÑ=^ÇÇáíáçå=
~ÄÄ~ +=+ =

=
37. ^ëëçÅá~íáîÉ=çÑ=^ÇÇáíáçå=

( ) ( )ÅÄ~ÅÄ~ ++=++ =
=
38. aÉÑáåáíáçå=çÑ=pìÄíê~Åíáçå=

( )Ä~Ä~ −+=− =
=

39. jìäíáéäáÅ~íáîÉ=fÇÉåíáíó=
~N~ =⋅ =

=
40. jìäíáéäáÅ~íáîÉ=fåîÉêëÉ=

N
~

N
~ =⋅ I= M~ ≠  

=
41. jìäíáéäáÅ~íáçå=qáãÉë=M 

MM~ =⋅  
=

42. `çããìí~íáîÉ=çÑ=jìäíáéäáÅ~íáçå=
~ÄÄ~ ⋅=⋅  

=
=
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=
=

Figure 7. 
=

55. mçä~ê=mêÉëÉåí~íáçå=çÑ=`çãéäÉñ=kìãÄÉêë=
( )ϕ+ϕ=+ ëáåáÅçëêÄá~ =

=
56. jçÇìäìë=~åÇ=^êÖìãÉåí=çÑ=~=`çãéäÉñ=kìãÄÉê=

fÑ= Äá~ + =áë=~=ÅçãéäÉñ=åìãÄÉêI=íÜÉå=
OO Ä~ê += =EãçÇìäìëFI==

~

Ä
~êÅí~å=ϕ =E~êÖìãÉåíFK=

=
57. mêçÇìÅí=áå=mçä~ê=oÉéêÉëÉåí~íáçå=

( ) ( )OOONNNON ëáåáÅçëêëáåáÅçëêòò ϕ+ϕ⋅ϕ+ϕ=⋅ =
( ) ( )[ ]ONONON ëáåáÅçëêê ϕ+ϕ+ϕ+ϕ= =

=
58. `çåàìÖ~íÉ=kìãÄÉêë=áå=mçä~ê=oÉéêÉëÉåí~íáçå=

( ) ( ) ( )[ ]ϕ−+ϕ−=ϕ+ϕ ëáåáÅçëêëáåáÅçëê
|||||||||||||||||||||

=
=
59. fåîÉêëÉ=çÑ=~=`çãéäÉñ=kìãÄÉê=áå=mçä~ê=oÉéêÉëÉåí~íáçå=

( ) ( ) ( )[ ]ϕ−+ϕ−=
ϕ+ϕ

ëáåáÅçë
ê

N

ëáåáÅçëê

N
=
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Chapter  2  

  Algebra 
=
=
=
=

2.1 Factoring Formulas 
=
oÉ~ä=åìãÄÉêëW=~I=ÄI=Å==
k~íìê~ä=åìãÄÉêW=å=

=
=

65. ( )( )Ä~Ä~Ä~ OO −+=− =
=

66. ( )( )OOPP Ä~Ä~Ä~Ä~ ++−=− =
=
67. ( )( )OOPP Ä~Ä~Ä~Ä~ +−+=+ =
=
68. ( )( ) ( )( )( )OOOOOOQQ Ä~Ä~Ä~Ä~Ä~Ä~ ++−=+−=− =
=

69. ( )( )QPOOPQRR Ä~ÄÄ~Ä~~Ä~Ä~ ++++−=− =
=
70. ( )( )QPOOPQRR Ä~ÄÄ~Ä~~Ä~Ä~ +−+−+=+ =
=
71. fÑ=å=áë=çÇÇI=íÜÉå=

( )( )NåOåOPåOåNååå Ä~ÄÄ~Ä~~Ä~Ä~ −−−−− +−−+−+=+ K K==
=
72. fÑ=å=áë=ÉîÉåI=íÜÉå==

( )( )NåOåOPåOåNååå Ä~ÄÄ~Ä~~Ä~Ä~ −−−−− +++++−=− K I==
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( )( )NåOåOPåOåNååå Ä~ÄÄ~Ä~~Ä~Ä~ −−−−− −+−+−+=+ K K=
=
=
=

2.2 Product Formulas 
oÉ~ä=åìãÄÉêëW=~I=ÄI=Å==
tÜçäÉ=åìãÄÉêëW=åI=â=
=
=

73. ( ) OOO Ä~ÄO~Ä~ +−=− =
=

74. ( ) OOO Ä~ÄO~Ä~ ++=+ =
=

75. ( ) POOPP Ä~ÄPÄ~P~Ä~ −+−=− =
=

76. ( ) POOPP Ä~ÄPÄ~P~Ä~ +++=+ =
=

77. ( ) QPOOPQQ Ä~ÄQÄ~SÄ~Q~Ä~ +−+−=− =
=

78. ( ) QPOOPQQ Ä~ÄQÄ~SÄ~Q~Ä~ ++++=+ =
=
79. _áåçãá~ä=cçêãìä~=

( ) IÄ`~Ä`Ä~`Ä~`~`Ä~ å
å

åNå
Nå

åOOå
O

åNå
N

åå
M

åå +++++=+ −
−

−− K

ïÜÉêÉ= ( )>âå>â

>å
`â

å

−
= =~êÉ=íÜÉ=Äáåçãá~ä=ÅçÉÑÑáÅáÉåíëK=

=

80. ( ) ÄÅO~ÅO~ÄOÅÄ~ÅÄ~ OOOO +++++=++ =
=

81. ( ) ++++++=+++++ OOOOOO îìÅÄ~îìÅÄ~ KK =
( )ìîÄîÄìÄÅ~î~ì~Å~ÄO +++++++++++ KKK =
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2.6 Equations 
=
oÉ~ä=åìãÄÉêëW=~I=ÄI=ÅI=éI=èI=ìI=î=
pçäìíáçåëW= Nñ I= Oñ I= Nó I= Oó I= Pó =

=
=

119. iáåÉ~ê=bèì~íáçå=áå=låÉ=s~êá~ÄäÉ=

MÄ~ñ =+ I=
~

Ä
ñ −= K==

=
120. nì~Çê~íáÅ=bèì~íáçå=

MÅÄñ~ñO =++ I=
~O

~ÅQÄÄ
ñ

O

OIN

−±−
= K=

=
121. aáëÅêáãáå~åí=

~ÅQÄa O −= =
=

122. sáÉíÉ∞ë=cçêãìä~ë=

fÑ= MèéññO =++ I=íÜÉå==





=
−=+

èññ

éññ

ON

ON K=

=

123. MÄñ~ñO =+ I= MñN = I=
~

Ä
ñO −= K=

=

124. MÅ~ñ O =+ I=
~

Å
ñ OIN −±= K=

=
125. `ìÄáÅ=bèì~íáçåK=`~êÇ~åç∞ë=cçêãìä~K==

MèéóóP =++ I==
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185. i~ï=çÑ=`çëáåÉë=

