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2 ENGINEERING MATHEMATICS

2 9 2 11
,then 3—- = -+ - = —
3 3 3 3

1 12 1 13
Similarly, 2— =
imilarly =% s 5

Since 3 = 2
3

as obtained previously.

Problem 3. Determine the value of
45 31—|-12
8 4 5
5 2 5 1 2
47—3 17 4—-3+1 s
s3I =( +)+<8 4+5)
Sx5—-10x1+8x%x2
=24+
40
_2+25—10+16
N 40
31 31
=24 —=2—
+40 40
. 3 14
Problem 4. Find the value of 7 X 5

Dividing numerator and deno &‘)@g‘v
13 14 V ‘2
D1v1d1nE numerator and denomlgtor@%ves

lx/l/42_1><2
JAx5  1x5 5§

This process of dividing both the numerator and
denominator of a fraction by the same factor(s) is
called cancelling.

1
Evaluate 1E X 2— X 3§
5 3 7

Problem 5.

Mixed numbers must be expressed as improper
fractions before multiplication can be performed.
Thus,

3
lfx21x3§
5 3 7

(3 (O ) (2,3
" \5 5 33 7 7

A NOE

_8 1” 2’48 8x1x8
1/3 ”] 5X1X1
64
=_:12_
5 5
3 12
Problem 6. Simplify - +~ —
7 21
3
3_12_5
7721 12
1

Multiplying both numerator and denominator by the
reciprocal of the denominator gives:

30220 s
l_]ﬂ M4_i_§
12 1y 2{1_1 4
21 12/[ /1/21

This method can be remembere invert
the second fraction_and ch ation from

division to mult%
&\ 3 — as obtained previously.

3 1
&PrQem 7. Find the value of 55 - 7§

The mixed numbers must be expressed as improper
fractions. Thus,

53_71_28_22 142% 3. 4
5°°'3° 5 3 24 55
Problem 8. Simplify

1 2+1 3 1
3 5 4 8 3

The order of precedence of operations for problems
containing fractions is the same as that for inte-
gers, i.e. remembered by BODMAS (Brackets, Of,
Division, Multiplication, Addition and Subtraction).
Thus,

1 2+l 3 1
3 5 4 8 3
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The total number of parts is 3 + 7 4 11, that is, 21.
Hence 21 parts correspond to 273 cm

273
1 part corresponds to ETi 13 cm

3 parts correspond to 3 x 13 =39 cm
7 parts correspond to 7 x 13 =91 cm

11 parts correspond to 11 x 13 = 143 cm

i.e. the lengths of the three pieces are 39 cm,
91 cm and 143 cm.

(Check: 39 + 91 + 143 = 273)

Problem 11. A gear wheel having 80 teeth
is in mesh with a 25 tooth gear. What is the
gear ratio?

1
Gear ratio = 80:25 = @ = —6 =32
25 5

i.e gearratio=16:5o0r 3.2 :1

Problem 12. An alloy is made up of
metals A and B in the ratio 2. 5

How much of A has to be_a
B to make the allgy

Ratio A%: B: :2.5

’ﬁi(‘

is to 1)

:1 (i.e. Ais t§ B as 2.

A
When B = 6kg, 3 = 2.5 from which,

A=6x25=15kg

Problem 13. If 3 people can complete a
task in 4 hours, how long will it take 5
people to complete the same task, assuming
the rate of work remains constant

The more the number of people, the more quickly
the task is done, hence inverse proportion exists.

3 people complete the task in 4 hours,

1 person takes three times as long, i.e.

4 x 3 =12 hours,

5 people can do it in one fifth of the time that
12
one person takes, that is 5 hours or 2 hours

24 minutes.

Now try the following exercise

Exercise 5 Further problems on ratio and
proportion

1. Divide 621 cm in the ratio of 3 to 7 to 13.
[81 cm to 189 cm to 351 cm]

2.  When mixing a quantity of paints, dyes of
four different colours are used in the ratio
of 7:3:19:5. If the mass of the first dye
used is 3% g, determine the total mass of
the dyes used. [17 g]

3. Determine how much coppe how
much zinc is neede

R
brass 1ng0t e de be in the
é & ® zinc: :8 : 3 by mass.
It

[72 kg : 27 kel

for 12 men to resurface

‘ﬁ oad Find how many men
kes to resurface a similar stretch of
road in 50 hours 24 minutes, assuming
the work rate remains constant. [5]

5. It takes 3 hours 15 minutes to fly from
city A to city B at a constant speed. Find
how long the journey takes if

(a) the speed is 1% times that of the
original speed and

(b) if the speed is three-quarters of the
original speed.

[(a) 2 h 10 min (b) 4 h 20 min]

1.3 Decimals

The decimal system of numbers is based on the
digits O to 9. A number such as 53.17 is called
a decimal fraction, a decimal point separating the
integer part, i.e. 53, from the fractional part, i.e. 0.17
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Indices and standard form

2.1 Indices

The lowest factors of 2000 are 2x2x2x2x5x5x%5.
These factors are written as 2* x 53, where 2 and 5
are called bases and the numbers 4 and 3 are called
indices.

When an index is an integer it is called a power.
Thus, 2* is called ‘two to the power of four’, and
has a base of 2 and an index of 4. Similarly, 5° is
called ‘five to the power of 3’ and has a base of 5
and an index of 3.

Special names may be used when the indices are
2 and 3, these being called ‘squared’ and ‘cubed’,
respectively. Thus 7?2 is called ‘seven squared’ and
93 is called ‘nine cubed’. When no index is shown,
the power is 1, i.e. 2 means 2.

Reciprocal

The reciprocal of a number is when the i
—1 and its value is given by 1 divi Ft
Thus the reciprocal Qf 2 1 ue is

or 0.5. Similarl W\ of 51is 5°

means?v P ag

Square root

The square root of a number is when the index is é,
and the square root of 2 is written as 2!/2 or /2. The
value of a square root is the value of the base which
when multiplied by itself gives the number. Since
3x3 =9, then +/9 = 3. However, (=3)x(-3)=09,
s0 v/9 = —3. There are always two answers when
finding the square root of a number and this is shown
by putting both a + and a — sign in front of the

answer to a square root problem. Thus /9 = 43
and 4!/2 = /4 = 42, and so on.

Laws of indices

When simplifying calculations involving indices,
certain basic rules or laws can be applied, called
the laws of indices. These are given below.

number
rec roﬁ&
2& @ﬁ us 374

(i) When multiplying two or more numbers hav-
ing the same base, the indices are added. Thus

32 % 34 — 32+4 — 36

(ii)) When a number is divided by a number having
the same base, the indices are subtracted. Thus

35 5-2 3
S=37=3

(iii)

When a number which is raised to a power
is raised to a further power, the indices are

multiplied. Thus

ex of 0, its value

(35 35><2

@iv) When a nﬁ& s_

to a negative power is the
umber raised to a positive

1 3
- Slmllarly, =2
23
(vi) When a number is raised to a fractional power
the denominator of the fraction is the root of
the number and the numerator is the power.

Thus 83 =82 =22 =4
and  25Y2 =251 = /25! = 45

(Note that v =~/ )

2.2 Worked problems on indices

Problem 1. Evaluate: (a) 5% x 5°,
(b) 32 x3*x3and (c) 2 x 22 x 2°

From law (i):

(@) 52x3533 =5Ct) =5 =5%x5x5x5%x5 = 3125
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Table 3.1

Natural
binary number

Octal digit

000
001
010
011
100
101
110
111

NNk W —=O

The ‘0’ on the extreme left does not signify any-
thing, thus 26.35g = 10 110.011 101,

Conversion of decimal to binary via octal is demon-
strated in the following worked problems.

Problem 7. Convert 3714}, to a binary
number, via octal

Dividing repeatedly by 8, and noting the remainder
gives:

8 |3714 Remainder

8464 2

8 58 0

87 2: (Om
e

0 \,
previt
From Table 3.1, 7202¢ = 111 010 000 010,
ie. 371449 = 111 010 000 010,

Problem 8. Convert 0.59375;¢ to a binary
number, via octal

Multiplying repeatedly by 8, and noting the integer

values, gives:
4.75
6.00
I;
.4 6

Thus 0.59375,9 = 0.463
From Table 3.1, 0.465 = 0.100 110,
i.e. 0.5937510 = 0.100 112

0.59375 x 8=
0.75 x 8=

Problem 9. Convert 5613.90625;, to a
binary number, via octal

NQ&%@
age Ié;'es Table 3.1)

The integer part is repeatedly divided by 8, noting
the remainder, giving:

8 |5613 Remainder

81701 5
8 |87
8 |10
81

0

[l NS IR N BV

_Tl

12755

This octal number is converted to a binary number,
(see Table 3.1)

12755¢ = 001 010 111 101 101,
ie. 5613;0=1010 111 101 101,

The fractional part is repeatedly ltlw and
noting the integer p(té;lw 6
7.25

g— 2.00

gﬂ fractlon is converted to a binary number,

0.72¢ = 0.111 010,
ie. 090625, =0.111 01,

Thus, 5613.90625;p = 1010111101101.111 01,

Problem 10. Convert 11 110 011.100 01,
to a decimal number via octal

Grouping the binary number in three’s from the
binary point gives: 011 110 011.100 010,
Using Table 3.1 to convert this binary number to
an octal number gives: 363.42g and
363423 =3 x 87 +6x 8 +3x 8
+4x8"'+2x87?
=1924+48+4+340.540.03125
= 243.53125;
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Now try the following exercise

Exercise 11 Further problems on con-
version between decimal and
binary numbers via octal

In Problems 1 to 3, convert the decimal
numbers given to binary numbers, via octal.

1. (a)343
(a) 101010111,
{(c) 10011110001,

2. (a) 0.46875 (b) 0.6875 (c) 0.71875

[(a) 0.01111, (b) 0.10115
(c) 0.10111,

(b) 514.4375

(b) 572 (c) 1265
(b) 1000111100, T

3. (a) 247.09375
(c) 1716.78125
(a) 11110111.00011,

(b) 1000000010.0111,
(c) 11010110100.11001,

4. Convert the following binary numbers to
decimal numbers via octal: m
(a)lllOlll (b)l \'Q O
()1 110

7. 437510

P %C) 7386. 1875

3.5 Hexadecimal numbers

The complexity of computers requires higher order
numbering systems such as octal (base 8) and hex-
adecimal (base 16), which are merely extensions
of the binary system. A hexadecimal numbering
system has a radix of 16 and uses the following 16
distinct digits:

0,1,2,3,4,5,6,7,8,9,A,B,C,D,E and F

‘A’ corresponds to 10 in the denary system, B to
11, C to 12, and so on.

To convert from hexadecimal to decimal:

For example
1A;g=1x 16" + A x 16°
=1x16'+10x1=16+10=26
ie. 1A =26y
Similarly,
2E;6=2x 16' +E x 16°
=2x 16" + 14 x 16° = 32 4 14 = 46
and 1BFy6 = 1 x 162 +B x 16' +F x 16°
=1x16>+11 x 16" + 15 x 16°
=256+ 176 + 15 = 447y

Table 3.2 compares decimal, binary, octal and hex-
adecimal numbers and shows, for example, that

2310 = 10111, = 275 = 1746

Problem 11. Convert the following
hexadecimal numbers into their deci
equivalents: (a) 7A6 (b) 3Fh H’K

(2) @&\QXI6O_7XI6+IOXI
N { —112410=122
3’2

@5“*3x161+Fx160=3x16+15x1

=48+ 15 =63
Thus, 3F16 = 6310

Problem 12. Convert the following
hexadecimal numbers into their decimal
equivalents: (a) C9;4 (b) BDyg

(@) C9=Cx16"+9x16°=12x16+9 x 1
=192 +9 =201
Thus C91¢ = 20149
(b) BDy=Bx16'+Dx 16" =11x164+13x1
=176 + 13 = 189
Thus BDyg = 1894

Problem 13.
number

Convert 1A4E ;¢ into a denary
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Table 3.2
Decimal Binary Octal Hexadecimal
0 0000 0 0
1 0001 1 1
2 0010 2 2
3 0011 3 3
4 0100 4 4
5 0101 5 5
6 0110 6 6
7 0111 7 7
8 1000 10 8
9 1001 11 9
10 1010 12 A
11 1011 13 B
12 1100 14 C
13 1101 15 D
14 1110 16 E
15 1111 17 F
16 10000 20 10
17 10001 21 11
18 10010 22 12
19 10011 23 13
20 10100 24 14
21 10101 25 15
22 10110 26 16
23 10111 27 17
24 11000 30 18
25 11001 31 19
26 11010 32 1A
27 11011 33 1B
28 11100 34
29 11101 35 (
30 1111Q, \131 E
31 1111 e IF
3 \
1A4E ¢

=1x16°4+Ax16>+4 x 16" +E x 16°
=1x16°4+10x 16> +4 x 16! + 14 x 16°
=1x4096+ 10 x 256 +4 x 16 + 14 x 1
= 4096 + 2560 + 64 + 14 = 6734

Thus, 1A4E;4 = 6734

To convert from decimal to hexadecimal:

This is achieved by repeatedly dividing by 16 and
noting the remainder at each stage, as shown below
for 261

16 26 Remainder
1611 10= A
0 1 =144 —

most significant bit — 1 A « least significant bit

1 numbers 1nt0 their hexadecimal equivalents:

Hence 2610 = 1A16
Similarly, for 447
16 |447 Remainder

16[27 15=Fys
_Tl

16|_ 11=Byg
1 =16
1BF

Thus 44710 = 1BF16

Problem 14. Convert the following decimal
numbers into their hexadecimal equivalents:
(a) 3710 (b) 10849

(a) 16 |37 Remainder

1612 5=5
0 2=25—

most significant bit -2 5 « least significant bit

Hence 3710 = 2516
(b) 161108 Remainder

ei;%\\e 0

Ngnce 108‘?‘ A%

Eo\Wy

Convert the following decimal

(a) 1629 (b) 23910

(@) 16 [162 Remainder
1610 2=12
0 10= A16ﬂ
A2
Hence 16210 = A216
(b) 16 |239 Remainder
16 m 15 =Fyq
0 14=Eig-
EF

Hence 23910 = EF16

To convert from binary to hexadecimal:

The binary bits are arranged in groups of four,
starting from right to left, and a hexadecimal symbol



CALCULATIONS AND EVALUATION OF FORMULAE

Assignment 1

This assignment covers the material con-
tained in Chapters 1 to 4. The marks for
each question are shown in brackets at
the end of each question.

1.

L 2 1
Simplify (a) 25 =3

3
1 1 1 7

A piece of steel, 1.69 m long, is cut
into three pieces in the ratio 2 to 5 to
6. Determine, in centimetres, the lengths

of the three pieces. (@)
576.29
Evaluate
19.3
(a) correct to 4 significant figures
(b) correct to 1 decimal place 2)

Determine, correct to 1 decimal places
57% of 17.64 g

ge of
1ﬁcant fa

23 x 2 x2? ®) (23 x 16)?
8 x 2)3

Express 54. 7.
1. 15 m

Evaluate the following:
(a)

(d) (27)_%

(14)

@612 :
o WOy

A,B

7.

11.

12.

13.

1405“aluate the following, each correct to 2

15.

16.

Express the following in standard form:

(3)
Determine the value of the following,
giving the answer in standard form:

(a) 5.9 x 10*> +7.31 x 10?

