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16.2.1 Linearity

The Laplace transform of a linear combination of two (or more) functions is equal
to the linear combination of the respective Laplace transforms. Mathematically,

L{af(t) + Bg(t)} = aL{f(t))} + BL{g(1)} = aF(s) + BG(s). (16.6)
This linear property easily follows from the linearity property for integrals.

Example 16.8

3

£{20 = 3sint} = 2L{t} — 3L{sint} = 5 —

using Table 16.1, entries #2 and #4 (with b=1). N

16.2.2 Derivative formula

The derivative formula relates the Laplace transform of the derivative f'(¢) of a
function f(t) to the Laplace transform F(s) of the function f(t) itself, namely

LIS ()} = s ()} — F(0) = sF(s) — £(0). (16.7)
The derivative formula (16.7) is recorded in Table 16.1 as entry #15. K

Example 16.9 CO
L{1} = s £{t} =0 \e

is easily verified using Table 16.1, entﬁ %@-

Example 16.10 For‘g Omw have f'(t f b%& and f(0) = 0, so that

\, \eW cos( bt e{s 21,
P (\Slng Table 16.1, entr 1 the linear property (16.6) we then obtain

b
bc{COS(bt)} =S m,
ie.,
S
L{cos(bt)} = sl

which is recorded as entry #5 in Table 16.1. H
Example 16.11 For f(t) = e* we have f'(t) = ae® and f(0) = 1, so that
L{ae™} = s L{e™} — 1. (16.8)

Using the linear property (16.6) and Table 16.1, entries #2 we verify that
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16.3 Solution of linear IPVs

Examples 16.11 and 16.12 show that the Laplace transform of certain functions can
easily be obtained by using the linearity property (16.6) and the derivative formulas
(16.7), (16.10). Here we formalize this idea by showing that the Laplace transform
of the solution of the second-order constant coefficients linear IVP

au” + bu' 4+ cu = g(t),
u(0) = a,
0 =f  (fa#0)

can be obtained this way.

16.3.1 Obtaining the Laplace transform of the solution

Apply the Laplace transform to both sides of the ODE and use linearity (#14) and
the derivative formulas (#15, #16):

a4+ bu 4+ cu = g(t)

a‘ L{u"}

o L{u'}

taL{uy| = [L{e)

= L{u) — su(0) —u/(0) ~ U0 %@ ‘\)\‘

=s2U(s) —as—f3

. §¥O
No @\&l are used ri @y] the determination of U(s). Collecting
P (E@ms (aszesaé) (s) —aas — (af + ba) = G(s),

€.,
G(s) aas + aff + ba
U = - 7 -
() as? +bs +c * as? +bs +c
! l (16.12)
U(s) with trivial ICs U(s) with no forcing
a=0,6=0 g(t)=0,G(s) =0
(start at rest) (HODE)
. 1 . .
The quantity PR is called a transfer function.

Example 16.13 Find U(s) if u(t) is the solution of the IVP

{oa
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Therefore K
a=-3, b=-1, c=16,

d = —5
(ii’) The alternate approach of picking suitable val Qcan right
away deliver some of the coeﬂicientg

NQ d => E5
10=2
ﬁgnd b (which éx%ong) a quadratlc denominator s2 +
ti

\,\ uld requlre e (so that s> +1 = 0) and lead to
( e calculati numbers. Alternately we can substitute other
values

interestin

s=0: 10=b+c+d = b=-1,
s=1: 10=6(a+b)+4c+6d = a=-3

4. Inverse transform each term in the PFD of F(s) using Table 16.1:

—3s—1 16 )
Fls) = 2+ 1 TS R |
A I I R I U I
s2+1 s2+1 s+ s+1
Lttt Lt Lt
cost sint e~ 3t et
(#5) (#4) (#3) (#3)

= f(t) = L7{F(s)} = —3cost —sint + 8e 2! — Bet.
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here using a PFD of U(s). From Example ... we have

Ug) = —— ysHL_ 1L == . 1
s+1  s2+4+1 s+1 s2+1 s2+1

Let Let Lt

et — cos(t) sin(t)

(#3) (#5) (#4)

= u(t) = e ' —cost +sint.

¢ [mistake] The Laplace transform of f’(¢) is NOT F’(s) (but is sF'(s) — f(0)).

e [tip] The solution of an IVP obtained using the Laplace transform can be

checked using the IC(s). Remember that the ICs are used early in the solution

process. Many errors can occur in the calculations until the final answer. Thus

check whether your solution satisfies the ICs! (at least the first one, u(0). For
example the solution of the IVP (16.14) given by (16.17) satisfies

w0)=-3-0+8—-4=1, v
W(0)=0-1-4+4=-1. v

e [tip] The Laplace inversion process of a rational function F(s) can be carried
out without explicit knowledge of the coefficients of the PFD, provided CK
set-up correctly. In Example 16.18 the set-up (16.17) ylelds \3

Fls) = a25+b

5241 8-|—1

S % ! 1
_‘QSQ \ SA+ ( s+ 1
1 -1

e AMOLT

Py eN \© Qes #9) #9)

= f(t) = 1{F (s)} =acost+bsint + 26_5 +de t.

So you can still proceed if you get stuck in the system solution for a, b, ¢, d.

e [tip] Large values of s correspond to small values of ¢. This remark is some-
times useful to check whether a Laplace transform or inverse transform makes
sense. The diagram

eat £ 1
s—a
~ for t ~ Ol lz for s large
r 1

1 £ =
S

illustrates this. If s = iw, large s means large w, i.e., high frequency. A
function which varies with a high frequency must be observed on a small time
scale.