α−+= ÅçëÄÅOÅÄ~ OOO I=

β−+= Åçë~ÅOÅ~Ä OOO I=

γ−+= Åçë~ÄOÄ~Å OOO K=
=

186. i~ï=çÑ=páåÉë=

oO
ëáå

Å

ëáå

Ä

ëáå

~
=

γ
=

β
=

α
I==

ïÜÉêÉ=o=áë=íÜÉ=ê~Çáìë=çÑ=íÜÉ=ÅáêÅìãëÅêáÄÉÇ=ÅáêÅäÉK==
=

187. 
pQ

~ÄÅ

ÜO

~Ä

ÜO

~Å

ÜO

ÄÅ

ëáåO

Å

ëáåO

Ä

ëáåO

~
o

ÅÄ~

====
γ

=
β

=
α

= =

=

188. ( )( )( )
é

ÅéÄé~é
êO −−−
= I==

ÅÄ~ Ü

N

Ü

N

Ü

N

ê

N
++= K=

=

189. ( )( )
ÄÅ

ÅéÄé

O
ëáå

−−
=

α
I=

( )
ÄÅ

~éé

O
Åçë

−
=

α
I=

( )( )
( )~éé

ÅéÄé

O
í~å

−
−−

=
α

K=

=

190. ( )( )( )ÅéÄé~éé
~

O
Ü~ −−−= I=

( )( )( )ÅéÄé~éé
Ä

O
ÜÄ −−−= I=

( )( )( )ÅéÄé~éé
Å

O
ÜÅ −−−= K=
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=
=

Figure 23. 
=

230. ÇÅÄ~ +=+ =
=

231. 
O

ÇÅ

O

Ä~
è

+
=

+
= =

=
232. ( ) ( )ÇÅOÄ~Oi +=+= =

=

233. èÜÜ
O

ÇÅ
Ü

O

Ä~
p =⋅

+
=⋅

+
= I==

ϕ= ëáåÇÇ
O

N
p ON K=

=
=
=

3.13 Kite 
=
páÇÉë=çÑ=~=âáíÉW=~I=Ä=
aá~Öçå~äëW= ON ÇIÇ =
^åÖäÉëW= γβα II =
mÉêáãÉíÉêW=i=
^êÉ~W=p=
=
=
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3.15 Tangential Quadrilateral 
=
páÇÉë=çÑ=~=èì~Çêáä~íÉê~äW=~I=ÄI=ÅI=Ç=
aá~Öçå~äëW= ON ÇIÇ =
^åÖäÉ=ÄÉíïÉÉå=íÜÉ=Çá~Öçå~äëW=ϕ =
o~Çáìë=çÑ=áåëÅêáÄÉÇ=ÅáêÅäÉW=ê=
mÉêáãÉíÉêW=i=
pÉãáéÉêáãÉíÉêW=é==
^êÉ~W=p=
=
=

=
=

Figure 26. 
=

242. ÇÄÅ~ +=+ =
=

243. ( ) ( )ÇÄOÅ~OÇÅÄ~i +=+=+++= =
=

244. 
( ) ( )

éO

éÄ~Ä~ÇÇ
ê

OOO
O

O
N −+−−

= I==

ïÜÉêÉ=
O

i
é = K==

=
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=
=

Figure 29. 
=

254. °⋅
−

=α NUM
O

Oå
=

=

255. °⋅
−

=α NUM
O

Oå
=

=

256. 

å
ëáåO

~
o

π
= =

=

257. 
Q

~
o

å
í~åO

~
ãê

O
O −=

π
== =

=
258. å~i = =

=

259. 
å

O
ëáå

O

åo
p

O π
= I==

Q

~
oééêp

O
O −== I==
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274. ( )[ ] ( )ñëáåñ
O

o
ëáå

NUMO

o
Üo~ëo

O

N
p

OO

−=





 α−

°
απ

=−−= I==

Ü~
P

O
p ≈ K=

=
=
=

3.22 Cube 
=
bÇÖÉW=~==
aá~Öçå~äW=Ç=
o~Çáìë=çÑ=áåëÅêáÄÉÇ=ëéÜÉêÉW=ê=
o~Çáìë=çÑ=ÅáêÅìãëÅêáÄÉÇ=ëéÜÉêÉW=ê=
pìêÑ~ÅÉ=~êÉ~W=p=
sçäìãÉW=s=
=
=

=== =
=

Figure 37. 
=

275. P~Ç = =
=

276. 
O

~
ê = =

=
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286. Üps _= =
=

287. `~î~äáÉêáDë=mêáåÅáéäÉ==
dáîÉå=íïç=ëçäáÇë= áåÅäìÇÉÇ=ÄÉíïÉÉå=é~ê~ääÉä=éä~åÉëK=fÑ=ÉîÉêó=
éä~åÉ=Åêçëë=ëÉÅíáçå=é~ê~ääÉä=íç=íÜÉ=ÖáîÉå=éä~åÉë=Ü~ë=íÜÉ=ë~ãÉ=
~êÉ~=áå=ÄçíÜ=ëçäáÇëI=íÜÉå=íÜÉ=îçäìãÉë=çÑ=íÜÉ=ëçäáÇë=~êÉ=Éèì~äK=
=
=
=

3.25 Regular Tetrahedron 
=
qêá~åÖäÉ=ëáÇÉ=äÉåÖíÜW=~=
eÉáÖÜíW=Ü=
^êÉ~=çÑ=Ä~ëÉW= _p =
pìêÑ~ÅÉ=~êÉ~W=p=
sçäìãÉW=s=
=
=

=
=

Figure 40. 
=

288. ~
P

O
Ü = =

=

Preview from Notesale.co.uk

Page 68 of 338



CHAPTER 3.  GEOMETRY 

61 

3.27 Frustum of a Regular Pyramid 
=

_~ëÉ=~åÇ=íçé=ëáÇÉ=äÉåÖíÜëW=




åPON

åPON

ÄIIÄIÄIÄ

~II~I~I~

K

K
=

eÉáÖÜíW=Ü=
pä~åí=ÜÉáÖÜíW=ã==
^êÉ~=çÑ=Ä~ëÉëW= Np I= Op =
i~íÉê~ä=ëìêÑ~ÅÉ=~êÉ~W= ip =
mÉêáãÉíÉê=çÑ=Ä~ëÉëW= Nm I= Om =
pÅ~äÉ=Ñ~ÅíçêW=â=
qçí~ä=ëìêÑ~ÅÉ=~êÉ~W=p=
sçäìãÉW=s=
=
=

=
=

Figure 42. 
=

298. â
~

Ä

~

Ä

~

Ä

~

Ä

~

Ä

å

å

P

P

O

O

N

N ====== K =

=
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299. O

N

O â
p

p
= =

=

300. ( )
O

mmã
p ON

i

+
= =

=
301. ONi pppp ++= =

=

302. ( )OONN pppp
P

Ü
s ++= =

=

303. [ ]ON

O

N ââN
P

Üp

~

Ä

~

Ä
N

P

Üp
s ++=


















++= =

=
=
=

3.28 Rectangular Right Wedge 
=
páÇÉë=çÑ=Ä~ëÉW=~I=Ä=
qçé=ÉÇÖÉW=Å=
eÉáÖÜíW=Ü=
i~íÉê~ä=ëìêÑ~ÅÉ=~êÉ~W= ip =
^êÉ~=çÑ=Ä~ëÉW= _p =
qçí~ä=ëìêÑ~ÅÉ=~êÉ~W=p=
sçäìãÉW=s=
=
=
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326. 

