(b) 2.75 x 1072 — 2.65 x 1073 )

Convert the following binary numbers to
decimal form:
(a) 1101 (b) 101101.0101 )

Convert the following decimal number
to binary form:

(a) 27 (b) 44.1875 (©6)

Convert the following decimal numbers
to binary, via octal:

(a) 479 (b) 185.2890625

(@) 1623 (b) 0.076 (c) 145§

(6)

Convert (a) 5F¢ into its decimal equiv-
alent (b) 132;y into its hexadecimal

equivalent (c) 110101011, into ex—

adecimal equivalent u

Evaluat%ﬁw Q:h correct to 4
———  (¢) +/0.0527

0.0419
3)

decimal places:

36.22 x 0.561\°
@ | =77
27.8 x 12.83

14.69°
V17.42 x 37.98

If 1.6 km = 1 mile, determine the speed
of 45 miles/hour in kilometres per hour.

(3)
Evaluate B, correct to 3 significant
figures, when W = 7.20, v = 10.0 and

. Wo?
g = 9.81, given that B = = 3)
8

(b) (7)



PARTIAL FRACTIONS

53

3x—1 A B
Let = +
x—DHEx—-2) -1 (x=2)
_Ax—=2)+Bkx-—-1
T —Dx—2)

Equating numerators gives:

3x—1=Ax—-2)+Bx—-1)

Letx=1. Then 2=-A
Letx=2. Then 5=B
3x—1 -2 5
Hence = +
x-—Dx=2) x=-1) x-=2)
Th x2+1 2 + 5
us =1-
x2—3x 42 -1 x-=2)
—2x? —4x —4
Problem 4. Express * * in
x24+x-2
partial fractions

The numerator is of higher degree than the denom-
inator. Thus dividing out gives:

x—10
Thus
x3—2x2—4x—4_ 34 x—10
xX24+x-2 =+ X24+x-2
_ n x—10
o x+2)x—1)
x—10 A B
(x+2)(x—1)_(x+2) x=1)
_Ax—-1)+Bx+2)
x+2)x—-1)

Equating the numerators gives:

x—10=A( — 1)+ B(x +2)

Letx =—2. Then —12=-3A
Let x =1. Then -9 =3B
ie. B=-3
x—10 4 3
Hence = -
*+2)x—-1) +2) -1
- x3—2x% —dx — 4
us
x24x =2
+ 4 3
=x — —
x+2) -1

Now try the following exercise

Exercise 25 Further problems on partial
fractions with linear factors

Resolve the following into partial fra

‘ é \e %% (x+3)

Qt e 3 (x+1) (x—S)]

of 22

x(x—2)(x—1)
=]
x+(x—2)_(x—1)
A 302x% — 8x — 1)
T+ + DR —1)
{ 73 2
x+4) @+ @x—1))
s X2+ 9x+8 2 6
C Pix-6 [*(x+3>+<x—2>_
6 2—x—14 2 3
T ox2—2x—3 [_(x—3)+(x+1)_
3x3 —2x% — 16x + 20
x—=2)x+2)
{3 PP SN
Y x—2) (x+2)
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Assignment 2

This assignment covers the material con-
tained in Chapters 5 to 8. The marks for
each question are shown in brackets at
the end of each question.

2,3 4
1. Evaluate: 3xy“z” — 2yz when x = 3
1
y=2and z = 2 3)
2. Simplify the following:
@) 8a2b/c3
Q) —— Y&
(2a)*V/b/c
b)3x+4+-2x+5x2—4x (6)
3. Remove the brackets in the following
expressions and simplify:
(@) 2x —y)?
(b) 4ab — [3{2(4a — b) + b(2 — a)}]
&)
4. Factorise: 3x%y + 9xy? + 6xy°
5. If x is inversely proportional

x = 12wheny=04 det
(a) the val

ooy W
ndf’@‘

, and

Popa0e |

6. Factorise x* + 4x*> + x — 6 using the
factor theorem. Hence solve the equation
XH42+x—6=0 (6)

7. Use the remainder theorem to find the
remainder when 2x° + x> — 7x — 6 is
divided by
(@ x=2) () «x+1)

Hence factorise the cubic expression.
(7)
6x> +7x — 5
8 Sy o T b B cut
2x — 1
(5)

9. Resolve the following into partial frac-

tions:
x—11 3—x

a b
( )xz—x—Z ®) x2 +3)(x +3)

X —6x+9

e 24
© X2+x—2 24

10. Solve the following equations:

(@) 3t—2=>5t+4
(b)4(k—1\ (3

Ot@? 1
1 r football pitch has its length

11 I
d&;al to twice its width and a perimeter

of 360 m. Find its length and width.
“

,p\f

=2

(d) s—l

(13)
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Substituting y = —2 into either equation (1) or
equation (2) will give x = 3 as in method (a). The
solution x = 3, y = —2 is the only pair of values

that satisfies both of the original equations.

Problem 2. Solve, by a substitution method,
the simultaneous equations:

3x—2y=12
x+3y=-7

ey
2)

From equation (2), x = —7 — 3y

Substituting for x in equation (1) gives:

3(=7-3y)—2y=12
i.e. —21 -9y -2y =12
—11y=12+4+21 =33
33
Hence y=——=-3
—11

Substituting y = —3 in equation (2) gives:
x+3(=3)=-7
x—9=-—
x=-74+9=2

O'glecked by su

0r1 g1nal gc@

ie.
Hence

Thus x = 2,y = —3 is the soluti
neous equations.
(Such solutlons shoul‘

stitutin
tions. )ﬁ

Problem 3. Use an elimination method to

solve the simultaneous equations:
3x+4y=5 (1)
2x —5y=-12 2)

If equation (1) is multiplied throughout by 2 and
equation (2) by 3, then the coefficient of x will be
the same in the newly formed equations. Thus

2 x equation (1) gives: 6x+ 8y =10 3)
3 x equation (2) gives: 6x — 15y = —36 “)
Equation (3) — equation (4) gives:

0423y =46
i.e. y= ﬁ =2

23

(Note +8y — —15y 8y + 15y 23y and
— (—=36) = 10+ 36 = 46. Alternatively, ‘change
the signs of the bottom line and add’.)

Substituting y = 2 in equation (1) gives:

3x+412)=5
from which 3x=5-8=-3
and x=-1

Checking in equation (2), left-hand side =
2(—1) = 5(2) = =2 — 10 = —12 = right-hand side.

Hence x = —1 and y = 2 is the solution of the
simultaneous equations.

The elimination method is the most common
method of solving simultaneous equations.

Problem 4. Solve:

Tx — 2y = 26 (1)
6x + 5y =29 ‘:(2)

When equation ul@Qby 5 and equa-
tion (2) ents of y in each equation
ﬁ the same i.e. 10, but are of opposite
%( 'ﬁ) 5gwes 35x — 10y =130 (3)
12x+10y= 58 (4)

Adding equation (3)
and (4) gives:

equation (2) gives:

47x+ 0 =188

188
Hence x = — =
47

[Note that when the signs of common coefficients
are different the two equations are added, and when
the signs of common coefficients are the same the
two equations are subtracted (as in Problems 1
and 3).]

Substituting x = 4 in equation (1) gives:

7(4) —2y =26
28 —2y =26
28 —26 =2y
2=2y
Hence y=1
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Checking, by substituting x = = 1in

equation (2), gives:

4 and y

LHS = 6(4) + 5(1) = 24 + 5 = 29 = RHS

Thus the solution is x =4, y =1, since these
values maintain the equality when substituted in
both equations.

Now try the following exercise

Exercise 32 Further problems on simulta-
neous equations

Solve the following simultaneous equations
and verify the results.
1. a+b=7

a—b=3 [a=5 b=2]
2. 2x+5y=7

x+3y=4 x=1, y=1]
3. 3s+2t=12

ds —t =5 [s=2, t=23]
4, 3x—2y=13

2x+5y=-4 [x=3, y=-2]
5. 5x=2y

3x+ 7y =41 [x =2, ym
6. Sc=1-3d -g(

2d +c+4= \N: LY = -3] ~

Py

9.3 Further worked problems on
simultaneous equations

Problem 5. Solve

ey
2)

3p=2q
4p+q+11=0

Rearranging gives:

3p—2¢g=0
4p+qg=—11

3)
)

Multiplying equation (4) by 2 gives:

8p+2g=-22 )

[

Adding equations (3) and (5) gives:

—-22

P="1 =

Substituting p = —2 into equation (1) gives:

3(=2)=2q

—6=2q
q= .

2

Checking, by substituting p = —2 and ¢ = —3 into
equation (2) gives:

LHS =4(-2)+ (-3)+ 11 =-8-3+11

=0 =RHS
Hence the solution is p = —2, ¢ = —3
Problem 6. Solve \)K
f + 5= \ CO
S0
soﬁ@ 3x 2)
A 3

e@ fraCtions are involved in simultaneous
ations it is usual to firstly remove them. Thus,
multiplying equation (1) by 8 gives:

8(%) +8G) =8y
ie. x+20 =28y 3)
Multiplying equation (2) by 3 gives:
39— y=9x )
Rearranging equations (3) and (4) gives:
x—8y=-20 5)
9x +y =239 (6)
Multiplying equation (6) by 8 gives:
T2x + 8y =312 (7)
Adding equations (5) and (7) gives:
73x 4+ 0 =292
292

73
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Problem 9. The final length, [, of a piece
of wire heated through 6 °C is given by the
formula [, = [, (1 + «f). Make the
coefficient of expansion, «, the subject

Rearranging gives: L+ab) =1,
I +1ab =1,

11059212—11

Removing the bracket gives:
Rearranging gives:
Dividing both sides by /,6 gives:
llOle lz—ll 12_11
— = ie. o=
1,60 1,0 Lo

Problem 10. A formula for the disltance
moved by a body is given by: s = 5(1} + ut.

Rearrange the formula to make u the subject

Rearranging gives: %(v +uyp=s
Multiplying both sides by 2 gives: (v + u)t = 2s
Dividing both sides by ¢ gives:

(v + u)t 25

(’(\

 §10
HenceP fé\lu\ or stage %%

Problem 11. A formula for kinetic energy

1
is k = Emvz. Transpose the formula to make
v the subject

1
Rearranging gives: Emvz =k

Whenever the prospective new subject is a
squared term, that term is isolated on the LHS, and
then the square root of both sides of the equation is
taken.

Multiplying both sides by 2 gives: mv* = 2k

2 2k

Dividing both sides by m gives: m_ =
m m

2k

ie. ==

m

Taking the square root of both sides gives:

vV = \/%

m

. 2k
ie. v=1/—
m

Problem 12. In a right angled triangle
having sides x, y and hypotenuse z,
Pythagoras’ theorem states z> = x> + y°.
Transpose the formula to find x

x2+y2=Z2

and =7y

Rearranging gives:

Taking the square root of both sides gives:

x =22 —y?

Problem 13. Given t = 271\/7 find k

terms of ¢, [ and 7

\ e new subject is within a
1t is best to isolate that term on the

the 6 A both sides of the equation.

es: 2y [ —

When

t

[
Dividing both sides by 2w gives: \/j = —
g 2

Squaring both sides gives ! ry’ i
uari i ives: — = | — | = —
9 & £ g 2 47?2

Cross-multiplying, i.e. multiplying each term by
4n’g, gives:

47l = gt2
or gt* = 4n?l
2 4n’l
Dividing both sides by > gives: gt_z = 7:—2
. 4l
1.€. g = tT

Problem 14. The impedance of an a.c.

circuit is given by Z = +/R? + X2. Make the
reactance, X, the subject
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Quadratic equations

11.1 Introduction to quadratic
equations

As stated in Chapter 8, an equation is a statement
that two quantities are equal and to ‘solve an equa-
tion’ means ‘to find the value of the unknown’.
The value of the unknown is called the root of the
equation.

A quadratic equation is one in which the highest
power of the unknown quantity is 2. For example,
x? —3x 4+ 1 =0 is a quadratic equation.

There are four methods of solving quadratic
equations.

These are: (i) by factorisation (where possible)

(ii) by ‘completing the square’
(iii) by using the ‘quadratic formula’

or (iv) graphically (see Chapter 3m

e
11.2 @l{atgt{l’sf}tlﬁdi'atlc eéq@

Multiplying out (2x+1)(x—3) gives 2x*> —6x+x—3,
i.e. 2x> — 5x — 3. The reverse process of moving
from 2x* — Sx — 3 to (2x + 1)(x — 3) is called
factorising.

If the quadratic expression can be factorised this
provides the simplest method of solving a quadratic
equation.

2% —5x—3 = 0, then,
2x+1DHx=3)=0

For example, if

by factorising:

Hence either (2x+1)=0 i.e.

1
xX=—=
2
or x—=3)=0 ie. x=3

The technique of factorising is often one of ‘trial
and error’.

Problem 1.
@x*+2x—8=0 (b)3x?>—-1lx—4=0
by factorisation

Solve the equations:

(a)

2

(b)

x> +2x — 8 = 0. The factors of x* are x and x.
These are placed in brackets thus: (x )(x )

The factors of —8 are +8 and —1, or —8 and
+1, or +4 and —2, or —4 and +2. The only
combination to give a middle term of +2x is
+4 and -2, i.e.

x2+2x—8=(x+4L—2)

(Note that thegpr g tWO nner terms
added g the two outer terms

middle term, +2x in this

%%%tlon x~ 4+ 2x — 8 = 0 thus
)x—2) =

Sln ce the only way that this can be true is for
either the first or the second, or both factors to
be zero, then

x=—4

x=2

either (x+4)= i.e.

or x—2)= i.e.

Hence the roots of x2+2x —8 =0 are
x = —4 and 2

3x2—11x—4=0

The factors of 3x% are 3x and x. These are
placed in brackets thus: 3x )(x )

The factors of —4 are —4 and +1, or +4 and
—1, or —2 and 2.

Remembering that the product of the two inner
terms added to the product of the two outer
terms must equal —11x, the only combination
to give this is +1 and —4, i.e.

32— 1lx—4=Cx+ 1)(x—4)
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Logarithms

12.1 Introduction to logarithms

With the use of calculators firmly established, log-
arithmic tables are now rarely used for calculation.
However, the theory of logarithms is important, for
there are several scientific and engineering laws that
involve the rules of logarithms.

If a number y can be written in the form ¥, then
the index x is called the ‘logarithm of y to the base
of a’,

ie. ify =a*

then x =log,y

Thus, since 1000 = 103, then 3 = log,, 1000

Check this using the ‘log’ button on your calculator.

(a) Logarithms having a base of 10 are called com-
mon logarithms and log,, is usually abbre-

viated to lg. The following value m
checked by using a calculato ( é

W
P o0

and 1g0.0173 = —1.7619...

(b) Logarithms having a base of e (where ‘e’ is
a mathematical constant approximately equal
to 2.7183) are called hyperbolic, Napierian
or natural logarithms, and log, is usually
abbreviated to In.

The following values may be checked by using
a calculator:

In3.15=1.1474.. .,
In362.7 =5.8935...

and 1In0.156 = —1.8578...
For more on Napierian logarithms see
Chapter 13.

of
e 10%

12.2 Laws of logarithms

There are three laws of logarithms, which apply to
any base:

(i) To multiply two numbers:

log (A X B)=1log A +1log B

The following may be checked by using a
calculator:

lg10 =1,

1g5 +1g2 = 0.69897 »\4

Oiésa\% 1210 = lg5 —}'—'lgz 21

A
log (E) =1log A —log B

also

The following may be checked using a calcu-
lator:

5
In (E) =1In2.5=0.91629...

Also In5—1In2 =1.60943...