 −

++++π=+=
O

ONO
ON_i O

ÜÜ
ooÜÜoppp =

=

327. ( )ON

O

ÜÜ
O

o
s +

π
= =

=
=
=

3.32 Right Circular Cone 
o~Çáìë=çÑ=Ä~ëÉW=o=
aá~ãÉíÉê=çÑ=Ä~ëÉW=Ç=
eÉáÖÜíW=e=
pä~åí=ÜÉáÖÜíW=ã=
i~íÉê~ä=ëìêÑ~ÅÉ=~êÉ~W= ip =
^êÉ~=çÑ=Ä~ëÉW= _p =
qçí~ä=ëìêÑ~ÅÉ=~êÉ~W=p=
sçäìãÉW=s=
=
=

=
=

Figure 49. 
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======= =
=

Figure 56. 
=

355. ~ÄÅ
P

Q
s π= =

=
=
=

Prolate Spheroid 
=
pÉãá-~ñÉëW=~I=ÄI=Ä=E Ä~ > F=
pìêÑ~ÅÉ=~êÉ~W=p=
sçäìãÉW=s=
=
=

356. 





 +π=

É

É~êÅëáå~
ÄÄOp I==

ïÜÉêÉ=
~

Ä~
É

OO −
= K=

=

357. ~Ä
P

Q
s Oπ= =

=
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471. fåîÉêëÉ=`çëÉÅ~åí=cìåÅíáçå==

( ] [ ) K
O

IMMI
O

ñÅëÅ~êÅIINNIñIñ~êÅÅëÅó 




 π

∪




 π
−∈∞∪−∞−∈=

=
=

Figure 71. 
=
=

4.18 Principal Values of Inverse              
Trigonometric Functions 
472. 
 ñ = M=

O

N
=

O

O
=

O

P
N=

ñ~êÅëáå = °M = °PM = °QR = °SM °VM
ñ~êÅÅçë = °VM °SM = °QR = °PM °M =

ñ = O

N
−

O

O
−

O

P
− N− = =

ñ~êÅëáå =
°−PM

=
°− QR °− SM

°− VM
=

=

ñ~êÅÅçë =
°NOM

=
°NPR = °NRM =

°NUM
=

=
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482. ñ~êÅëáå
O

ñ~êÅÅçë −
π

= =

=

483. OñN~êÅëáåñ~êÅÅçë −= I= NñM ≤≤ K=
=

484. OñN~êÅëáåñ~êÅÅçë −−π= I= MñN ≤≤− K=
=

485. 
ñ

ñN
~êÅí~åñ~êÅÅçë

O−
= I= NñM ≤< K=

=

486. 
ñ

ñN
~êÅí~åñ~êÅÅçë

O−
+π= I= MñN <≤− K=

=

487. 
OñN

ñ
Åçí~êÅñ~êÅÅçë

−
= I= NñN ≤≤− K=

=
488. ( ) ñ~êÅí~åñ~êÅí~å −=− =

=

489. ñÅçí~êÅ
O

ñ~êÅí~å −
π

= =

=

490. 
OñN

ñ
~êÅëáåñ~êÅí~å

+
= =

=

491. 
OñN

N
~êÅÅçëñ~êÅí~å

+
= I= Mñ ≥ K=

=

492. 
OñN

N
~êÅÅçëñ~êÅí~å

+
−= I= Mñ ≤ K=

=
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529. aá~Öçå~ä=ã~íêáñ==áë==~=ëèì~êÉ==ã~íêáñ=ïáíÜ=~ää==ÉäÉãÉåíë==òÉêç=
ÉñÅÉéí=íÜçëÉ=çå=íÜÉ=äÉ~ÇáåÖ=Çá~Öçå~äK==
=

530. råáí=ã~íêáñ==áë==~=Çá~Öçå~ä==ã~íêáñ==áå=ïÜáÅÜ=íÜÉ=ÉäÉãÉåíë=çå=
íÜÉ=äÉ~ÇáåÖ=Çá~Öçå~ä=~êÉ=~ää=ìåáíóK=qÜÉ=ìåáí=ã~íêáñ=áë===========
ÇÉåçíÉÇ=Äó=fK==
=

531. ^=åìää=ã~íêáñ=áë=çåÉ=ïÜçëÉ=ÉäÉãÉåíë=~êÉ=~ää=òÉêçK=
=
=
=

5.4 Operations with Matrices 
=

532. qïç=ã~íêáÅÉë=^=~åÇ=_=~êÉ=Éèì~ä=áÑI=~åÇ=çåäó=áÑI=íÜÉó=~êÉ=ÄçíÜ=
çÑ==íÜÉ==ë~ãÉ==ëÜ~éÉ== åã× ==~åÇ=ÅçêêÉëéçåÇáåÖ=ÉäÉãÉåíë=~êÉ=
Éèì~äK=
=

533. qïç=ã~íêáÅÉë==^=~åÇ=_==Å~å=ÄÉ=~ÇÇÉÇ=Eçê=ëìÄíê~ÅíÉÇF=çÑI=~åÇ=
çåäó=áÑI=íÜÉó=Ü~îÉ=íÜÉ=ë~ãÉ=ëÜ~éÉ= åã× K=fÑ==

[ ]


















==

ãåOãNã

åOOOON

åNNONN

áà

~~~

~~~

~~~

~^

K

MMM

K

K

I==

[ ]


















==

ãåOãNã

åOOOON

åNNONN

áà

ÄÄÄ

ÄÄÄ

ÄÄÄ

Ä_

K

MMM

K

K

I==

=
=
=
=
=
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íÜÉå==



















==

ãâOãNã

âOOOON

âNNONN

ÅÅÄ

ÅÅÅ

ÅÅÅ

`^_

K

MMM

K

K

I==

ïÜÉêÉ==

∑
=λ

λλ=+++=
å

N
àáåàáåàOOáàNNááà Ä~Ä~Ä~Ä~Å K =

E ãIIOINá K= X âIIOINà K= FK==
=
qÜìë=áÑ=

[ ] 







==

OPOOON

NPNONN
áà ~~~

~~~
~^ I= [ ]
















==

P

O

N

á

Ä

Ä

Ä

Ä_ I==

íÜÉå==
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536. qê~åëéçëÉ=çÑ=~=j~íêáñ=

fÑ=íÜÉ=êçïë=~åÇ=Åçäìãåë=çÑ=~=ã~íêáñ=~êÉ=áåíÉêÅÜ~åÖÉÇI=íÜÉå=
íÜÉ=åÉï=ã~íêáñ=áë=Å~ääÉÇ=íÜÉ=íê~åëéçëÉ=çÑ=íÜÉ=çêáÖáå~ä=ã~íêáñK===
fÑ= ^= áë= íÜÉ= çêáÖáå~ä= ã~íêáñI= áíë= íê~åëéçëÉ= áë= ÇÉåçíÉÇ= q^ = çê=

^
ú

K==
=

537. qÜÉ=ã~íêáñ=^=áë=çêíÜçÖçå~ä=áÑ= f^^q = K==
=

538. fÑ=íÜÉ=ã~íêáñ=éêçÇìÅí=^_=áë=ÇÉÑáåÉÇI=íÜÉå==

( ) qqq ^_^_ = K=
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Figure 75. 
=

555. fÑ= ( ) ( )NNNN wIvIuêwIvIuê
rr

= I=íÜÉå==

Nuu = I= Nvv = I= Nww = K==
==
=

6.2 Vector Addition 
=

556. îìï
rrr

+= =
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== =
=

Figure 76. 
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7.2 Two-Dimensional Coordinate System 
=
mçáåí=ÅççêÇáå~íÉëW= Mñ I= Nñ I= Oñ I= Mó I= Nó I= Oó =

mçä~ê=ÅççêÇáå~íÉëW= ϕIê =
oÉ~ä=åìãÄÉêW=λ ==
mçëáíáîÉ=êÉ~ä=åìãÄÉêëW=~I=ÄI=ÅI==
aáëí~åÅÉ=ÄÉíïÉÉå=íïç=éçáåíëW=Ç=
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=
=

Figure 88. 
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Figure 91. 
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Figure 92. 
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Figure 96. 
=

620. `çåîÉêíáåÖ=oÉÅí~åÖìä~ê=`ççêÇáå~íÉë=íç=mçä~ê=`ççêÇáå~íÉë=
ϕ= Åçëêñ I= ϕ= ëáåêó K=

=

=
=

Figure 97. 
=

621. `çåîÉêíáåÖ=mçä~ê=`ççêÇáå~íÉë=íç=oÉÅí~åÖìä~ê=`ççêÇáå~íÉë=
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ó
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626. bèì~íáçå=çÑ=~=iáåÉ=dáîÉå=~=mçáåí=~åÇ=íÜÉ=dê~ÇáÉåí=
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=

Figure 101. 
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651. dÉåÉê~ä=cçêã 
Mcbóañ`ó_ñó^ñ OO =+++++ I==

ïÜÉêÉ= M^`Q_O <− K=
=

652. dÉåÉê~ä=cçêã=ïáíÜ=^ñÉë=m~ê~ääÉä=íç=íÜÉ=`ççêÇáå~íÉ=^ñÉë 
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=
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=
655. ~Äp π= =
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7.6 Hyperbola 
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cçÅáW= ( )MIÅcN − I= ( )MIÅcO =
aáëí~åÅÉ=ÄÉíïÉÉå=íÜÉ=ÑçÅáW=OÅ= =
bÅÅÉåíêáÅáíóW=É==
^ëóãéíçíÉëW=ëI=í=
oÉ~ä=åìãÄÉêëW=^I=_I=`I=aI=bI=cI=íI=â=
=
=
=
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Figure 118. 
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Figure 120. 
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Figure 122. 
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7.8 Three-Dimensional Coordinate System 
=
mçáåí=ÅççêÇáå~íÉëW= Mñ I= Mó I= Mò I= Nñ I= Nó I= Nò I=£=

oÉ~ä=åìãÄÉêW=λ ==
aáëí~åÅÉ=ÄÉíïÉÉå=íïç=éçáåíëW=Ç=
^êÉ~W=p=
sçäìãÉW=s=
=
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Figure 129.  
=

680. qÜêÉÉ=mçáåí=cçêã=
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Figure 131.  
=
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Figure 134. 
=

688. aáëí~åÅÉ=cêçã=~=mçáåí=qç=~=mä~åÉ=
qÜÉ=Çáëí~åÅÉ=Ñêçã=íÜÉ=éçáåí= ( )NNNN òIóIñm =íç=íÜÉ=éä~åÉ=

Ma`ò_ó^ñ =+++ =áë==
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734. pèì~êÉ=oççí=cìåÅíáçå==

ñó = I= [ )∞∈ IMñ K=
=

======= =
Figure 160. 

=
735. bñéçåÉåíá~ä=cìåÅíáçåë=

ñ~ó = I= M~ > I= N~ ≠ I=
ñÉó = =áÑ= É~ = I= KSTNUOUNUOUQKOÉ = =

=

= =
=

Figure 161. 
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742. eóéÉêÄçäáÅ=`çëÉÅ~åí=cìåÅíáçå==

ñÅëÅÜó = I=
ññ ÉÉ
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ñëáåÜ

N
ñÅëÅÜó −−

=== I= oñ∈ I= Mñ ≠ K=

=

====== =
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Figure 168. 
=

743. fåîÉêëÉ=eóéÉêÄçäáÅ=páåÉ=cìåÅíáçå==
ñ~êÅëáåÜó = I= oñ∈ K=

=
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8.3 Definition and Properties of the Derivative 
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Figure 175. 
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Figure 198. 
=

( )

( )

∫ ∫=
Ç

Å

óè

óé

ÇñÇó^ =EÑçê=~=íóéÉ=ff=êÉÖáçåFK=

=

=
=

Figure 199. 
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Figure 200. 
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1097. ̀ Ü~êÖÉ=çÑ=~=mä~íÉ=

( )∫∫σ=
o

Ç^óIñn I==

ïÜÉêÉ=ÉäÉÅíêáÅ~ä=ÅÜ~êÖÉ=áë=ÇáëíêáÄìíÉÇ=çîÉê=~=êÉÖáçå=o=~åÇ=áíë=
ÅÜ~êÖÉ=ÇÉåëáíó=~í=~=éçáåí=EñIóF=áë= ( )óIñσ K===
=

1098. ̂ îÉê~ÖÉ=çÑ=~=cìåÅíáçå=

( )∫∫=µ
o

Ç^óIñÑ
p

N
I==

ïÜÉêÉ= ∫∫=
o

Ç^p K==

=
=
=

9.11 Triple Integral 
=
cìåÅíáçåë=çÑ=íÜêÉÉ=î~êá~ÄäÉëW= ( )òIóIñÑ I= ( )òIóIñÖ I=£=

qêáéäÉ=áåíÉÖê~äëW= ( )∫∫∫
d

ÇsòIóIñÑ I= ( )∫∫∫
d

ÇsòIóIñÖ I=£=

oáÉã~åå=ëìãW= ( )∑∑∑
= = =

∆∆∆
ã

Ná

å

Nà

é

Nâ
âàáâàá òóñïIîIìÑ =

pã~ää=ÅÜ~åÖÉëW= áñ∆ I= àó∆ I= âò∆ =

iáãáíë=çÑ=áåíÉÖê~íáçåW=~I=ÄI=ÅI=ÇI=êI=ë=
oÉÖáçåë=çÑ=áåíÉÖê~íáçåW=dI=qI=p==
`óäáåÇêáÅ~ä=ÅççêÇáå~íÉëW= ê I=θ I=ò=
péÜÉêáÅ~ä=ÅççêÇáå~íÉëW= ê I=θ I=ϕ =
sçäìãÉ=çÑ=~=ëçäáÇW=s=