=0.91629...

—0.69314. ..

5
Hence In (E) =In5—-1n2

(iii)

To raise a number to a power:

Ig A" =n log A

The following may be checked using a calcu-
lator:

lg5% =1g25 = 1.397% . ..
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Exponential functions

13.1 The exponential function

An exponential function is one which contains e,
e being a constant called the exponent and having
an approximate value of 2.7183. The exponent
arises from the natural laws of growth and decay
and is used as a base for natural or Napierian
logarithms.

13.2 Evaluating exponential functions
The value of e¢* may be determined by using:

(a) a calculator, or
(b) the power series for ¢* (see Section 13.3), or
(c) tables of exponential functions.

The most common method of evaluating an expo-
nential function is by using a scientific notation cal-

culator, this now having replaced the use 0
Most scientific notation calculato
function which enablqs all pragt al f er and
e~ to be determ, bzi\ 8 or 9 51gn1ﬁc
NS Qc
4 pa

— 2.7182818
e** =11.023176
e 1018 — ().19829489

each correct to 8 significant figures.

In practical situations the degree of accuracy
given by a calculator is often far greater than is
appropriate. The accepted convention is that the
final result is stated to one significant figure greater
than the least significant measured value. Use your
calculator to check the following values:

¢%12 = 1.1275, correct to 5 significant figures
e 1 = 0.22993, correct to 5 decimal places
e 081 = 0.6499, correct to 4 decimal places
¢?32 = 11159, correct to 5 significant figures
e=2785 = 0.0617291, correct to 7 decimal places

O correct to 4 significant figures.

Problem 1. Using a calculator, evaluate,
correct to 5 significant figures:
(C) §€5‘253

(a) 62'73] (b) 6_3‘162

(a) €271 = 15.348227...
significant figures.

(b) e 3192 = 0.04234097 ...
to 5 significant figures.

(©) 253 = 3(191.138825..
to 5 significant figures.

= 15.348, correct to 5
= 0.042341, correct

.) = 318.56, correct

\ 7
Problem 2. Use a calc
the following, ‘ 51gn1ﬁcant

ﬁguresg§a )
‘ &\ E‘% © 125

= (3.72)(1.197217..)) =

4.454,

53.2¢7 14 = (53.2)(0.246596 ..
correct to 4 signiﬁcant figures.
5

() —el= —(1096 6331.
122 122

to 4 significant figures.

) = 13.12,

..) = 44.94, correct

Problem 3. Evaluate the following correct
to 4 decimal places, using a calculator:

(a) 0.0256(¢32 — ¢
025 _ ,—025

CH
025 4 6_0'25

2.49)

2.49)

(@ 0.0256(e>% — e
= 0.0256(183.094058 ... — 12.0612761 .. .)

= 4.3784, correct to 4 decimal places
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(b) In0.06213 = -—2.7785263... = —2.7785,
correct to 5 significant figures.

(©) 3.2In762.923 = 3.2(6.6371571...) = 21.239,  Laking the reciprocal of both sides gives:

Rearranging 7 = 4e " gives: - =e

correct to 5 significant figures. A_‘ — 13 — o
7T e™*
Taking Napierian logarithms of both sides gives:
Problem 12. Use a calculator to evaluate In ‘_‘ — In(e™)
the following, each correct to 5 significant -
figures: 4
Since log, e* = «, then In () = 3x
1 In7.8693 7
(a) = In4.7291 (b) ——— 1 4 1
4 7.8693 Hence x = —In( = | = -(—0.55962) = —0.1865,
3 7 3
5.291n24.07 correct to 4 significant figures.
¢—0.1762

Problem 15. Given 20 = 60(1 — ¢ /?)
determine the value of ¢, correct to 3

1 1
(@) 7In47291 = 2 (1.5537349...) = 0.38843, significant figures

correct to 5 significant figures.
Rearranging 20 = 60(1 — e~"/?) gives:
In7.8693  2.06296911 20

b = — =0.26215, N ISV
® 5603 7.8693 -1"¢ \(
t to 5 significant figures. and \)
correct to signifncan gures 7[/2 1 %%2 CO
5.291n24.07  5.29(3.18096625 ..

© 01762~ T (.83845027. “@&@%mc& %oth sides gives:

= 20.070, correct to 5 signifi {Ht @lﬁ\
W 'I%'n rian logarlthms of both sides gives:
Problem 13 WI\@ ollowing: l Ine'’

ln —
(< 2
Fipad
(a).P¥ (b) =< e t 3 . 1 3
g 1005 In2.23% ie. ~=In>
decimal places) 2 2 3
from which, ¢t = 21n§ = 0.881, correct to 3
In 25 )5 significant figures.
@ —e=-2=5
1g10%% 0.5 .
Problem 16. Solve the equation
2.23 5.14
o T le223 3.72=1In (—> to find x
In2.23 *
~4(9.29986607 . ..)(0.34830486.. . .)

From the definition of a logarithm, since

0.80200158.. .. 5.14 5.14
) 3.72 = Z— ) then 37> = = —
= 16.156, correct to 3 decimal places X X
5.14
Rearranging gives: x = —— = 5.14¢7372
23
Problem 14. Solve the equation 7 = 4e~>* ie. x = 0.1246,

to find x, correct to 4 significant figures

correct to 4 significant figures
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For example, the sum to infinity of the GP

1 1
1+5+Z+“'is

Sooz—l,sinceazlandr:—,i.e.Soo=2
1—=
2

14.5 Worked problems on geometric
progressions

Problem 9. Determine the tenth term of the
series 3, 6, 12, 24, ...

3, 6, 12, 24, ... is a geometric progression with a
common ratio r of 2.
The n’th term of a GP is ar*™!
first term. Hence the 10th term is:
32" = 3)(2)° =3(512) = 1536

, where a is the

Problem 10. Find the sum of the first 7

1 1 1 1
terms of the series, —, 1=, 4—, 13—, ...
272 2 2

v&g

—(37—1) —(2187—1) 1
Hence §; = 2 = 2 = 546=
B-1 2 2

Problem 11. The first term of a geometric

progression is 12 and the fifth term is 55.
Determine the 8’th term and the 11°th term

The 5th term is given by ar* = 55, where the first
term a = 12

55
= — = —and
a 12

/55
r=1/> =14631719...
12

The 8th term is
ar’ = (12)(1.4631719 ...

Hence r*

Y =172.3

lz’ﬁco@;x ratio,

The 11th term is

10— (12)(1.4631719 ...)!° =539.7

Problem 12. Which term of the series:
2187, 729, 243, ...

is =7
9

2187, 729, 243, ... is a GP with a common ratio

1
r= 3 and first term a = 2187

n—1

The n'th term of a GP is given by: ar

1 n—1
Hence = (2187) (5) from which

1
9
1

N _oor by
(3) T (9)(2187) 3237 39 (3)

Thus (n — 1) =9, from which, n =9+ 1 =10

1
ie. 9 is the 10th term of the 6 \)K

~\e.C
@6 th the sum of the first 9
\ the énﬂ@) 57.6, 46.08,

ar 57 6
a 72 0

ar? 46.08
also — = ——
ar 57.6

=0.8

_ o_8>

a(l—r")  72.0(1 —0.8)
a1-r  (1-0.8)
72.0(1 — 0.1342)
- 0.2

The sum of 9 terms,

So =

= 311.7

Problem 14. Find the sum to infinity of the

1
series 3, 1, —, ...
' 3

. ) 1
.. 1s a GP of common ratio, r = 3

[SSEI
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The sum to infinity,

—_
|
<
—_
(ST ST
&}

Now try the following exercise

Exercise 53 Further problems on geomet-
ric progressions

1. Find the 10th term of the series 5, 10, 20,
40, .... [2560]

2. Determine the sum of the first 7 terms of
the series 0.25, 0.75, 2.25, 6.75, ....
[273.25]

3. The first term of a geometric progression
is 4 and the 6th term is 128. Determine
the 8th and 11th terms. [512, 4096]

4. Which term of the series 3, 9, 27, ... is
590497 [10t]

5. Find the sum ?f the first 7 terms of the
series 2, 5, 12—,
2

cant figures).

. (correct to 4 signifi-
[812.5]

6. Determine the sum to infinitg o t@%\
4,2,1,.... % (8]

ten\hly N e s
o a0E

(b)

Hence ar’ = 8ar? from which, r* = 8 and
r=+/38

i.e. the common ratio r = 2

The sum of the 7th and 8th terms is 192. Hence
ar® + ar’ = 192. Since r = 2, then

64a + 128a = 192
192a = 192,

from which, a, the first term = 1

(c) The sum of the 5th to 11th terms (inclusive) is
given by:
ar' = 1) a(*=1)
Sit—38:= -
(r—1) (r—1)
1R -1 12t -1
2= 2-1)
=2'-n-*-1
=2 — 2% = 2408 — 16 = 2032
<« \
‘\
Problem 16. A_hire to .@Mat
tools is

N

\%ble
this P%

per annum If their net
his year is £400, find
future profits from

tool lasts for ever)

14.6 Further worked problems on

geometric progressions

Problem 15. In a geometric progression the
sixth term is 8 times the third term and the
sum of the seventh and eighth terms is 192.
Determine (a) the common ratio, (b) the first
term, and (c) the sum of the fifth to eleventh
terms, inclusive

&7

he net gain forms a series:

£400 + £400 x 0.9 + £400 x 0.97 +

which is a GP with a =400 and r = 0.9

The sum to infinity,

compound interest of 8% per annum,
determine (a) the value after 10 years,

(b) the time, correct to the nearest year, it
takes to reach more than £300

S - a 400
T 1=r (1-09)
= £4000 = total future profits
Problem 17. If £100 is invested at

(a) Let the GP be a, ar, ar?, ar’,

L ar'!

The 3rd term = ar? and the sixth term = ar
The 6th term is 8 times the 3rd

5

(a)

Let the GP be a, ar, ar?, ...
The first term a = £100 and
The common ratio r = 1.08

ar
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where, for example, 4! denotes 4 x 3 x 2 x 1 and is

termed ‘factorial 4’.

Thus,

S 51

Sx4x3x2x1

C; =
31(5 — 3)!
120

= =10

6x2

T GBx2xD2x1)

For example, the five letters A, B, C, D, E can be
arranged in groups of three as follows: ABC, ABD,

ABE, ACD, ACE,

ADE, BCD, BCE, BDE, CDE,

i.e. there are ten groups. The above calculation >C3
produces the answer of 10 combinations without

having to list all of them.

A permutation is the number of ways of selecting
r < n objects from n distinguishable objects when
order of selection is important. A permutation is

denoted by " P, or ,P,

where
|
or "p.— n
(n —r)!
Thus, =43)=12
4!
or 4P2
4-2)

4 X }Eém
Problem 19. Evaluate: (a) EC4 (b) i;!C6

"Pr=nn—1)(1n-2)..

.(n—r+1)

4

5 o
125 9

70 71 7!
@ “Ci=m o T am
_7X6x5x4x3x2_35
T (4x3x2)3x2)
10! 10!
b) 0Ce=— = — =210
® TCs 6!(10 — 6)! 614!

Problem 20. Evaluate: (a) °P, (b) °P;s

@) 6P, — 6! _ 6!
2T 6-2)! 4
6x5%x4x3
_ X5 x4 x x2=30
4x3x2
9! 9!
b) °Ps= ==
®) “Ps= G5 T a
'
=9x8x7:‘6x5x4.=15120

Now try the following exercise

uk

L\ J
Exercise aﬁ) up‘ﬂf)lems on permu-
xje ns and combinations
\ @:kie ¢ %
3C1

[(2) 84 (b) 3]

(@) °C,  (b) ¥Cs [(@) 15 (b) 56]
3. (@)%, )P, [(a) 12 (b) 840]
4. (a)'°P; (b)®Ps  [(a) 720 (b) 6720]
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Problem 10.

(a) Expand —— @)
of x as far as the term in x
binomial theorem.

in ascending powers

3, using the

N—

2(1+§)
O

(1/2)( 1/2)(=3/2)

(1/2)(=1/2)

2! (3)2
]

(b) What are the limits of x for which the
expansion in (a) is true?
@) 1 1 1
a = =
(4 _ x)z B f 2 5 _ )_C 2
(-9 «(-3)
1 X\ 2
=_—(1=Z
16 ( 4)

Using the expansion of (1 4 x)"

1 1 -2
a1l 3)

116 [H( 2)( i)

et

( 2)(=3)(—4) x 3
3! <_

LA

16 ++

6

(b) TP;?( @m In (a) is tva@@ <1,

ie. |x|]<4 or —4<x <4

31
X x2 x3
=2(14+= - — — ...
<+8 128+1024 )
2+x x2+x3
o 4 64 512

This is valid when m <1,

i.e. }£‘<4 or —4<x<4
4

Problem 12. Expand in ascending

&0 n

1
powers of ¢ as far as the term in 7.

State the limits of ¢ for
is valid

N
O A?>
=1+ (—%) (=21) +

( 1/2)(=3/2)(=5/2)
31

(=1/2)(=3/2)

5 (—21)*

(=21 +

Problem 11. Use the binomial theorem to
expand /4 + x in ascending powers of x to
four terms. Give the limits of x for which the
expansion is valid

using the expansion for (1 + x)"

3 5
=14+t+*+3+...
i+ S+ o+

The expression is valid when |2¢f] < 1,

ViFx=[4(1+3)

=4 1+§
(143

Using the expansion of (1 + x)",

1 1 1
t|l< <z or —-<t<—

2 2 2

ie.

J1—=3x/1+x

Al
(1+3)
given that powers of x above the first may be

neglected

Problem 13. Simplify
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6. Expand (2 + 3x)7® to three terms. For
what values of x is the expansion valid?

(1o )

—_— 9)C+ T}C

x| < =
3

7. When x is very small show that:
1
(1-x2/1—x
(1—2x)
(1 —3x)*
VT+5x
V1 —2x

If x is very small such that x*> and higher
powers may be neglected, determine the

power series for
Jx+4 I8 —x 4 31
. - —Xx
15
Express the following as power series in

v (1 4+ x)3
ascending powers of x as far as the term
in x2. State in each case the range of x for
which the series is valid.

5
~1+ —x

(a) >

(b) ~ 1+ 10x

© ~ 14+ —x

6

\)

Volume of cylinder = 7r%h

Let » and h be the original values of radius and
height

The new values are 0.96r or (1—0.04)r and
1.02 h or (1 4+ 0.02)h

(a) New volume = 7[(1 — 0.04)r)*[(1 + 0.02)A]
= 7r?h(1 — 0.04)*(1 + 0.02)
Now (1 — 0.04)> = 1 — 2(0.04) + (0.04)?
= (1 —0.08), neglecting
powers of small terms
Hence new volume
~ r*h(1 — 0.08)(1 + 0.02)
~ wr’h(1 — 0.08 4 0.02), neglecting

products of small terms
~ nr*h(1 — 0.06) or 0.947r°h, 94%
of the original volume k
Hence the éo\@ \SC!Qed by approxi-
NOK% surface, 4 of cylinder = 27rh.
2 6 rfa e Jare

=27[(1 —0.04)r][(1 4+ 0.02)A]
= 2mrh(1 — 0.04)(1 4+ 0.02)
~ 2nrh(1 — 0.04 + 0.02), neglecting

15.5 Practical problems involving the
binomial theorem

Binomial expansions may be used for numerical
approximations, for calculations with small varia-
tions and in probability theory.

Problem 15. The radius of a cylinder is
reduced by 4% and its height is increased by
2%. Determine the approximate percentage
change in (a) its volume and (b) its curved
surface area, (neglecting the products of
small quantities)

products of small terms

~ 2mrh(1 — 0.02) or 0.98(2nrh),
i.e. 98% of the original surface area

Hence the curved surface area is reduced by
approximately 2%.

Problem 16. The second moment of area of
a rectangle through its centroid is given by
13

TR Determine the approximate change in

the second moment of area if b is increased
by 3.5% and [ is reduced by 2.5%

New values of b and [ are (1 + 0.035)b and
(1 —0.025)! respectively.
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Find the angles p,q,r,s and t in
Fig. 17.12(a) to (c).
p=105°, g =35°, r = 142°,
s =095° t = 146°

Figure 17.12

Name the types of quadrilateral shown
in Fig. 17.13(1) to (iv), and determine
(a) the area, and (b) the perimeter of
each.

(i) rhombus (a) 14 cm? (b) 16 cm
(i) parallelogram (a) 180 cm?
(b) 80 mm
(iii) rectangle (a) 3600 mm?
(b) 300 mm

(iv) trapezium (a) 190 cm? (b) 62.91 cm

6 mm

Figure 17.13

>

3.5cm
30 mm

mm

Calculate the area of the steel plate
shown in Fig. 17.14. [6750 mm?]

25

Dimensions
in mm
100

25

[ 60
! 140 '

Figure 17.14

17.4 Further worked problems on
areas of plane figures

Problem 7. Find the areas of the circles
having (a) a radius of 5 cm, (b) a diameter
of 15 mm, (c) a circumference of 70 mm

d?
Area of a circle = 7% or -

(a) Area=mr? = n(5) = 257 = 78.54 cm?>
7d® (157 2257

(b) Area= — = =""" =176.7 mm?
4 4 4
(c¢) Circumference, ¢ = 27r, hence
o 70 35
T 27 2 om
35\% 35?
Area of circle = > = 7 (—) = —
T T

= 389.9 mm? or 3.899 cm>
« 4

Problem 8. Calgculate t]ﬁn@ e&t&a
aving:

following se: a
@ with angle subtended at
tre 50
(b) dla% 1th angle subtended
i

5

7°42
s 8 cm with angle subtended at
centre 1.15 radians

2
Area of sector of a circle = — (7r?)
360

1
or §r29 (@ in radians).

(a) Area of sector
50 50 36
= 2 (a6t = X0 sy
360 360
=15.71 cm?
(b) If diameter = 80 mm, then radius, » = 40 mm,
and area of sector

1072
107°42' 0
= (740%) = — 90 (740%)
360 360
107.7
= ——(740*)=1504 mm? or 15.04 cm?
360
(c) Area of sector = 120 = 1 x 8% x 1.15

= 36.8 cm?
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(xiii) The angle in a semicircle is a right angle
(see angle BOP in Fig. 18.3).

Problem 1. Find the circumference of a
circle of radius 12.0 cm

Circumference,
¢ =2 x m x radius = 27r = 27(12.0)
=75.40 cm

Problem 2. If the diameter of a circle is
75 mm, find its circumference

Circumference,
¢ = 7 x diameter = wd = 7(75) = 235.6 mm

Problem 3. Determine the radius of a circle
if its perimeter is 112 cm

Perimeter = circumference, ¢ = 2nr

112
Hence radius r = £t 17.83 cm
21 21

Problem 4. In Fig. 18.4, AB is a tangent to

the circle at B. If the circle radius is 40 mm
and AB = 150 mm, calculate the length AO

A tangent to a circle is at right angles to a radius
drawn from the point of contact, i.e. ABO = 90°.
Hence, using Pythagoras’ theorem:

AO* = AB*> + OB?
AO = \/AB? + OB?
= /1502 + 402 = 155.2 mm

from which,

[259.5 mm]

3. Determine the radius of a circle whose
circumference is 16.52 cm. [2.629 cm]

4. Find the diameter of a circle whose peri-
meter is 149.8 cm. [47.68 cm]

Nle 21 rad@ls

18.3 Arc length and area of a sector

One radian is defined as the angle subtended at the
centre of a circle by an arc equal in length to the radius.
With reference to Fig. 18.5, for arc length s,

6 radians = s/r or arc length, s =r0 (D)

where 6 is in radians.

Figure 18.5

\'&
oV
\u engce (= 27r) then
A

2 O ‘adlans = 180°

Whens—
r_2

e l :hus 1 rad = 180°/m = 57.30°, correct to 2 decimal

places.

Since 7 rad = 180°,
/4 = 45°, and so on.

then /2 = 90°, w/3 = 60°,

0
Area of a sector = — (2r?)

360
when @ is in degrees
Cty=ir @)
=—@mr)= <
2 2

when 6 is in radians

Now try the following exercise

Exercise 65 Further problems on proper-
ties of a circle

1. Calculate the length of the circumference
of a circle of radius 7.2 cm. [45.24 cm]

2. If the diameter of a circle is 82.6 mm,
calculate the circumference of the circle.

Problem 5.
(b) 69°47

Convert to radians: (a) 125°

(a) Since 180° = s rad then 1° = x/180 rad,
therefore

c
125° = 125 (%) — 2.182 radians

(Note that ¢ means ‘circular measure’ and indi-
cates radian measure.)
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o

47
(b) 69747 =69~ = 69.783°

69.783° = 69.783 (l ‘ — 1.218 radians

180)

Problem 6. Convert to degrees and
minutes: (a) 0.749 radians (b) 37 /4 radians

(a) Since mrad = 180° then 1 rad =

therefore

180° /7,

180\° o
0.749 =0.749 | — | =42.915
b4

0.915° = (0.915 x 60) = 55, correct to the
nearest minute, hence

0.749 radians = 42°55’

) 180\°
(b) Since 1 rad= ( — | then
b4

3 37 /180\°
—rad=— | —
4 4 b4

3
= —(180)° = 135°
7 (130)

Problem 7. Express in radians, in terms of
7, (a) 150° (b) 270° (c) 37.5°

.eﬁ\lso‘[ ence
) rad ? age

Since 180° = 7 rad t

o IS

(b) 270° = 270 (180) rad = 7rad
©) 375 =375 ( ) rad = % rad = > rad
180 360 - 24

Now try the following exercise

Exercise 66 Further problems on radians
and degrees

1. Convert to radians in terms of : (a) 30°
b4 S S
b) 75° (¢c) 225° — (b)) — —
(b) 757 (¢) [(a) G (®) B (c) 1

2. Convert to radians:

(c) 232°15°
[(a) 0.838

(a) 48° (b) 84°51’

(b) 1.481 (c) 4.054]

-\ LD S,
\;S o A3 e

5 4
3. Convert to degrees: (a) ?ﬂ rad (b) ?ﬂ rad

T
(©) D rad [(a) 150° (b) 80° (c) 105°]

4. Convert to degrees and minutes:
(a) 0.0125 rad (b) 2.69 rad (c) 7.241 rad

[(a) 0° 43’ (b) 154° 8 (c) 414°53]

18.4 Worked problems on arc length
and sector of a circle

Problem 8. Find the length of arc of a
circle of radius 5.5 cm when the angle
subtended at the centre is 1.20 radians

From equation (1), length of arc, s = rf, where 6 is
in radians, hence

s = (5.5)(1.20) = 6.60 cm

circumference of a circle if an arc

Problem 9. Determine the diameter gnd
\ﬁth
475 cm subtends an angley 1 ns

4.75
—— =522 cm

wd = 7(10.44) = 32.80 cm.

Problem 10. If an angle of 125° is
subtended by an arc of a circle of radius

8.4 cm, find the length of (a) the minor arc,
and (b) the major arc, correct to 3 significant
figures

Since 180°=mrad then 1° = (l> rad

— 125 (%) rad

Length of minor arc,

and 125°

s = rf = (8.4)(125) (1%) —18.3 cm

correct to 3 significant figures.
Length of major arc = (circumference — minor
arc) = 2m7(8.4) — 18.3 = 34.5 cm, correct to 3
significant figures.
(Alternatively, major arc
=10 = 8.4(360 — 125)(7/180) = 34.5 cm.)
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a height of 3.5 m, with a diameter of
15 m. Calculate the surface area of mate-
rial needed to make the marquee assum-
ing 12% of the material is wasted in the
process. [393.4 m?]

Determine (a) the volume and (b) the
total surface area of the following solids:

(i) a cone of radius 8.0 cm and per-
pendicular height 10 cm

(i) a sphere of diameter 7.0 cm
(iii) a hemisphere of radius 3.0 cm

(iv) a 25cm by 2.5cm square
pyramid of perpendicular height
5.0 cm

(v) a 4.0cm by 6.0 cm rectangular
pyramid of perpendicular height
12.0 cm

(vi) a 4.2 cm by 4.2 cm square pyra-
mid whose sloping edges are each
15.0 cm

(vii) a pyramid having an octagonal
base of side 5.0 cm and perpen-
dicular height 20 cm.

(i) (a) 670 cm® (b) 523 cm?
(i) (a) 180 cm® (b) 154 cm2
(i) (a) 56.5 cm

3
(iv) (a) 10.4¢ 3'%
(v) aw& Y146 cm?
& cm® (b) 14 g
ereon
he volume of a sphere 1s 325 cm?.

Determine its diameter. [8.53 cm]

A metal sphere weighing 24 kg is melted
down and recast into a solid cone of
base radius 8.0 cm. If the density of the
metal is 8000 kg/m3 determine (a) the
diameter of the metal sphere and (b) the
perpendicular height of the cone, assum-
ing that 15% of the metal is lost in the
process. [(a) 17.9 cm (b) 38.0 cm]

Find the volume of a regular hexagonal
pyramid if the perpendicular height is
16.0 cm and the side of base is 3.0 cm.

[125 cm?]
A buoy consists of a hemisphere sur-

mounted by a cone. The diameter of the
cone and hemisphere is 2.5 m and the

\)

slant height of the cone is 4.0 m. Deter-
mine the volume and surface area of the
buoy. [10.3 m?, 25.5 m?]

10. A petrol container is in the form of a
central cylindrical portion 5.0 m long
with a hemispherical section surmounted
on each end. If the diameters of the
hemisphere and cylinder are both 1.2 m
determine the capacity of the tank in
litres (1 litre = 1000 cm?). [6560 litre]

11. Figure 19.9 shows a metal rod section.
Determine its volume and total surface

area. [657.1 cm?, 1027 cm?]
1.00 cm
radius 1.00m
4
2.50 cm
T

Figure 19.9

19 4 a;n?surface areas of

of 4 mids and cones

frml&‘ amid or cone is the portion
% en a part containing the vertex is cut
y a plane parallel to the base.

The volume of a frustum of a pyramid or cone
is given by the volume of the whole pyramid or
cone minus the volume of the small pyramid or cone
cut off.

The surface area of the sides of a frustum of
a pyramid or cone is given by the surface area of
the whole pyramid or cone minus the surface area
of the small pyramid or cone cut off. This gives the
lateral surface area of the frustum. If the total surface
area of the frustum is required then the surface area
of the two parallel ends are added to the lateral
surface area.

There is an alternative method for finding the
volume and surface area of a frustum of a cone.
With reference to Fig. 19.10:

Volume = nh (R* + Rr +r?)
Curved surface area = #l(R +r)

Total surface area = wl (R +r) + nr? + nR?
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Volume of frustum  311.0
(d) = x 100%
Volume of sphere 904.8

= 34.37%

Problem 26. A spherical storage tank is
filled with liquid to a depth of 20 cm. If the
internal diameter of the vessel is 30 cm,

frustum are 14.0 cm and 22.0 cm and the
height of the frustum is 10.0 cm

[11210 cm?, 1503 cm?]

2. Determine the volume (in cm®) and the
surface area (in cm?) of a frustum of a
sphere if the diameter of the ends are
80.0 mm and 120.0 mm and the thickness

is 30.0 mm. [259.2 cm?, 118.3 cm?]

3. A sphere has a radius of 6.50 cm.
Determine its volume and surface area. A
frustum of the sphere is formed by two
parallel planes, one through the diameter
and the other at a distance h from the
diameter. If the curved surface area of
the frustum is to be % of the surface area
of the sphere, find the height # and the
volume of the frustum.
1150 cm?, 531 cm?,
[2.60 cm, 326.7 cm? }

A sphere has a diameter of 32.0 mm.
Calculate the volume (in cm?) of the

determine the number of litres of liquid in
the container (1 litre = 1000 cm?)

The liquid is represented by the shaded area in the
section shown in Fig. 19.19. The volume of liquid
comprises a hemisphere and a frustum of thickness
5 cm.

e
% ) e

frustum of the sphere contained een
two parallel planes d1 m
Figure 19.19 and 10.00 entre and on
oppo Xétp [14.84 cm?]

Hence volume of liquid

2

—gnr + = [h2+3r1+3r]

where r, = 30/2 =13 cmw
e

of 1 u1d

e tank is filled with

6‘?& 1ca1 sto
v\ iquid of 30.0 cm. If the
Om 1nn d%& the vessel is 45.0 cm

he number of litres of liquid

the container (1litre = 1000 cm?).
[35.34 litres]

Volum

7T()

= %(15) + =[5>+ 3(14 14)* 4+ 3(15)%]

19.6 Prismoidal rule
= 7069 4 3403 = 10470 cm®
The prismoidal rule applies to a solid of length x

Since 1 litre = 1000 cm’, the number of litres of  divided by only three equidistant plane areas, A,

liquid A, and Az as shown in Fig. 19.20 and is merely an
10470 extension of Simpson’s rule (see Chapter 20) — but
= 1000 — 10.47 litres for volumes.

Now try the following exercise

Exercise 72 Further problems on frus-
tums and zones of spheres

1. Determine the volume and surface area x
of a frustum of a sphere of diameter

47.85 cm, if the radii of the ends of the Figure 19.20
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In Problems 9 to 14, determine the acute
angle in degrees (correct to 2 decimal places),
degrees and minutes, and in radians (correct
to 3 decimal places).

9. sin~'0.2341
[13.54°, 13°32/, 0.236 rad]
10. cos~!0.8271
[34.20°, 34°12’, 0.597 rad]
11. tan~'0.8106
[39.03°, 39°2’, 0.681 rad]
12. sec”'1.6214
[51.92°, 51°55’, 0.906 rad]
13. cosec™!2.4891
[23.69°, 23°41/, 0.413 rad]
14. cot™11.9614
[27.01°, 27°1/, 0.471 rad]

In Problems 15 to 18, evaluate correct to 4
significant figures.