Preview from Notesale.co.uk

Page 279 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

278 
 

1123. mêçéÉêíáÉë=çÑ=iáåÉ=fåíÉÖê~äë=çÑ=sÉÅíçê=cáÉäÇë=

( ) ( )∫∫ ⋅−=⋅
− ``

êÇcêÇc
rrrr

I==

ïÜÉêÉ=-`=ÇÉåçíÉ==íÜÉ=ÅìêîÉ=ïáíÜ=íÜÉ=çééçëáíÉ=çêáÉåí~íáçåK=
=

( ) ( ) ( ) ( )∫∫∫∫ ⋅+⋅=⋅=⋅
∪ ONON `````

êÇcêÇcêÇcêÇc
rrrrrrrr

I==

ïÜÉêÉ=`=áë=íÜÉ=ìåáçå=çÑ=íÜÉ=ÅìêîÉë= N` =~åÇ= O` K==
=

1124. fÑ=íÜÉ=ÅìêîÉ=`=áë=é~ê~ãÉíÉêáòÉÇ=Äó= ( ) ( ) ( ) ( )íòIíóIíñíê =
r

I=

β≤≤α í I=íÜÉå==

=++∫̀ oÇònÇómÇñ =

( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )∫
β

α







 ++= Çí

Çí

Çò
íòIíóIíño

Çí

Çó
íòIíóIíñn

Çí

Çñ
íòIíóIíñm

=
1125. fÑ=`=äáÉë=áå=íÜÉ=ñó-éä~åÉ=~åÇ=ÖáîÉå=Äó=íÜÉ=Éèì~íáçå= ( )ñÑó = I=

íÜÉå==

( )( ) ( )( )∫∫ 





 +=+

Ä

~`

Çñ
Çñ

ÇÑ
ñÑIñnñÑIñmnÇómÇñ K==

=
1126. dêÉÉå∞ë=qÜÉçêÉã=

∫∫∫ +=







∂
∂

−
∂
∂

`o

nÇómÇñÇñÇó
ó

m

ñ

n
I==

ïÜÉêÉ= ( ) ( ) àóIñnáóIñmc
rrr

+= = áë= ~= Åçåíáåìçìë= îÉÅíçê= ÑìåÅ-

íáçå=ïáíÜ==Åçåíáåìçìë==Ñáêëí=é~êíá~ä==ÇÉêáî~íáîÉë=
ó

m

∂
∂

I=
ñ

n

∂
∂

=áå=~=

ëçãÉ= Ççã~áå= oI= ïÜáÅÜ= áë= ÄçìåÇÉÇ= Äó= ~= ÅäçëÉÇI= éáÉÅÉïáëÉ=
ëãççíÜ=ÅìêîÉ=`K==
=
=

Preview from Notesale.co.uk

Page 288 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

279 
 

1127. ̂ êÉ~=çÑ=~=oÉÖáçå=o=_çìåÇÉÇ=Äó=íÜÉ=`ìêîÉ=`=

∫∫∫ −==
`o

óÇññÇó
O

N
ÇñÇóp =

=
1128. m~íÜ=fåÇÉéÉåÇÉåÅÉ=çÑ=iáåÉ=fåíÉÖê~äë=

qÜÉ= äáåÉ= áåíÉÖê~ä= çÑ= ~= îÉÅíçê= ÑìåÅíáçå= âoànámc
rrrr

++= = áë=
ë~áÇ=íç=ÄÉ=é~íÜ=áåÇÉéÉåÇÉåíI= áÑ=~åÇ=çåäó=áÑ=mI=nI=~åÇ=o=~êÉ=
Åçåíáåìçìë= áå= ~= Ççã~áå= aI= ~åÇ= áÑ= íÜÉêÉ= Éñáëíë= ëçãÉ= ëÅ~ä~ê=
ÑìåÅíáçå== ( )òIóIñìì = ==E~==ëÅ~ä~ê==éçíÉåíá~äF==áå==a==ëìÅÜ=íÜ~í=

ìÖê~Çc =
r

I=çê= m
ñ

ì
=

∂
∂

I= n
ó

ì
=

∂
∂

I= o
ò

ì
=

∂
∂

K==

qÜÉå==

( ) ( ) ( )^ì_ìoÇònÇómÇñêÇêc
``

−=++=⋅ ∫∫
rrr

K==

=
1129. qÉëí=Ñçê=~=`çåëÉêî~íáîÉ=cáÉäÇ=

^=îÉÅíçê=ÑáÉäÇ=çÑ=íÜÉ=Ñçêã= ìÖê~Çc =
r

=áë=Å~ääÉÇ=~=ÅçåëÉêî~íáîÉ=

ÑáÉäÇK=qÜÉ=äáåÉ=áåíÉÖê~ä=çÑ=~=îÉÅíçê=ÑìåÅíáçå= âoànámc
rrrr

++= =
áë=é~íÜ=áåÇÉéÉåÇÉåí=áÑ=~åÇ=çåäó=áÑ==

M

onm
òóñ

âàá

cÅìêä
r

rrr

r
=

∂
∂

∂
∂

∂
∂

= K==

=
fÑ=íÜÉ=äáåÉ=áåíÉÖê~ä=áë=í~âÉå=áå=ñó-éä~åÉ=ëç=íÜ~í==

( ) ( )^ì_ìnÇómÇñ
`

−=+∫ I==

íÜÉå=íÜÉ=íÉëí=Ñçê=ÇÉíÉêãáåáåÖ=áÑ=~=îÉÅíçê=ÑáÉäÇ=áë=ÅçåëÉêî~íáîÉ=
Å~å=ÄÉ=ïêáííÉå=áå=íÜÉ=Ñçêã==

ñ

n

ó

m

∂
∂

=
∂
∂

K==

=

Preview from Notesale.co.uk

Page 289 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

287 
 

( ) ( ) ( )âîIì
ì

ò
àîIì

ì

ó
áîIì

ì

ñ

ì

ê rrrr

∂
∂

+
∂
∂

+
∂
∂

=
∂
∂

I==

( ) ( ) ( )âîIì
î

ò
àîIì

î

ó
áîIì

î

ñ

î

ê rrrr

∂
∂

+
∂
∂

+
∂
∂

=
∂
∂

=

~åÇ=
î

ê

ì

ê

∂
∂

×
∂
∂

rr

=áë=íÜÉ=Åêçëë=éêçÇìÅíK==

=
1141. fÑ==íÜÉ==ëìêÑ~ÅÉ==p==áë==ÖáîÉå=Äó==íÜÉ=Éèì~íáçå= ( )óIñòò = =ïÜÉêÉ=

( )óIñò ==áë==~==ÇáÑÑÉêÉåíá~ÄäÉ==ÑìåÅíáçå==áå=íÜÉ=Ççã~áå= ( )óIña I=
íÜÉå==

( ) ( )( )
( )
∫∫∫∫ 








∂
∂

+






∂
∂

+=
óIña

OO

p

ÇñÇó
ó

ò

ñ

ò
NóIñòIóIñÑÇpòIóIñÑ K==

=

1142. pìêÑ~ÅÉ=fåíÉÖê~ä=çÑ=íÜÉ=sÉÅíçê=cáÉäÇ= c
r

=çîÉê=íÜÉ=pìêÑ~ÅÉ=p=
• fÑ=p=áë=çêáÉåíÉÇ=çìíï~êÇI=íÜÉå==

===== ( ) ( )∫∫∫∫ ⋅=⋅
pp

ÇpåòIóIñcpÇòIóIñc
rrrr

=

====== ( ) ( ) ( )( )
( )
∫∫ 





∂
∂

×
∂
∂

⋅=
îIìa

ÇìÇî
î

ê

ì

ê
îIìòIîIìóIîIìñc

rrr
K==

=
• fÑ=p=áë=çêáÉåíÉÇ=áåï~êÇI=íÜÉå==

===== ( ) ( )∫∫∫∫ ⋅=⋅
pp

ÇpåòIóIñcpÇòIóIñc
rrrr

=

====== ( ) ( ) ( )( )
( )
∫∫ 





∂
∂

×
∂
∂

⋅=
îIìa

ÇìÇî
ì

ê

î

ê
îIìòIîIìóIîIìñc

rrr
K==

=

ÇpåpÇ
rr

= ==áë==Å~ääÉÇ==íÜÉ==îÉÅíçê=ÉäÉãÉåí=çÑ=íÜÉ=ëìêÑ~ÅÉK==açí=
ãÉ~åë= = íÜÉ= = ëÅ~ä~ê= = éêçÇìÅí= = çÑ= = íÜÉ= = ~ééêçéêá~íÉ= = îÉÅíçêëK=