15. 4c0s56°19 — 3sin21°57’
11.5tan49°11’ — sin 90°

16. 5.805
3cos45° [ ]

[1.097]

5sin 86°3’

7. (2’{\
3tan 14°29' — 2 cos 31°9’ (6 ]

6.4 cosec29;3

19.9& mine the acute
the nearest min-

and minutes, correct t
4.32sin42°16’
7.86
[21°42]

ute, given by: sin~! (

20. If tanx = 1.5276, determine secux,
cosec x, and cotx. (Assume x is an acute
angle) [1.8258, 1.1952, 0.6546]

In Problems 21 to 23 evaluate correct to 4
significant figures.

in 34°27")(cos 69°2/
gp, i )(cos 69°2) [0.07448]
(2 tan 53°39)

22. 3cot14°15 sec23°9

93, cosec27°19" + sec 45°29’ [~ 1.710]
1 — cosec27°19’ sec 45°29’

24. Evaluate correct to 4 decimal places:

[12.85]

&_931___ 2

(a) sine(—125°) (b) tan(—241°)
(¢c) cos(—49°15")

[(a) —0.8192 (b) —1.8040 (c) 0.6528]
25. Evaluate correct to 5 significant figures:
(a) cosec(—143°) (b) cot(—252°)
(c) sec(—67°22")

[(a) —1.6616 (b) —0.32492 (c) 2.5985]

21.8 Trigonometric approximations for
small angles

If angle x is a small angle (i.e. less than about 5°) and
is expressed in radians, then the following trigono-
metric approximations may be shown to be true:

(i) sinx =~ x
(i) tanx =x

X2

~1_ X
(iii) cosx >

For example, let x = 1°, Q@AXK 0.01745

radians, correct
sin 1° tan1° =

laces. By calculator,
= 0.01746, showing

@Kﬁ X ~ tan en x = 0.01745 radians.
1807 cos 1° & en x = 1°, i.e. 0.001745

radians &
O

0.01745?
= 0.99985,

correct to 5 decimal places, showing that
2
cosx=1— % when x = 0.01745 radians.

Similarly, let x = 5°, i.e. 5 1%0 — 0.08727 radians,
correct to 5 decimal places.

sin5° = 0.08716, thus sinx ~ x,
tan5° = 0.08749, thus tanx = x,

and cos5° = 0.99619;

. . x2 0.087272
since x = 0.08727 radians, 1—5 = 1—# =
0.99619, showing that:

2
cosx=1— % when x = 0.0827 radians.

By calculator,

sinx

~ 1, and

this relationship can occur in engineering consider-
ations.

If sinx ~ x for small angles, then
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If phasor OR makes one revolution (i.e. 2w
radians) in 7 seconds, then the angular velocity,
w = 2m/T rad/s,

from which, T = 27/ seconds

T is known as the periodic time.
The number of complete cycles occurring per
second is called the frequency, f

number of cycles

Frequency =
second
1
=—=—Hz
T 2n
w
i.e. = — Hz
ie f 7
Hence angular velocity, o = 2xnf rad/s

Amplitude is the name given to the maximum
or peak value of a sine wave, as explained in
Section 22.4. The amplitude of the sine wave shown
in Fig. 22.26 has an amplitude of 1.

A sine or cosine wave may not always start at
0°. To show this a periodic function is represented
by y = sin(wt + @) or y = cos(wt *+ «), where o
is a phase displacement compared w1th

or y = cosA. A graph of y = ﬁ

y = sinor by angle op W
a) leads y %
u,é asured i

The@
{ i.e. <a)@) (ts) = wt radlans}
S

hence angle « should also be in radians.
The relationship between degrees and radians is:

) ags

N0

360° = 27 radians or | 180° = & radians

180
Hence 1 rad = — = 57.30° and, for example,
T

71° = 71 x —— = 1.239 rad
180

Summarising, given a general sinusoidal function
y = A sin(of + ), then:

(i) A = amplitude
(il) o = angular velocity = 2x f rad/s

(iii) i periodic time T seconds
)
. )
@iv) . frequency, f hertz
V) o= ngle of lead or lag (compared with
y = Asinwt)
Problem 11. An alternating current is given

by i = 30sin(1007t + 0.27) amperes. Find
the amplitude, periodic time, frequency and
phase angle (in degrees and minutes)

i= 30sin(1007r7+0.27)A, hence amplitude = 30 A.

Angular velocity w = 1007, hence

T_Zn_ 27 _ 1
w100 50
=0.0250r 20 ms

1

f= 7= m =50 I-K
Phase angle, 27cq 9
S

15.47° or 15°28’ leadmg

6 A_g i= 305sin(1007t)

periodic time,

Frequency,

g—

obl&m 12. An oscillating mechanism has

frequency of 60 Hz. At time ¢ = O the
displacement is 90 cm. Express the
displacement in the general form
Asin(wt £ @)

[ 4
= sin(w
ge ? a maximum displacement of 2.5 m and a

Amplitude = maximum displacement = 2.5 m
Angular velocity, w = 27 f = 27(60) = 1207 rad/s
2.5sin(1207t + o) m

90 cm = 0.90 m

Hence displacement =

When ¢ = 0, displacement =

Hence, 0.90 =2.5sin(0 + «)
0.90
i.e. sine = — = 0.36
2.5
Hence o =sin"10.36 = 21.10°

=21°6' = 0.368 rad

Thus, displacement = 2.5 sin(120z¢ + 0.368) m
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Cartesian and polar co-ordinates

23.1 Introduction

There are two ways in which the position of a point
in a plane can be represented. These are

(a) by Cartesian co-ordinates, i.e. (x, y), and

(b) by polar co-ordinates, i.e. (r, ), where r is a
‘radius’ from a fixed point and 6 is an angle
from a fixed point.

23.2 Changing from Cartesian into
polar co-ordinates

In Fig. 23.1, if lengths x and y are known, then
the length of r can be obtained from Pythagoras’
theorem (see Chapter 21) since OPQ is a right-
angled triangle.

Hence =+ yz)

2

P age

from which,

PYe

r =

S
~
SR W
[e) <_~<—_’i
x

o
X

Figure 23.1

From trigonometric ratios (see Chapter 21),

tanf = Y

X
from which 6 = tan! Y
x

r=+/x2+y>and f = tan~! Y are the two formulae
X

we need to change from Cartesian to polar co-
ordinates. The angle 6, which may be expressed in

ﬂgure 232
aé —5 has no

degrees or radians, must always be measured from
the positive x-axis, i.e. measured from the line OQ
in Fig. 23.1. It is suggested that when changing from
Cartesian to polar co-ordinates a diagram should
always be sketched.

Problem 1. Change the Cartesian
co-ordinates (3, 4) into polar co-ordinates.

A diagram representing the point (3, 4) is shown in
Fig. 23.2.

uk

me Ny

\e GO
§ DA

agoras theorem, r = +/3% 4+ 42 = 5 (note
meaning in this con-
text). By trigonometric ratios, 6 = tan~! % =

53.13° or 0.927 rad [note that
53.13° = 53.13 x (;r/180) rad = 0.927 rad.]

Hence (3,4) in Cartesian co-ordinates corre-
sponds to (5, 53.13°) or (5, 0.927 rad) in polar
co-ordinates.

Problem 2. Express in polar co-ordinates
the position (—4, 3)

A diagram representing the point using the Cartesian
co-ordinates (—4, 3) is shown in Fig. 23.3.

From Pythagoras’ theorem, r = +/42 +32 =5

By trigonometric ratios, o = tan~! % = 36.87° or
0.644 rad.
Hence 6 = 180" —36.87° = 143.13°

or 0 =m—0.644 =2.498 rad.
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Figure 24.19

A diagonal drawn from B to D divides the quadri-
lateral into two triangles.

Area of quadrilateral ABCD
= area of triangle ABD 4 area of triangle BCD

= 1(39.8)(21.4) sin 114° + 1(42.5)(62.3) sin 56°
= 389.04 + 1097.5 = 1487 m>

Now try the following exercise

Exercise 92 Further problems on prac-
tical situations involving tri-
gonometry

1. Three forces acting on a fixed point are
represented by the sides of a triangle of
dimensions 7.2 cm, 9.6 cm and 11.0
Determine the angles betwe ﬂ'\

action and the three fi
xl\@jgw 38°, 40,20° J’Z
?* 1@ ial AB, 9, gads
und which is 1 o the
horizontal. A stay connects the top of the

aerial A to a point C on the ground 10.0 m
downhill from B, the foot of the aerial.
Determine (a) the length of the stay, and
(b) the angle the stay makes with the
ground. [(a) 1523 m (b) 38.07°]

3. A reciprocating engine mechanism is
shown in Fig. 24.20. The crank AB is
12.0 cm long and the connecting rod BC
is 32.0 cm long. For the position shown
determine the length of AC and the angle
between the crank and the connecting rod.

[40.25 cm, 126.05°]

4. From Fig. 22.20, determine how far C
moves, correct to the nearest millimetre
when angle CAB changes from 40° to
160°, B moving in an anticlockwise

]

direction. [19.8 cm]

B
A L0

Figure 24.20

A surveyor, standing W 25° S of a tower
measures the angle of elevation of the top
of the tower as 46°30’. From a position
E 23° S from the tower the elevation of
the top is 37°15'. Determine the height of
the tower if the distance between the two
observations is 75 m. [36.2 m]

Calculate, correct to 3 significant figures,
the co-ordinates x and y to locate the hole
centre at P shown in Fig. 24.21.

[x =69.3 mm, y = 142 mm)]

An idler gear, 30 mm in diameter, has
to be fitted between a 70 mm diameter
driving gear and a 90 mm diameter driven
gear as shown in Fig. 24.22. Determine
the value of angle 6 between the centre

lines. [130°]
90 mm
dia
< 30mm
99.78mm g L. (¥ dia
e’ 70mm
dia

Figure 24.22
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Factorising gives (5sint + 2)(sint — 1) = 0. Hence

Ssint +2 = 0, from which, sint = —=

or
t

0.4000,

sint — 1 = 0, from which, sint = 1

sin~'(—0.4000) = 203.58° or 336.42°, since

sine is negative in the third and fourth quadrants, or
t =sin"' 1 = 90°. Hence

as

y
£

t = 90°,203.58° or 336.42°
shown in Fig. 25.7.

sint

203.58° 336.42°

0
-0.4

-1.0

A
t 907 \‘\270}360" t

Figure 25.7

Problem 14. Solve: 18sec2A —3tanA = 21
for values of A between 0° and 360°

1 + tan?A = sec®> A. Substituting for sec’> A in

18

i.e.

Factorising gives (6tanA — 3

sec’A — 3tanA = 21 gives

18(1 + tan> A) — 3tanA = 2

;EanA;gl):O

18 + 18 tan?

prevt

Hence 6tanA — 3 = 0, from which,

tanA = 3 = 0.5000 or 3tanA + 1 = 0, from which,
tanA = —5 = —0.3333. Thus A = tan~!(0.5000) =
26.57° or 206.57°, since tangent is positive in the

first and third quadrants, or A =
161.57° or 341.57°

tan~!(—0.3333) =
, since tangent is negative in the

second and fourth quadrants. Hence

A = 26.57°,161.57°,206.57° or 341.57°

Problem 15. Solve: 3 cosec?8 — 35 = 4cotd
in the range 0 < 6 < 360°

cot’d + 1 = cosec?§. Substituting for cosec’6 in
3cosec’f — 5 = 4 cotf gives:

3(cot? 0+ 1) — 5 =4cotd
3cot?’0+3 —5=4cotd
3cot’ —4coth —2 =0

Since the left-hand side does not factorise the
quadratic formula is used.

—(=4) £ V/(-4)?
203)

_4xJ16+24
= g =
10.3246
= or
6

Hence cotd = 1.7208 or —0.3874,
0 = cot~!11.7208 = 30.17° or 210.17°, since cotan-
gent is positive in the first and third quadrants, or
6 = cot™1(—0.3874) = 111.18° or 291.18°, since

cotangent is negative in the second and fourth quad-
rants.

Hence, 6 =30.17°,111.18°, 210 17° ‘\Ql 18°

—4(3)(=2)

Thus, cotf =

4+ /40
6
2.3246

6

w\exeﬁ

problems on trigono-

Now try the fol
7  Fugt
Aj uations

®
S es

a following equations for angles
tween 0° and 360°

| ]

12sin*0 — 6 = cos 6
{9 = 48.18°, 138.58°

221.42° or 311.82°

2. l6secx —2 = l14tan’x

[x = 52.93° or 307.07°]
3. 4cot? A—6cosecA+6=0

[A =907]

4. Ssect+2tan’t =3

[t = 107.83° or 252.17°]
5. 2.9cos’a—Tsina+1=0

[a =27.83° or 152.17°]
6. 3cosec’f =8 —TcotfB

B =60.17°, 161.02°,
240.17° or 341.02°

}




Multiple choice questions on
chapters 17-26

All questions have only one correct answer (answers on page 526).

1. In the right-angled triangle ABC shown in A
Figure M2.1, sine A is given by:

(a) b/a (b) ¢/b (c) b/c (d) a/b

A
b c \A
42°
; Y
[ 'l
C a B

Figure M2.1

ﬁ‘ BAIQ places, sin(—2.6 rad) is:
(a»@.516

2. ﬁ«%ﬂg mangle AB CQ For the right-angled triangle POR shown in

osine C i Figure M2.3, angle R is equal to:

@a/bb)e/b (Yafc (d)b/a (a) 41.41° (b) 48.59° (c) 36.87° (d) 53.13°
3. In the right-angled triangle shown in Figure
M2.1, tangent A is given by:

P
(@b/c  (b)a/c  (c)a/b  (d)c/a
3w .
4. T radians is equivalent to:
3cm
(a) 135°  (b) 270°  (c) 45° (d) 67.5°
5. In the triangular template ABC shown in
Figure M2.2, the length AC is: M
(a) 6.17 cm (b) 11.17 cm Q 4cm R
(C) 9.22 cm (d) 12.40 cm Figure M2.3

6. (—4,3) in polar co-ordinates is:
o 9. A hollow shaft has an outside diameter of
@) (5, 2:498 rad) (b) (7,36.87°) 6.0 cm and an inside diameter of 4.0 cm. The
(c) (5,36.87°%) (d) (5, 323.13°) cross-sectional area of the shaft is:
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Figure 27.4

A table of co-ordinates is produced for each graph.

() y=x
x| -4 =3 —2 -1 0 1 3
y|l—4 -3 2 -1 01 2 3
® y=x+2
x| -4 -3 —2 —1 12 3
yl=2 -1 0 1 2 3 45 6
) y=x+5
x|-4 -3 —2 -1 0 2 3 4
vl 12 3 4 s m
@ y=x-3 * ‘;Q“D
y= ‘I\Q )
gﬁ%\u @gﬁ H
7 —6 -5 —4 <4

The co-ordinates are plotted and joined for each
graph. The results are shown in Fig. 27.5. Each of
the straight lines produced are parallel to each other,
i.e. the slope or gradient is the same for each.

To find the gradient of any straight line, say,
y = x—3 a horizontal and vertical component needs
to be constructed. In Fig. 27.5, AB is constructed
vertically at x = 4 and BC constructed horizontally
at y = —3.

The gradient of AC = 2 1-(=3)
€ 9T ent o = — = —
gract BC~ 4-0
4
:—:1
4

i.e. the gradient of the straight line y = x — 3 is 1.
The actual positioning of AB and BC is unimportant

W AN OO N 0 O <

Figure 27.5

for the gradient is also given by, for @%,
DE _ —1- i_Z) _69 .

ch othe

@ nt of each of the straight lines
is %s A%e they are all parallel to

r‘a'oblem 3. Plot the following graphs on
the same axes between the values x = —3 to
x = +3 and determine the gradient and
y-axis intercept of each.
(@ y=3x
(c) y=—-4x+4

®d) y=3x+7
d y=—-4x-5

A table of co-ordinates is drawn up for each equation.

(@ y=3x
X -3 -2 -1 0 1
y| -9 -6 -3 3 9
(b) y=3x+7
x| -3 -2 -1 0 1 2 3
y| -2 1 4 7 10 13 16
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)
e
|
w

X
%x+2% 3

=
N—

Figure 27.8

The graphs are plotted as shown in Fig. 27.8.

The two straight lines are seen to intersect at
(-1, 2).

Now try the following exercise

Exercise 103 Further pro]le ‘I‘@Ag}‘lt

lln
i g 2
ntally for two qua
x| =20 =05 1.0 25 3.0 50

y|—=13.0 =55 =3.0 20 95 12.0 22.0

Use a horizontal scale for x of 1 cm =
%unit and a vertical scale for y of
1 cm = 2 units and draw a graph of x
against y. Label the graph and each of
its axes. By interpolation, find from the

graph the value of y when x is 3.5
[14.5]

2. The equation of a line is 4y = 2x + 5.
A table of corresponding values is pro-
duced and is shown below. Complete the
table and plot a graph of y against x.
Find the gradient of the graph.

t@e 63 (®) 3,0
N0 A |

&

x|—4 =3 -2 -10 1234
y —0.25 1.25 3.25

1
3]
Determine the gradient and intercept on

the y-axis for each of the following
equations:

(@) y=4x-2 (b) y=—x

©y=-3x—-4  (dy=4
@4,-2 (b)-1,0
{(C) —-3,-4 (@0,4 ]

Find the gradient and intercept on the y-
axis for each of the following equations:

(@2y—1=4x (b)bx—2y=>5
(c)3<2y—1>=§

1 1 1
{(a) 2,5 ()3, =25 (o) ~ ]

2 2 247 2
Determine the gradient and y-axis inter-
cept for each of the followin, %ns

and sketch the grap Q
(a)y—6X\F OAy=>5x (©) y=7

2 2

7 @ — 1§
termine the gradlent of the stralght
line graphs passing through the co-

ordinates:
(a) (2, 7) and (=3, 4)
(b) (=4, —1) and (-5, 3)

1 3 d 15
© (1"1) an (‘z’g)
{(a)g () —4 (o —12]

State which of the following equations
will produce graphs which are parallel
to one another:

(@) y—4=2 ®)dx=—-(y+1)

1 5 a1 13
(C)X—E(y-i-) (@ +§y—§x

1
() 2x=7(T-y)
[(a) and (c), (b) and (e)]

Draw a graph of y — 3x +5 = 0 over
a range of x = —3 to x = 4. Hence




STRAIGHT LINE GRAPHS 239

28} A
241

20 fmmmmmmmmm e

Stress (N/mmz2)
)

(o]
T

s cc s ————————

L L 1 1
0 0. 00005 0. 00015 0. 00025\0 00035 x
Strain  0.000285

Figure 27.12

Since 1 m? = 10° mm?, 70 000 N/mm?
is equivalent to 70000 x 10° N/m?, i.e.
70 x 10° N/m? (or Pascals).

From Fig. 27.12:

(b) the value of the strain at a stress of 20 N/mm?
is 0.000285, and

(c) the value of the stress when the strain is

0.00020 is 14 N/mm?2.

resistance R ohm on 1ng voltage

ﬁla@fﬁ St A ge

R ohms 30 48.5 73
V volts 16 29 52 76 94

Problem 11. The follo

Choose suitable scales and plot a graph with
R representing the vertical axis and V the
horizontal axis. Determine (a) the gradient of
the graph, (b) the R axis intercept value,

(c) the equation of the graph, (d) the value of
resistance when the voltage is 60 V, and

(e) the value of the voltage when the
resistance is 40 ohms. (f) If the graph were
to continue in the same manner, what value
of resistance would be obtained at 110 V?

The co-ordinates (16, 30), (29, 48.5), and so on, are
shown plotted in Fig. 27.13 where the best straight
line is drawn through the points.

Resistance R ohms

20 |-
10,

o 1 L L
0 2024 40 60 80 100110120 x

Voltage V volts

Figure 27.13

(a) The slope or gradient of the straight line AC is
given by:

AB  135-—-1 12
35 O: 5 =1.25

BC _ 100—0 _ 10
&rizon-

énywhere along

ine. However, calcu-

easier if the horizontal line
n, in this case, 100).

is at R = 10 ohms (by

(Note that the vertical lipe

tal line BC ma n tr

the len a§
(}l&@car

efully C
atlé!

The equatlon of a straight line is y = mx + c,
when y is plotted on the vertical axis and x on
the horizontal axis. m represents the gradient
and c¢ the y-axis intercept. In this case, R
corresponds to y, V corresponds to x, m = 1.25
and ¢ = 10. Hence the equation of the graph
isR=(125V +10) @

(b) The

From Fig. 27.13,

(d) when the voltage is 60 V, the resistance is
85 Q

(e) when the resistance is 40 ohms, the voltage is
24 V, and

(f) by extrapolation, when the voltage is 110 V,
the resistance is 147 Q.

Problem 12. Experimental tests to
determine the breaking stress o of rolled
copper at various temperatures ¢ gave the
following results.
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Reduction of non-linear laws to linear

form

28.1 Determination of law

Frequently, the relationship between two variables,
say x and y, is not a linear one, i.e. when x is plotted
against y a curve results. In such cases the non-
linear equation may be modified to the linear form,
y = mx + ¢, so that the constants, and thus the
law relating the variables can be determined. This
technique is called ‘determination of law’.

Some examples of the reduction of equations to
linear form include:

(i) y = ax®> + b compares with ¥ = mX + c,
where m = a, c = b and X = x2.
Hence y is plotted vertically against x*> hor-
izontally to produce a straight line graph of
gradient ‘@’ and y-axis intercept ‘b’

.. a
(i) y=-+b
X

y is plotted veJ;tlcall

0 rodu grapho ént
@ rcept ‘b’ @
ax + bx

Dividing both sides by X glves =~ =ax+Db.
X

(iii)

Comparing with ¥ = mX + ¢ shows that Y

X
is plotted vertically against x horizontally to
produce a straight line graph of gradient ‘a’

and Y axis intercept ‘b’
X

Problem 1. Experimental values of x and vy,
shown below, are believed to be related by
the law y = ax® 4 b. By plotting a suitable
graph verify this law and determine
approximate values of a and b

1 2 3 4 5
9.8 152 242 365 53.0

m"‘h z(o:g\ }26%’ O

If y is plotted against x a curve results and it is
not possible to determine the values of constants a
and b from the curve. Comparing y = ax’> 4+ b with
Y = mX + ¢ shows that y is to be plotted vertically
against x> horizontally. A table of values is drawn
up as shown below.

x |1 2 3 4 5
x| 1 4 9 16 25
y |98 152 242 365 530

w1th
the 01nts Slnce
aw 1is verified.

A graph of y against x? is show

the best straight lin drawn
a straight line g 6l‘*@

0 5 10 15 20 25 «x2

Figure 28.1

From the graph, gradient
_AB 53-17 36
T BC 25-5 20
and the y-axis intercept,
b=8.0
Hence the law of the graph is:
y =1.8x2 +8.0

=1.8
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Problem 2. Values of load L newtons and
distance d metres obtained experimentally
are shown in the following table

Load, L N

distance, d m

323 29.6 270 232
0.75 037 024 0.17

Load, L N

distance, d m

183 128 100 64
0.12 0.09 0.08 0.07

Verify that load and distance are related by a
law of the form L = + b and determine

approximate values of @ and b. Hence
calculate the load when the distance is
0.20 m and the distance when the load is
20 N.

Comparing L = g +bie. L =a + b with
Y = mX 4 ¢ shows that L is to be plotted vertically

1
against — horizontally. Another table of values is

drawn up as shown below.

323 296 270 232 183

. 3 128 100
075 037 024 0.17 0.12

1.33 270 417-5 1250 142}-‘

A gra@ft%ﬁt‘—\; S @@2 A

straight line can be drawn through the points, which
verifies that load and distance are related by a law

oftheformng—i-b

au— O~

Gradient of straight line,
AB  31—11 20

TBcT 212 " "0
L-axis intercept,
b =35
Hence the law of the graph is
2
L=—-+35
d +

When the distance d = 0.20 m, load

-2
L=—+35=250N
0.20

of 2 4 6 8 10 12 14

Ql—

Figure 28.2

2
Rearranging L = - + 35 gives:

2
35—-L
Hence when the load L = 20 N, distance

22 u\k
T35-204 A5 _60 .
f\\‘é. .
o&@ﬁ% solubility s of potassium
is show b%e following table:

30 40 50 60 80 100
49 7.6 11.1 154 204 264 406 58.0

and d=

2
Z=35-1L
d

The relationship between s and ¢ is thought
to be of the form s = 3 + at + bt>. Plot a
graph to test the supposition and use the
graph to find approximate values of a and b.
Hence calculate the solubility of potassium
chlorate at 70°C

Rearranging s = 3 + at + bt* gives s — 3 = at + bt*
3
= bt + a which is of

-3 _
andsta—l-btors

the form Y = mX + ¢, showing that S is to be

t
plotted vertically and ¢ horizontally. Another table
of values is drawn up as shown below.

t 10 20 30 40 50 60 80 100
s 49 7.6 11.1 154 204 26.4 40.6 58.0

0.19 0.23 0.27 0.31 0.35 0.39 0.47 0.55
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a constant. Determine (a) the value of by the laws of logarithms
constant ¢ and (b) the safe load for a span
of 3.0 m. [(2) 950 (b) 317 kN] or lgy=(ghx+lga
9. The following results give corresponding which compares with
values of two quantities x and y which
are believed to be related by a law of the Y=mX+c
form y = ax®> 4+ bx where a and b are
constants. and shows that lg y is plotted vertically against
x horizontally to produce a straight line graph
y |33.86 55.54 72.80 84.10 111.4 168.1 of gradient Ig b and g y-axis intercept Iga
x 34 52 65 73 91 124 (iii) y=ae™
Taking logarithms to a base of e of both sides
Verify the law and determine approximate gives:
values of a and b.
_ bx
Hence determine (i) the value of y when Iny =In(ae™)
)15412 ;3.0 and (ii) the value of x when y is ie. Iny=Ina+Ine®
[a=04,b=286 (i)944 (i) 11.2] ie. Iny=lna+bxine
ie. Iny=bx+Ina
28.2 Determination of law involving (since Ine = 1), which compares

logarithms

Examples of reduction of equations to linear form
involving logarithms include:

(@)

(i)

y =ax"

Takmg logarlthms to

Wf@mﬁ;s
P (g lg(ax ) = @a@e

ie. lgy=nlgx+lga

by the laws of logarithms which compares
with

Y=mX+c¢

and shows that g y is plotted vertically against
lgx horizontally to produce a straight line
graph of gradient n and lg y-axis intercept lg a
y = ab*

Taking logarithms to a base of 10 of the both
sides gives:

lgy =lg(ab*)
ie. lgy=Iga+l1gb*
ie. lgy=xlgb+1ga

HHAL

experimentally for various values and the
results are as shown below.

\\\o&

‘\2
=mX +c¢ \)
\815 plotted vertically against

to 5roduce a straight line graph

and

gradie ﬁ A y-axis intercept Ina

The current flowing in, and the
wer dlss1pated by, a resistor are measured

Current, /
amperes 22 36 41 56 6.8
Power, P
watts 116 311 403 753 1110

is

Show that the law relating current and power

constants, and determine the law

of the form P = RI", where R and n are

Taking logarithms to a base of 10 of both sides of
P = RI" gives:

lgP =1g(RI")=1gR+1gI" =1gR+nlgl

by the laws of logarithms

i.e.

IgP =nlgl +1gR,
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constants. Determine the approximate values
of  and T

Taking Napierian logarithms of both sides of
i =1Ie'T gives
ln e

Ini =In(le’") =Inl +Ie’T =Inl + —

t
ie. Ini=Inl+ T (since Ine = 1)

1
Ini=(—=]t+In/
or ni (T) + In

which compares with y = mx + ¢, showing that
Ini is plotted vertically against ¢ horizontally. (For
methods of evaluating Napierian logarithms see
Chapter 13.) Another table of values is drawn up
as shown below

t 100 160 210 275 320 390
i [203 61.14 2249 6.3 249 0615
Ini| 531 411 311 1.81 091 -0.49

A graph of Ini against ¢ is shown in Fig. 28.7 and
is

since a straight line results the law i = le/T

verified.

sof A
40 —P
331}-%
30}
c
2.0}
1.30}------
Tof |
)
. : . .
0 T00 200 300 \400 f(ms)
_1 0 -
Figure 28.7

Gradient of straight line,

1 AB _530-130 4.0 0.02
T BC _ 100—300  —200
1
Hence T = —— = —50

—0.02

Selecting any point on the graph, say point D, where
t =200 and Ini = 3.31, and substituting into

1
Ini={—=)t+Inl
ni (T) +In

1
ives: 331 = ——(200) +InI
gives 50( )+ In

from which, In/ = 3.31 +4.0 = 7.31
and I = antilog 7.31 (= ¢’3!) = 1495

or 1500 correct to 3 significant figures.

Hence the law of the graph is, i = 1500 ¢ ~*/5

Now try the following exercise

Exercise 106 Further problems on reduc-
ing non-linear laws to linear
form

In Problems 1 to 3, x and y are two related
variables and all other letters denote constants
For the stated laws to be Verlﬁe

essary to plot graphs arigb
modified form. or ac wwhat should
be plotted 1s, (b) what should
% orlzontal axis, (c) the gra-
) the Kgal axis intercept.
fo ; y ®x (©)lga (d)lg b]
y = kx!
(d) 1g k]

[@lgy MIlgx (!

N

m
[(@Iny (b)x (©)n (d)In m]

4. The luminosity / of a lamp varies with
the applied voltage V and the relationship
between [ and V is thought to be I = kV".
Experimental results obtained are:

I candelas 1.92 4.32 9.72
V volts 40 60 90

15.87 23.52 30.72
115 140 160
Verify that the law is true and determine
the law of the graph. Determine also the

luminosity when 75 V is applied across
the lamp.

[1 = 0.0012 V2, 6.75 candelas]

I candelas
V volts
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The law relating x and y is believed to be
y= ax?, where a and b are constants.

Verify that this law is true and determine the
approximate values of a and b

If y = ax” then Igy = blgx + lga, from above,
which is of the form ¥ = mX + ¢, showing that
to produce a straight line graph lgy is plotted
vertically against 1gx horizontally. x and y may
be plotted directly on to log—log graph paper as
shown in Fig. 29.2. The values of y range from
0.45 to 82.46 and 3 cycles are needed (i.e. 0.1
to 1, 1 to 10 and 10 to 100). The values of x
range from 0.41 to 3.95 and 2 cycles are needed
(i.e. 0.1 to 1 and 1 to 10). Hence ‘log 3 cycle x
2 cycle’ is used as shown in Fig. 29.2 where the
axes are marked and the points plotted. Since the
points lie on a straight line the law y = ax® is
verified.

To evaluate constants a and b:

Method 1. Any two points on the straight line, say
points A and C, are selected, and AB and BC are
measured (say in centimetres).