qÜÉ=é~êíá~ä=ÇÉêáî~íáîÉë=
ì

ê

∂
∂
r

=~åÇ==
î

ê

∂
∂
r

=~êÉ=ÖáîÉå=Äó==

Preview from Notesale.co.uk

Page 297 of 338



CHAPTER 9.  INTEGRAL CALCULUS 

292 
 

( )∫∫ µ=
p

O
ñò ÇpòIóIñóf K=

=
1156. jçãÉåíë=çÑ=fåÉêíá~=~Äçìí=íÜÉ=ñ-~ñáëI=ó-~ñáëI=~åÇ=ò-~ñáë=

( ) ( )∫∫ µ+=
p

OO
ñ ÇpòIóIñòóf I==

( ) ( )∫∫ µ+=
p

OO
ó ÇpòIóIñòñf I==

( ) ( )∫∫ µ+=
p

OO
ò ÇpòIóIñóñf K==

=
1157. sçäìãÉ=çÑ=~=pçäáÇ=_çìåÇÉÇ=Äó=~=`äçëÉÇ=pìêÑ~ÅÉ=

∫∫ ++=
p

òÇñÇóóÇñÇòñÇóÇò
P

N
s ==

=
1158. dê~îáí~íáçå~ä=cçêÅÉ=

( )∫∫µ=
p

P
Çp

ê

ê
òIóIñdãc
rr

I=

ïÜÉêÉ=ã=áë=~=ã~ëë=~í=~=éçáåí= MMM òIóIñ =çìíëáÇÉ=íÜÉ=ëìêÑ~ÅÉI==

MMM òòIóóIññê −−−=
r

I==

( )òIóIñµ =áë=íÜÉ=ÇÉåëáíó=ÑìåÅíáçåI==
~åÇ=d=áë=Öê~îáí~íáçå~ä=Åçåëí~åíK=
=

1159. mêÉëëìêÉ=cçêÅÉ=

( )∫∫=
p

pÇêéc
rrr

I==

ïÜÉêÉ=íÜÉ=éêÉëëìêÉ== ( )êé
r

==~Åíë==çå==íÜÉ==ëìêÑ~ÅÉ==p==ÖáîÉå==Äó=
íÜÉ=éçëáíáçå=îÉÅíçê= ê

r
K=

=
1160. cäìáÇ=cäìñ=E~Åêçëë=íÜÉ=ëìêÑ~ÅÉ=pF=

( )∫∫ ⋅=Φ
p

pÇêî
rrr

I==

Preview from Notesale.co.uk

Page 302 of 338



CHAPTER 10.  DIFFERENTIAL EQUATIONS 

295 
 

^ÅÅÉäÉê~íáçå=çÑ=Öê~îáíóW=Ö=
`ìêêÉåíW=f=
oÉëáëí~åÅÉW=o=
fåÇìÅí~åÅÉW=i=
`~é~Åáí~åÅÉW=`=
=
=

10.1 First Order Ordinary Differential     
Equations 

=
1164. iáåÉ~ê=bèì~íáçåë=

( ) ( )ñèóñé
Çñ

Çó
=+ K==

=
qÜÉ=ÖÉåÉê~ä=ëçäìíáçå=áë==

( ) ( )
( )ñì

`Çññèñì
ó

+
= ∫ I==

ïÜÉêÉ==

( ) ( )( )∫= ÇññéÉñéñì K=

=
1165. pÉé~ê~ÄäÉ=bèì~íáçåë=

( ) ( ) ( )óÜñÖóIñÑ
Çñ

Çó
== =

=
qÜÉ=ÖÉåÉê~ä=ëçäìíáçå=áë=ÖáîÉå=Äó=

( ) ( ) `ÇññÖ
óÜ

Çó
+= ∫∫ I==

çê=
( ) ( ) `ñdóe += K=

=
=
=

Preview from Notesale.co.uk

Page 305 of 338



CHAPTER 10.  DIFFERENTIAL EQUATIONS 

296 
 

1166. eçãçÖÉåÉçìë=bèì~íáçåë=

qÜÉ= ÇáÑÑÉêÉåíá~ä= Éèì~íáçå= ( )óIñÑ
Çñ

Çó
= = áë= ÜçãçÖÉåÉçìëI= áÑ=

íÜÉ=ÑìåÅíáçå= ( )óIñÑ =áë=ÜçãçÖÉåÉçìëI=íÜ~í=áë==
( ) ( )óIñÑíóIíñÑ = K==

=

qÜÉ=ëìÄëíáíìíáçå=
ñ

ó
ò = =EíÜÉå= òñó = F=äÉ~Çë=íç=íÜÉ=ëÉé~ê~ÄäÉ=

Éèì~íáçå=

( )òINÑò
Çñ

Çò
ñ =+ K==

=
1167. _Éêåçìääá=bèì~íáçå=

( ) ( ) åóñèóñé
Çñ

Çó
=+ K==

=
qÜÉ=ëìÄëíáíìíáçå= åNóò −= =äÉ~Çë=íç=íÜÉ=äáåÉ~ê=Éèì~íáçå==

( ) ( ) ( ) ( )ñèåNòñéåN
Çñ

Çò
−=−+ K==

=
1168. oáÅÅ~íá=bèì~íáçå=

( ) ( ) ( ) Oóñêóñèñé
Çñ

Çó
++= =

=
fÑ=~=é~êíáÅìä~ê=ëçäìíáçå= Nó =áë=âåçïåI=íÜÉå=íÜÉ=ÖÉåÉê~ä=ëçäì-
íáçå=Å~å=ÄÉ=çÄí~áåÉÇ=ïáíÜ=íÜÉ=ÜÉäé=çÑ=ëìÄëíáíìíáçå=

Nóó

N
ò

−
= I=ïÜáÅÜ=äÉ~Çë=íç=íÜÉ=Ñáêëí=çêÇÉê=äáåÉ~ê=Éèì~íáçå==

( ) ( )[ ] ( )ñêòñêóOñè
Çñ

Çò
N −+−= K==

=
=
=

Preview from Notesale.co.uk

Page 306 of 338



CHAPTER 10.  DIFFERENTIAL EQUATIONS 

297 
 

1169. bñ~Åí=~åÇ=kçåÉñ~Åí=bèì~íáçåë=
qÜÉ=Éèì~íáçå==
( ) ( ) MÇóóIñkÇñóIñj =+ ==

áë=Å~ääÉÇ=Éñ~Åí=áÑ==

ñ

k

ó

j

∂
∂

=
∂
∂

I==

~åÇ=åçåÉñ~Åí=çíÜÉêïáëÉK=
=
qÜÉ=ÖÉåÉê~ä=ëçäìíáçå=áë==

( ) ( ) `ÇóóIñkÇñóIñj =+ ∫∫ K==

=
1170. o~Çáç~ÅíáîÉ=aÉÅ~ó=

âó
Çí

Çó
−= I==

ïÜÉêÉ= ( )íó =áë=íÜÉ=~ãçìåí=çÑ=ê~Çáç~ÅíáîÉ=ÉäÉãÉåí=~í=íáãÉ=íI=â=
áë=íÜÉ=ê~íÉ=çÑ=ÇÉÅ~óK==
=
qÜÉ=ëçäìíáçå=áë==
( ) âí

MÉóíó −= I=ïÜÉêÉ= ( )MóóM = =áë=íÜÉ=áåáíá~ä=~ãçìåíK=

=
1171. kÉïíçå∞ë=i~ï=çÑ=`ççäáåÖ=

( )pqâ
Çí

Çq
−−= I==

ïÜÉêÉ= ( )íq =áë=íÜÉ=íÉãéÉê~íìêÉ=çÑ=~å=çÄàÉÅí=~í=íáãÉ=íI=p=áë=íÜÉ=

íÉãéÉê~íìêÉ= çÑ= íÜÉ= ëìêêçìåÇáåÖ= ÉåîáêçåãÉåíI= â= áë= ~= éçëá-
íáîÉ=Åçåëí~åíK==
=
qÜÉ=ëçäìíáçå=áë=
( ) ( ) âí