. AB 11.5 units
Then, gradient, b = — = —— = 2.3
BC 5 units v
Since gy = blgx + lga, when x 1 Md
lgy=lga. :‘ 6
The straight line *@J ermate X = QGI’

y=3.

e

Henceg =1g3.5,ie.a = 3? a'g
Method 2. Any two points on the straight line, say
points A and C, are selected. A has coordinates

(2, 17.25) and C has coordinates (0.5, 0.7).

Since  y = ax” then 17.25 = a(2)"

M

and 0.7 = a(0.5)" (2)
i.e. two simultaneous equations are produced and

may be solved for a and b.

Dividing equation (1) by equation (2) to eliminate
a gives:

1725 (2" ( 2 )b
0.7 (0.5 \0.5
ie. 24.643 = (4)

Taking logarithms of both sides gives
1g24.643 = blg4, ie.

_ 1g24.643

- Ig4

= 2.3, correct to 2 significant figures.
Substituting b = 2.3 in equation (1) gives:
17.25 = a(2)*?, ie.

17.25  17.25

T 223 T 495

= 3.5, correct to 2 significant figures.

Hence the law of the graph is: y = 3.5x%3

Problem 2. The power dissipated by a
resistor was measured for varying values of
current flowing in the resistor and the results
are as shown:

Current,
amperes
Power, P

t;
\—853
Prove t & ing current and power
'RI", where R and n are

st and determlne the law. Hence
lculate the power when the current is 12
amperes and the current when the power is
1000 watts

1447 6C® \3)131

56 2070 3136 4290

Since P = RI" then 1gP = nlgl + IgR, which is
of the form Y = mX + ¢, showing that to produce a
straight line graph lg P is plotted vertically against
Ig! horizontally. Power values range from 49 to
4290, hence 3 cycles of log—log graph paper are
needed (10 to 100, 100 to 1000 and 1000 to 10 000).
Current values range from 1.4 to 11.2, hence 2
cycles of log—log graph paper are needed (1 to 10
and 10 to 100). Thus ‘log 3 cycles x 2 cycles’ is
used as shown in Fig. 29.3 (or, if not available,
graph paper having a larger number of cycles per
axis can be used). The co-ordinates are plotted and
a straight line results which proves that the law
relating current and power is of the form P = RI".
Gradient of straight line,

_AB
~BC

14 units

7 units
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Graphical solution of equations

30.1 Graphical solution of
simultaneous equations

Linear simultaneous equations in two unknowns
may be solved graphically by:

(1) plotting the two straight lines on the same axes,
and

(i1) noting their point of intersection.

The co-ordinates of the point of intersection give the
required solution.

Problem 1. Solve graphically the
simultaneous equations:

2x—y=4
x+y=5

Rearranging each equation into y = mx + m

gives: \|\| _‘(

y=2x—4

X 2
y=2x—-4 —4 —2 0
X 0 1 2
y=—-—x+5 5 4 3

Each of the graphs is plotted as shown in Fig. 30.1.
The point of intersection is at (3, 2) and since this is
the only point which lies simultaneously on both lines
thenx = 3, y = 2is the solution of the simultaneous
equations.

Problem 2. Solve graphically the equations:
1.20x +y =1.80
x — 5.0y =8.50

uk

Figure 30.1

oS o
ch e&

270 6&1254—180 (1)

Only f}? ‘ ordmates need ? @mg for each i

graph since both are straight liftes

n into y = mx + ¢ form

T50 50
ie. y=0.20x—-1.70 2)

Three co-ordinates are calculated for each equation
as shown below:

X 0 1 2
y=—1.20x+1.80 1.80  0.60 —0.60
X 0 1 2
y=0.20x — 1.70 -1.70 —-150 —1.30

The two lines are plotted as shown in Fig. 30.2.
The point of intersection is (2.50, —1.20). Hence the
solution of the simultaneous equation is x = 2.50,
y = —1.20.

(It is sometimes useful initially to sketch the two
straight lines to determine the region where the point
of intersection is. Then, for greater accuracy, a graph
having a smaller range of values can be drawn to
‘magnify’ the point of intersection).
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y =0.20x + 1.70

y =-1.20x +1.80

Figure 30.2

Now try the following exercise

Exercise 110 Further problems on the
graphical solution of simul-
taneous equations

In Problems 1 to 5, solve the simultaneous

equations graphically.

I. x+y=2

3y—2x=1 = [ X
) s?@\1\6\'\'

3. 3x+4y=>5
2x—5y+12=0

4. 1.4x—7.06=3.2y
2.1x — 6.7y = 12.87
[x=23,y=—-1.2]

5. 3x—2y=0

4x+y+11=0 [x=-2, y=-3]

6. The friction force F Newton’s and load
L Newton’s are connected by a law of
the form F = alL + b, where a and b are
constants. When F = 4 Newton’s, L = 6
Newton’s and when F = 2.4 Newton’s,
L = 2 Newton’s. Determine graphically
the values of ¢ and b.

[a=04,b=1.6]

30.2 Graphical solution of quadratic

equations

A general quadratic equation is of the form
y = ax* 4+ bx + ¢, where a, b and ¢ are constants
and a is not equal to zero.

A graph of a quadratic equation always produces
a shape called a parabola. The gradient of the curve
between 0 and A and between B and C in Fig. 30.3
is positive, whilst the gradient between A and B is
negative. Points such as A and B are called turning
points. At A the gradient is zero and, as x increases,
the gradient of the curve changes from positive just
before A to negative just after. Such a point is called
a maximum value. At B the gradient is also zero,
and, as x increases, the gradient of the curve changes
from negative just before B to positive just after.
Such a point is called a minimum value.

OI/\B/ O \)K
Figure 3%53\6

r:néipg Ag

Graphs of y=x% y=3x*>and y = 2)c
shown in Fig. 30.4.

y
5 y=x2 2y 3x2
1
I
10 1x —10 X
(a)

(b)

2 are

Figure 30.4

All have minimum values at the origin (0, 0).
Graphs of y = —x%, y = —3x” and y = —1x?
are shown in Fig. 30.5.

All have maximum values at the origin (0, 0).

When y = ax?,
(a) curves are symmetrical about the y-axis,

(b) the magnitude of ‘a
of the curve, and

> affects the gradient
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12 y=4x2+4x-15

IS
I

Figure 30.8

has a turning point at (—0.5, —16) and the nature of
the point is a minimum.

An alternative graphical method of solving

4x? 4 4x — 15 = 0 is to rearrange the equation as
4x? = —4x + 15 and then plot two separate

graphs —in this case y = 4x? and y = —4x + 15.
Their points of intersection give the roots of equa-
tion 4x2 = —4x + 15, i.e. 4x? + 4x — 15 = 0. This
is shown in Fig. 30.9, where the roots are x = —2.5
and x = 1.5 as before.

(Omi Y EBA‘}% 72 72 72

Figure 30.9

Problem 4. Solve graphically the quadratic
equation —5x% + 9x + 7.2 = 0 given that the
solutions lie between x = —1 and x = 3.
Determine also the co-ordinates of the
turning point and state its nature

Let y = —5x%>+9x+7.2. A table of values is drawn
up as shown below. A graph of y = —5x%>4+9x+7.2

y=-5x2+9x +7.2

|

IN
o
oxf-—
NN
-b\

w

x

0

0.6,
a4k
-6}
8t
~10}

Figure 30.10

is shown plotted in Fig. 30.10. The graph crosses the
x-axis (i.e. where y = 0) atx = —0.6 and x = 2.4
and these are the solutions of the quadratic equation

—5x> + 9x + 7.2 = 0. The turnigg tis a
maximum having co-ordineﬁ@, AD.
.
S\e-
rOSSAVYY-1 05 0 1

(@ \=04 -5 —125 0 -5

—45 0 9
n 4
X 521 0x+72 |—68 145 72 112
x 2 25 3
—5x2 20 —3125 —45
19x 18 25 27
+7.2 72 72 72
y=—-5x>4+9%+72 52 —155 —10.8

Problem 5. Plot a graph of: y = 2x? and
hence solve the equations: (a) 2x> — 8 =0
and (b) 2x> —x -3 =0

A graph of y = 2x? is shown in Fig. 30.11.

(a) Rearranging 2x> — 8 = 0 gives 2x> = 8
and the solution of this equation is obtained
from the points of intersection of y = 2x°
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y=2x2

Figure 30.11

and y = 8, i.e. at co-ordinates (—2, 8) and
(2, 8), shown as A and B, respectively, in
Fig. 30.11. Hence the solutions of 2x> —8 = 0
arex = —2and x = +2

(b) Rearranging 2x> —x —3 = 0 gives 2x*> = x+3
and the solution of this equation is obtained
from the points of intersection of y = 2x?
and y = x + 3, i.e. at C and D in Fig. 30.11.
Hence the solutions of 2x> — x — 3 = 0 are

x=—1landx =1.5

Problem 6. Plot the graph of

y = —2x? 4+ 3x + 6 for values of x from
x = —2 to x = 4. Use the graph to find the

roots of the following equatlonfﬁ m
(@) — 207 + 3x + &:e\N
e o a0e

(b)

(c) 2x2{+3x+9=0 P

(d)—2x>+x+5=0

A table of values is drawn up as shown below.

X -2 -1 0 1 2 3 4
—2x? |-8 =2 0 -2 -8 —-18 =32
+3x |-6 -3 0 3 6 9 12

+6 6 6 6 6 6 6 6

y -8 1 6 7 4 -3 -14

A graph of —2x? 4 3x + 6 is shown in Fig. 30.12.

(a) The parabola y = —2x> 4 3x + 6 and the
straight line y = O intersect at A and B, where
x = —1.13 and x = 2.63 and these are the
roots of the equation —2x> +3x+6 =0

y=-2x2+3x+6

Figure 30.12

(b)

7A

(©)

(d)

Comparing

- —2x2 +3x+6 \.)K (1)
ded to both sides of equa-
e rlgh nd side of both equations

be t
He f + 3x + 6. The solution
equatlon is found from the points of
intersection of the line y = 4 and the parabola
= —2x*> 4 3x + 6, i.e. points C and D in

Flg 30.12. Hence the roots of —2x>+3x+2=0
arex = —0.5andx =2

with

—2x% + 3x + 9 = 0 may be rearranged as
—2x2 4+ 3x + 6 = —3, and the solution of this
equation is obtained from the points of inter-
section of the line y = —3 and the parabola

y = —2x*> +3x + 6, i.e. at points E and F in
Fig. 30.12. Hence the roots of —2x>+3x+9=0

arex = —1.5andx =3
Comparing

y=-2x>4+3x+6 (3)
with 0= —-2x>4+x+5 4)

shows that if 2x + 1 is added to both sides
of equation (4) the right-hand side of both
equations will be the same. Hence equation (4)
may be written as 2x + 1 = —2x? 4 3x + 6.
The solution of this equation is found from the
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. . 6. arccos0.5 [Z or 1.0472 rad}
Now try the following exercise 3
big
Exercise 116 Further problems on inverse 7. arctanl [Z or 0.7854 rad}
functions
. . . . 8. arccot2 [0.4636 rad]
Determine the inverse of the functions given
in Problems 1 to 4. 9. arccosec2.5 [0.4115 rad]
I. fx)=x+1 [f‘l(x) =x—1] 10. arcsec1.5 [0.8411 rad]
—1 1 | . 1 T
2. f=5x—-1 T =cx+1) 11. arcsin [ — [— or 0.7854 rad}
5 ] \/E 4
3. f=x"+1 [f~' ) =Jx—1] 12. Evaluate x, correct to 3 decimal places:
, 1
1 1 = arcsin — + arccos — — arctan —
4. fx)=-+2 [fl(x)=— g 3 5 9
X x—2]
. L . [0.257]
Determine the principal value of the inverse
functions in problems 5 to 11. 13. Evaluate y, correctto 4 significant figures:
) T y = 3arcsec /2 — 4 arccosec v/2
5. arcsin(—1) [—5 or — 1.5708 rad} 5 arccot 2 [1.533]

Answers to Exercise 114 e CO .

1.

Yy
5
0 N
3 X
/5 y=-3x+4
3.
y = (x-3F
-2 -1 0 1 2 X
0 2 4 6 X

Figure 31.33 Graphical solutions to Exercise 114, page 272.
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024681012
Scale in m/s

o [>1720°

Figure 32.6

32.3 Resolution of vectors

A vector can be resolved into two component parts
such that the vector addition of the component parts
is equal to the original vector. The two components
usually taken are a horizontal component and a
vertical component. For the vector shown as F in
Fig. 32.7, the horizontal component is F cosf and
the vertical component is F sin 6.

Fsino £
2]

Fcos 6

Figure 32.7

For the vectors F; and F, shown in Fig. 32.8, the
horizontal component of vector addition is:

H = Ficosb + F,cos 6,

Figure 32.8
and the vertical component of vector addition is:
V =Fsinf; + F,sin06,

Having obtained H and V, the magnitude of the
resultant vector R is given by: vH2 + V2 and its

angle to the horizontal is given by tan! 7

Problem 3. Resolve the acceleration vector
of 17 m/s? at an angle of 120° to the

~XC
e
oblem 4. a

horizontal into a horizontal and a vertical
component

For a vector A at angle 0 to the horizontal, the
horizontal component is given by Acosf and the
vertical component by Asin6. Any convention of
signs may be adopted, in this case horizontally
from left to right is taken as positive and vertically
upwards is taken as positive.
Horizontal component H = 17 cos 120° =
—8.50 m/s?, acting from left to right.
Vertical component V = 175sin 120° = 14.72 m/sz,
acting vertically upwards.

These component vectors are shown in Fig. 32.9.

+V

{7 m/s2

14.72 m/s®

120°

8.50 m/s?

| vk
Figure 325 Sa\e ‘CO

l%the resultant force of
1n Problem 1

he t
%0
ith reference to Fig. 32.4(a):

Horizontal component of force,

H = 7cos0° + 4cos45°
=7+2.828=9.828 N

Vertical component of force,

V =7sin0° + 4sin45°
=0+2.828=2.828 N

The magnitude of the resultant of vector addition

= VH? 4+ V2 = /98282 + 2.8282
=104.59 =10.23 N

The direction of the resultant of vector addition

\% 2.828
= tan_l (H> = tan_l (9828) = 16-050
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Magnitude of
ay +a; = \/(—2.13)% 4+ 2.992
= 3.67 m/s?

2.99
Direction of a; +a; = tan~! 2—13> and

must lie in the second quadrant since H is
negative and V is positive.
2.99

tan~! (W) = —54.53°, and for this to be

in the second quadrant, the true angle is 180°
displaced, i.e. 180° — 54.53° or 125.47°

Thus  a; +a; = 3.67 m/s* at 125.47°.