M Épqpíq −−+= I==

ïÜÉêÉ= ( )MqqM = = áë= íÜÉ= áåáíá~ä= íÉãéÉê~íìêÉ= çÑ= íÜÉ= çÄàÉÅí= ~í=

íáãÉ= Mí = K==
=
=

Preview from Notesale.co.uk

Page 307 of 338



CHAPTER 10.  DIFFERENTIAL EQUATIONS 

300 
 

1176. aáÑÑÉêÉåíá~ä=bèì~íáçåë=ïáíÜ=ñ=jáëëáåÖ=
( )óIóÑó ′=′′ K==

pÉí= óì ′= K=páåÅÉ==

Çó

Çì
ì

Çñ

Çó

Çó

Çì

Çñ

Çì
ó ===′′ I==

ïÉ=Ü~îÉ=

( )ìIóÑ
Çó

Çì
ì = I==

ïÜáÅÜ=áë=~=Ñáêëí=çêÇÉê=ÇáÑÑÉêÉåíá~ä=Éèì~íáçåK==
=

1177. cêÉÉ=råÇ~ãéÉÇ=sáÄê~íáçåë=
qÜÉ=ãçíáçå=çÑ=~=j~ëë=çå=~=péêáåÖ=áë=ÇÉëÅêáÄÉÇ=Äó=íÜÉ=Éèì~-
íáçå==

Mâóóã =+&& I==
ïÜÉêÉ==
ã=áë=íÜÉ=ã~ëë=çÑ=íÜÉ=çÄàÉÅíI=
â=áë=íÜÉ=ëíáÑÑåÉëë=çÑ=íÜÉ=ëéêáåÖI=
ó=áë=Çáëéä~ÅÉãÉåí=çÑ=íÜÉ=ã~ëë=Ñêçã=ÉèìáäáÄêáìãK=
=
qÜÉ=ÖÉåÉê~ä=ëçäìíáçå=áë==

( )δ−ω= íÅçë^ó M I==

ïÜÉêÉ==
^=áë=íÜÉ=~ãéäáíìÇÉ=çÑ=íÜÉ=Çáëéä~ÅÉãÉåíI=

Mω =áë=íÜÉ=ÑìåÇ~ãÉåí~ä=ÑêÉèìÉåÅóI=íÜÉ=éÉêáçÇ=áë=
M

O
q

ω
π

= I=

δ =áë=éÜ~ëÉ=~åÖäÉ=çÑ=íÜÉ=Çáëéä~ÅÉãÉåíK=
qÜáë=áë=~å=Éñ~ãéäÉ=çÑ=ëáãéäÉ=Ü~êãçåáÅ=ãçíáçåK==
=

1178. cêÉÉ=a~ãéÉÇ=sáÄê~íáçåë=
Mâóóóã =+γ+ &&& I=ïÜÉêÉ==

γ =áë=íÜÉ=Ç~ãéáåÖ=ÅçÉÑÑáÅáÉåíK==
qÜÉêÉ=~êÉ=P=Å~ëÉë=Ñçê=íÜÉ=ÖÉåÉê~ä=ëçäìíáçåW=
=

Preview from Notesale.co.uk

Page 310 of 338



CHAPTER 10.  DIFFERENTIAL EQUATIONS 

302 
 

ïÜÉêÉ=f= áë=íÜÉ=ÅìêêÉåí=áå=~å=oi`=ÅáêÅìáí=ïáíÜ=~å=~Å=îçäí~ÖÉ=
ëçìêÅÉ= ( ) ( )íëáåbís M ω= K===

=
qÜÉ=ÖÉåÉê~ä=ëçäìíáçå=áë==
( ) ( )ϕ−ω++= íëáå^É`É`íf íê

O
íê

N
ON I=

ïÜÉêÉ==

iO
`

iQ
oo

ê

O

OIN

−±−
= I==

OO
O

O

M

o
`

N
i

b
^

ω+





 −ω

ω
= I==









ω
−

ω
=ϕ

o`

N

o

i
~êÅí~å I==

N` I= O` =~êÉ=Åçåëí~åíë=ÇÉéÉåÇáåÖ=çå=áåáíá~ä=ÅçåÇáíáçåëK=
=
=
=

10.3. Some Partial Differential Equations 
=

1181. qÜÉ=i~éä~ÅÉ=bèì~íáçå=

M
ó

ì

ñ

ì
O

O

O

O

=
∂
∂

+
∂
∂

=

~ééäáÉë=íç=éçíÉåíá~ä=ÉåÉêÖó=ÑìåÅíáçå= ( )óIñì ==Ñçê==~= =ÅçåëÉê-
î~íáîÉ= ÑçêÅÉ= ÑáÉäÇ= áå= íÜÉ= ñó-éä~åÉK= m~êíá~ä= ÇáÑÑÉêÉåíá~ä= Éèì~-
íáçåë=çÑ=íÜáë=íóéÉ=~êÉ=Å~ääÉÇ=ÉääáéíáÅK==
=

1182. qÜÉ=eÉ~í=bèì~íáçå=

í

ì

ó

ì

ñ

ì
O

O

O

O

∂
∂

=
∂
∂

+
∂
∂

=

Preview from Notesale.co.uk

Page 312 of 338



CHAPTER 11.  SERIES 

306 
 

1193. ( )
O

Nåå
åPON

+
=++++ K =

=
1194. ( )NåååOSQO +=++++ K =

=
1195. ( ) OåNåORPN =−++++ K =

=

1196. ( ) ( ) ( ) ( )
O

NåâOå
NåâOâNââ

−+
=−+++++++ K =

=

1197. ( )( )
S

NåONåå
åPON OOOO ++

=++++ K =

=

1198. ( ) O
PPPP

O

Nåå
åPON 



 +

=++++ K =

=

1199. ( ) ( )
P

NåQå
NåORPN

O
OOOO −
=−++++ K =

=

1200. ( ) ( )NåOåNåORPN OOPPPP −=−++++ K =
=

1201. O
O

N

U

N

Q

N

O

N
N

å
=++++++ KK =

=

1202. ( ) N
Nåå

N

QP

N

PO

N

ON

N
=+

+
++

⋅
+

⋅
+

⋅
KK =

=

1203. ( ) É
>Nå

N

>P

N

>O

N

>N

N
N =+

−
+++++ KK =

=
=
=

Preview from Notesale.co.uk

Page 316 of 338



CHAPTER 11.  SERIES 

313 
 

1224. fåíÉÖê~íáçå=çÑ=mçïÉê=pÉêáÉë=

iÉí= ( ) K+++==∑
∞

=

O
ONM

Må

å
å ñ~ñ~~ñ~ñÑ =Ñçê= oñ < K==

qÜÉåI==Ñçê= oñ < I=íÜÉ=áåÇÉÑáåáíÉ=áåíÉÖê~ä= ( )∫ ÇññÑ Éñáëíë=~åÇ==

( ) K+++= ∫∫∫∫ Çññ~ñÇñ~Çñ~ÇññÑ O
ONM =

`
Nå

ñ
~

P

ñ
~

O

ñ
~ñ~

Må

Nå

å

P

O

O

NM +
+

=+++= ∑
∞

=

+

K K=

=
=
=

11.10 Taylor and Maclaurin Series 
=
tÜçäÉ=åìãÄÉêW=å=
aáÑÑÉêÉåíá~ÄäÉ=ÑìåÅíáçåW= ( )ñÑ =
oÉã~áåÇÉê=íÉêãW= åo =
=
=

1225. q~óäçê=pÉêáÉë=

( ) ( )( )( ) ( ) ( )( ) ( )( )
K+

−′′
+−′+=

−
=∑

∞

= >O

~ñ~Ñ
~ñ~Ñ~Ñ

>å

~ñ
~ÑñÑ

O

Må

å
å

= =
( ) ( )( )

å

åå

o
>å

~ñ~Ñ
+

−
+ K==

=
1226. qÜÉ=oÉã~áåÇÉê=^ÑíÉê=åHN=qÉêãë=áë=ÖáîÉå=Äó==

( )( )( )
( )>Nå

~ñÑ
o

NåNå

å +
−ξ

=
++

I=== ñ~ <ξ< K=

=
1227. j~Åä~ìêáå=pÉêáÉë=

Preview from Notesale.co.uk

Page 323 of 338



CHAPTER 11.  SERIES 

315 
 

1234. ( )
( ) KK ±

+
−

++−+−=
+

>NåO

ñN

>T

ñ

>R

ñ

>P

ñ
ññëáå

NåOåTRP

=

=

1235. K+++++=
OUPR

ñSO

PNR

ñNT

NR

ñO

P

ñ
ññí~å

VTRP

I=
O

ñ
π

< K=

=

1236. 







++++−= K

QTOR

ñO

VQR

ñO

QR

ñ

P

ñ

ñ

N
ñÅçí

TRP

I= π<ñ K=

=

1237. ( )
( )( ) K

K

K
K +

+⋅⋅
−⋅⋅

++
⋅⋅

⋅
+

⋅
+=

+

NåOåOSQO

ñNåORPN

RQO

ñPN

PO

ñ
ññ~êÅëáå

NåORP

I=

Nñ < K=

=

1238. ( )
( )( ) I

NåOåOSQO

ñNåORPN

RQO

ñPN

PO

ñ
ñ

O
ñ~êÅÅçë

NåORP









+

+⋅⋅
−⋅⋅

++
⋅⋅

⋅
+

⋅
+−

π
=

+

K
K

K
K

Nñ < K=

=

1239. ( )
KK ±

+
−

++−+−=
+

NåO

ñN

T

ñ

R

ñ

P

ñ
ññ~êÅí~å

NåOåTRP

I= Nñ ≤ K=

=

1240. ( ) KK ++++++=
>åO

ñ

>S

ñ

>Q

ñ

>O

ñ
NñÅçëÜ

åOSQO

=

=

1241. ( ) KK +
+

+++++=
+

>NåO

ñ

>T

ñ

>R

ñ

>P

ñ
ññëáåÜ

NåOTRP

=

=
=
=
=
=

Preview from Notesale.co.uk

Page 325 of 338



CHAPTER 12.  PROBABILITY 

323 
 

ïÜÉêÉ==
ñ=áë=~=é~êíáÅìä~ê=çìíÅçãÉI==
í =áë=~=î~êá~ÄäÉ=çÑ=áåíÉÖê~íáçåK=
=

1279. ( ) 







σ
µ−β

−







σ
µ−α

=β<<α ccum I=

ïÜÉêÉ=
u=áë=åçêã~ääó=ÇáëíêáÄìíÉÇ=ê~åÇçã=î~êá~ÄäÉI=
c=áë=Åìãìä~íáîÉ=åçêã~ä=ÇáëíêáÄìíáçå=ÑìåÅíáçåI==
( )β<<α um =áë=áåíÉêî~ä=éêçÄ~ÄáäáíóK=

=

1280. ( ) 






σ
ε

=ε<µ− cOum I==

ïÜÉêÉ==
u=áë=åçêã~ääó=ÇáëíêáÄìíÉÇ=ê~åÇçã=î~êá~ÄäÉI=
c=áë=Åìãìä~íáîÉ=åçêã~ä=ÇáëíêáÄìíáçå=ÑìåÅíáçåK=
=

1281. ̀ ìãìä~íáîÉ=aáëíêáÄìíáçå=cìåÅíáçå=

( ) ( ) ( )∫
∞−

=<=
ñ

ÇííÑñumñc I==

ïÜÉêÉ=í=áë=~=î~êá~ÄäÉ=çÑ=áåíÉÖê~íáçåK=
=

1282. _Éêåçìääá=qêá~äë=mêçÅÉëë=
åé=µ = I= åéèO =σ I==

ïÜÉêÉ==
å =áë=~=ëÉèìÉåÅÉ=çÑ=ÉñéÉêáãÉåíëI==
é =áë=íÜÉ=éêçÄ~Äáäáíó=çÑ=ëìÅÅÉëë=çÑ=É~ÅÜ=ÉñéÉêáãÉåíëI=
è =áë=íÜÉ=éêçÄ~Äáäáíó=çÑ=Ñ~áäìêÉI= éNè −= K=
=

1283. _áåçãá~ä=aáëíêáÄìíáçå=cìåÅíáçå=======

( ) âåâèé
â

å
èIéIåÄ −









= I==

Preview from Notesale.co.uk

Page 333 of 338



CHAPTER 12.  PROBABILITY 

326 
 

1294. j~êâçî=fåÉèì~äáíó=

( ) ( )
â

ub
âum ≤> I==

ïÜÉêÉ=â=áë=ëçãÉ=Åçåëí~åíK=
=

1295. s~êá~åÅÉ=çÑ=aáëÅêÉíÉ=o~åÇçã=s~êá~ÄäÉë=

( ) ( )[ ] ( )∑
=

µ−=µ−==σ
å

Ná
á

O
á

OO éñubus I==

ïÜÉêÉ==

áñ =áë=~=é~êíáÅìä~ê=çìíÅçãÉI=

áé =áë=áíë=éêçÄ~ÄáäáíóK=
=

1296. s~êá~åÅÉ=çÑ=`çåíáåìçìë=o~åÇçã=s~êá~ÄäÉë=

( ) ( )[ ] ( ) ( )∫
∞

∞−

µ−=µ−==σ ÇññÑñubus OOO ==

=
1297. mêçéÉêíáÉë=çÑ=s~êá~åÅÉ=

( ) ( ) ( )vsusvus +=+ I==
( ) ( ) ( )vsusvus +=− I=
( ) ( )usÅus =+ I=

( ) ( )usÅÅus O= I=
ïÜÉêÉ=Å=áë=~=Åçåëí~åíK=
=

1298. pí~åÇ~êÇ=aÉîá~íáçå=

( ) ( ) ( )[ ]Oubusua µ−== =

=
1299. ̀ çî~êá~åÅÉ=

( ) ( )( ) ( )( )[ ] ( ) ( ) ( )vuuvbvvuubvIuÅçî µµ−=µ−µ−= I==
ïÜÉêÉ==
u =áë=ê~åÇçã=î~êá~ÄäÉI==
( )us =áë=íÜÉ=î~êá~åÅÉ=çÑ=uI==

µ =áë=íÜÉ=ÉñéÉÅíÉÇ=î~äìÉ=çÑ=u=çê=vK=

Preview from Notesale.co.uk

Page 336 of 338