Figure 32.12

Fig. 32.12(a) shows that the second diagonal of the

‘parallelogram’ method of vector addition gives the Horizontal component of a; —ap, that is,
magnitude and direction of vector subtraction of oa a; + (—az)
from ob. = 1.5c0890° + 2.6 cos(145° — 180°)
Problem 6. Accelerations of a; = 1.5 m/s? = 2.6cos(=35) = 2.13
at 90° and a, = 2.6 m/s? at 145° act at a Vertical component of a; —ap, that is,
point. Find a + a, and a; — a, by: ar + (—az)
(i) drawing a scale vector diagram and = 1.5sin90° + 2.6 sin(—35°

(ii) by calculation

Magnitude of a; — a; =

r‘n/ 2
(i) The scale vector diagram is shown in s

. \e =
Fig. 32.13. By measurement, K@&a — @y = tan™ (_) — 0

a; +a; = 3.7 m/s> at 126° N ; 2.13
Thus m/s” at 0°
’l

a;—a;=2.1m \/ls\la
a +a \, \ roblem 7. Calculate the resultant of
e (i) v1 — v2 + v3 and (ii) v — v1 — v3 when
| v v1 = 22 units at 140°, v, = 40 units at 190°
ale /s and v = 15 units at 290°

(i) The vectors are shown in Fig. 32.14.

a1 82
+V
22
-a,
Figure 32.13 190°\gx, 140°
“H / +H
(i) Resolving horizontally and vertically gives: 40 290
Horizontal component of a; + a, 15
H = 1.5¢c0s90° +2.6cos 145° = —2.13

-V

Vertical component of a; + a3,

V = 1.5sin90° + 2.6sin 145° = 2.99 Figure 32.14
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(i)

The horizontal component of v; — vy + v3
= (22 cos 140°) — (40 cos 190°)
+ (15 ¢c0s290°%)
= (—16.85) — (—39.39) + (5.13)
= 27.67 units
The vertical component of v — v + v3
= (225sin 140°) — (40sin 190°)
+ (15sin290°%)
= (14.14) — (—6.95) 4+ (—14.10)
= 6.99 units

The magnitude of the resultant, R, which can
be represented by the mathematical symbol for
‘the modulus of” as |v; — vy 4+ 3] is given by:

IR| = V/27.67% 4+ 6.99% = 28.54 units

The direction of the resultant, R, which can be
represented by the mathematical symbol for
‘the argument of’ as arg (v; — vy + v3) is
given by:

6.99
arg R =tan™! [ —— ) = 14.18°
27.67

Thus v1 — v3 + v3 = 28.54 units at 14.18°

O™

@é@ g29°

The vertical component of v; — v; — v3
= (40sin 190°) — (22 sin 140°)
— (155sin290%)
= (—6.95) — (14.14) — (—14.10)
= —6.99 units

The horizontal component of v,
= (40 cos 190° )

P%@M\ (-

= —27.67 units

Let R = v, — v; — v3 then
IR| = \/(—27.67)2 + (—6.99)2 = 28.54 units

—6.99
—27.67

and must lie in the third quadrant since both
H and V are negative quantities.

—6.99
tan~! ( ) = 14.18°,

—27.67
hence the required angle is 180° + 14.18° =
194.18°

Thus v, — v; — v3 = 28.54 units at 194.18°

This result is as expected, since v, — v; — v3
= — (v1 — vy + v3) and the vector 28.54 units
at 194.18° is minus times the vector
28.54 units at 14.18°

and arg R = tan™! (

Now try the following exercise

4
Exercise 118 Further pro@ns@%ors

Q“@
0 N at 45° and
% act at a point. Deter-

ing d by calculation (a) F1 + F;
—F,

m1n

(a) 54.0 N at 78.16°
(b) 45.64 N at 4.66°

2. Calculate the resultant of (a) v; + v, — v3
(b) v3 — vy + vy when v; = 15 m/s at
85°, v = 25 m/s at 175° and

= 12 m/s at 235°

(a) 31.71 m/s at 121.81°
(b) 19.55 m/s at 8.63°
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(a) use of the cosine rule (and then sine rule to
calculate angle ¢), or

(b) determining horizontal and vertical compo-
nents of lengths oa and ab in Fig. 33.5, and
then using Pythagoras’ theorem to calculate ob.

In the above example, by calculation, yg = 6.083
and angle ¢ = 25.28° or 0.441 rad. Thus the
resultant may be expressed in sinusoidal form as
yr = 6.083 sin(wt — 0.441). If the resultant phasor,
YR = y1 — Yy, is required, then y; is still 3 units long
but is drawn in the opposite direction, as shown in
Fig. 33.7, and yg is determined by calculation.

Vo gy V2= 3

Figure 33.7

Resolution of phasors by calculation
strated in worked problems 4 to 6% O

= 2sinwt a

(a) by drawing, and (b) by calculation

(a) When time ¢t = 0 the position of phasors y;
and y, are as shown in Fig. 33.8(a). To obtain
the resultant, y; is drawn horizontally, 2 units
long, y, is drawn 3 units long at an angle
of /4 rads or 45° and joined to the end of
y; as shown in Fig. 33.8(b). yg is measured
as 4.6 units long and angle ¢ is measured as
27° or 0.47 rad. Alternatively, yg is the diag-
onal of the parallelogram formed as shown in
Fig. 33.8(c).

Hence, by drawing, yr = 4.6 sin(wt + 0.47)
(b) From Fig. 33.8(b), and using the cosine rule:
ya =22 43% — [2(2)(3) cos 135°]
=4+9—[-8.485] =21.49

e
si + n/4) obta a
expr ssion for the resultant Y ="y; F )2,

}/2:3

/4 or 45°
Yy = 2
(a) Ve

}/2:3

Yr = /2149 = 4.64

3 4.64
Using the sine rule: —— - from
sin ¢ sin 135°
) ) 3sin 135°
which sin ¢ = —— = 0.4572
4.64

Hence ¢ =sin"' 0.4572 = 27.21° or 0.475 rad.
By calculation, yg = 4.64 sin(wt + 0.475)

Problem 5. Two alternating voltages are
given by v; = 15sinwt volts and

vy = 25 sin(wt — 7/6) volts. Determine a
sinusoidal expression for the resultant

vg = v + vy by finding horizontal and
vertical components

The relative positions of v; and v, at time t = 0
are shown in Fig. 33.9(a) and the phasor diagram is
shown in Fig. 33.9(b).
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Z = 2 + j3 lies in the first quadrant as shown in
Fig. 34.5.

Modulus, |Z| = r = +/22 4+ 32 = /13 or 3.606,
correct to 3 decimal places.

3
Argument, argZ =6 =tan ' >
= 56.31° or 56°19’

In polar form, 2 4 j3 is written as 3.606/56.31° or
3.606/56°19

Imaginary
axis

8=

Real axis

Figure 34.5

Problem 10. Express the following
complex numbers in polar form:

@3+j4 (b) =3+ j4 "(Om
©-3-j4 @3 @”\N

oL

‘J =
(a) BQX shown in Fig. 3@@9 the first

quadrant.

Modulus, r = +/32+42 = 5 and argument
4

6 = tan™! 3= 53.13° or 53°%’

Hence 3 +j4 = 5/53.13°

(b) —3+4 j4 is shown in Fig. 34.6 and lies in the
second quadrant.
Modulus, r = 5 and angle o = 53.13°, from
part (a).
Argument = 180° — 53.13° = 126.87° (i.e. the
argument must be measured from the positive
real axis).

Hence —3 +j4 = 5/126.87°

(¢) —3 — j4 is shown in Fig. 34.6 and lies in the
third quadrant.

Modulus, r = 5 and o = 53.13°, as above.

Imaginary
axis

(-3+j4) ja (3+/4)

Real axis

{
-
|
-
3
Sy
-
]
_——— e ] — — — — —

. -4 .
(-3 - jd) | (3-j4)
Figure 34.6

Hence the argument = 180° + 53.13° =
233.13°, which is the same as —126.87°
Hence(—3 —j4) = 5/233.13°or 5/ —126.87°

(By convention the princi al iS NOr-
mally used, ig. the Iﬂ ast value,

such that a
wn in F1g 34.6 and lies in the

adran
ModLﬁ 65A d angle @ = 53.13° as

09 Hence (3 —j4) =5/ — 53.13°

Problem 11. Convert (a) 4/30°
(b) 7/ — 145° into a + jb form, correct to 4
significant figures

(a)

(b)

4/30° is shown in Fig. 34.7(a) and lies in the
first quadrant.

Using trigonometric ratios,
x =4c0s30° = 3.464 and y = 45sin30°

= 2.000
Hence 4/30° = 3.464 +;2.000

7/ — 145° is shown in Fig. 34.7(b) and lies in
the third quadrant.

Angle o = 180° — 145° = 35°

Hence x = 7co0s35° =5.734
and y = 7sin35° = 4.015
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Imaginary

axis
4 )
30° —ijy

0 ‘T" Real axis

(@)

|<—X_>
] a L Ll J Real axis
! 145°
| 2
(b)
Figure 34.7

Hence 7/ — 145° = —5.734 — j4.015
Alternatively
7/—145° = Tcos(—145°%) + j7sin(—145°)
= —5.734 — j4.015

34.7 Multiplication and division in
polar form

) Zi1Z,=rn (1

(i) %3%@ 92) Page

If Z, = /6, and Z, = 1, /6, theu‘( Om Oi

Problem 12. Determine, in polar form:
(a) 8/25° x 4/60°
(b) 3/16° x 5/—44° x 2/80°

(a) 8/25°x4.60° = (8x4)/(25°+60°) = 32/85°
(b) 3/16° x5/ —44° x 2/80°
= (3x5x%2)/[16°+(—44°)+80°] = 30/52°

Problem 13. Evaluate in polar form:

1027 x 12.F

16/75° ke 5>

(a) b —=2 2
2/15°

6/—2
3

16£75° 16
(a) = S L(5° = 15%) = 8.60°
2/15°
T T
w)mﬁﬁ“ﬂg_wxu4n+n (n»
6/~ 6 42 3
3
13 11
= 20[—” or 20[——” or
12 12

20/195° or 20/—165°

Problem 14. Evaluate, in polar form:
2/30° + 5/ —45° —4/120°

Addition and subtraction in polar form is not pos-
sible directly. Each complex number has to be con-
verted into Cartesian form first.

2/30° = 2(cos 30° + jsin30°%)
=2c¢0830° + j2sin30° = 1.732 + j1.000

5/—45° = 5(cos(—45°) + j sin(—4
—SCos( 45° )—;é \.iK

os 120 Jj sin 120%)
’34 sin 120°
O + j3.464
e 2/30° + 5/—45° — 4/120°
= (1.732 + j1.000) + (3.536 — j3.536)
— (—2.000 + j3.464)

= 7.268 — j6.000, which lies in the
fourth quadrant

—6.000
7.268

= 9.425/—39.54° or 9.425/—39°32

7.2682 + 6.0002/ tan™" (

Now try the following exercise

Exercise 124 Further problems on polar
form

1. Determine the modulus and argument of
(@) 2+ j4 (b) =5—,2(0) j2 —j).
(a) 4.472, 63.43° (b) 5.385, —158.20°

(c) 2.236, 63.43°
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De Moivre’s theorem

35.1 Introduction
From multiplication of complex numbers in
polar form,
(ri0) x (ri0) = r*/26
Similarly, (r£6) x (r/6) x (r/60) = r*/36, and so on.

In general, de Moivre’s theorem states:

[rl6]" =r"/né

The theorem is true for all positive, negative and
fractional values of n. The theorem is used to deter-
mine powers and roots of complex numbers.

35.2 Powers of complex numbers

de Moivre’s theorem.

Problem 1. Detefinjmy\ lar*orm: Q
@) ]ENKQ\%!D e Y

(a) [2/35°) =

For example, [3/20°]* = 3*/(4 x 20°) = 81/80° byNO

25/(5 x 35°%),
from De Moivre’s theorem
=32/175°

®  (=2+)3)=V(-2?+ (3)*/tan _iz

13/123.69°,
lies in the second quadrant
(=2 + j3)° = [v/13£123.69°1°
=+/136/(6 x 123.69°),
by De Moivre’s theorem
=2197/742.14°
=2197/382.14°
(since 742.14 = 742.14° — 360° = 382.14°)

since —2+4 j3

= 2197/22.14°
(since 382.14° = 382.14° — 360° = 22.14°)

Problem 2. Determine the value of
(=7 + j5)* expressing the result in polar
and rectangular forms

5
(=7 + j5) = V/(=7)> + 52/ tan"! =
= V74/144.46°

(Note, by considering the Argand diagram, —7 4+ j5
must represent an angle in the second nt and
not in the fourth quadrant) \(.]i

Applying de Moer?
t@% 74/144.46°1*

5@4 x 144.46°
" 5476/577.84°
= 5476/217.84° or
5476/217°15" in polar form.

50

Since r/6 = rcosf + jrsin6,
5476/217.84° = 5476 cos 217.84°
+ j5476sin217.84°
= —4325 — j3359

ie. (=7 +j5)% = —4325 —j3359
in rectangular form.

Now try the following exercise

Exercise 126 Further problems on powers
of complex numbers

1. Determine in polar form (a) [1.5/15°]
(b) (1 +j2)°

[(a) 7.594/75°

(b) 125/20.62°]
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2. Determine in polar and Cartesian forms
(a) [3£41°1* (b) (=2 —j)°
(a) 81/164°, —77.86 + j22.33
(b) 55.90/ —47.17°, 38 — j41

3. Convert (3 — j) into polar form and hence
evaluate (3 — j)’, giving the answer in
polar form.

[v10£/ —18.43°, 3162/ — 129.03°]

In Problems 4 to 7, express in both polar and
rectangular forms:

4. (6+ j5)°
[476.4/119.42°, —234 + j415]
5. (3—j8)
[45530£12.78°, 44400 + j10070]
6. (=2+j7)*

[2809/63.78°, 1241 + j2520]
(38.27 x 106)1176.15",]

7. (=16 — j9)° [
¢ 7) 10°(—38.18 + j2.570)

35.3 Roots of complex numbers

rOfY)

The square root of a comple n m

by letting n = 1 \@ theorem
e agfe

There are two square roots of a real number, equal
in size but opposite in sign.

[rL0]'? =

Problem 3. Determine the two square roots
of the complex number (5 + j12) in polar
and Cartesian forms and show the roots on
an Argand diagram

12

(5+112) = /52 4+ 122/ tan™! 5 = 13£67.38°
When determining square roots two solutions result.
To obtain the second solution one way is to
express 13/67.38° also as 13/(67.38° + 360°), i.e.
13/427.38°. When the angle is divided by 2 an angle

less than 360° is obtained.

WO
5

Hence

V52 + 122 = /13£67.38° and /13.427.38°
= [13/67.38°]"/% and [13/427.38°]"/*
=13"2/ (4 x 67.38°) and
1312/ (} x 427.38°)
= +/13/33.69° and v/13/213.69°
=3.61/33.69° and 3.61/213.69°

Thus, in polar form, the two roots are:
3.61/33.69° and 3.61/ — 146.31°

A/13£33.69° = v/13(cos 33.69° + j sin 33.69°)

=3.04 2.0
V13£213.69° = V/13(cos 213.69° + j sin 213.69°)
=-3.0—j2.0

Thus, in Cartesian form the two roots are:

+(3.0 +2.0).
A8
Imag‘inaél‘?_‘co

Figure 35.1

From the Argand diagram shown in Fig. 35.1 the
two roots are seen to be 180° apart, which is always
true when finding square roots of complex numbers.

In general, when finding the n'™ root of a com-
plex number, there are n solutions. For example,
there are three solutions to a cube root, five solu-
tions to a fifth root, and so on. In the solutions to
the roots of a complex number, the modulus, r, is
always the same, but the arguments, 0, are differ-
ent. It is shown in Problem 3 that arguments are
symmetrically spaced on an Argand diagram and

are —— apart, where n is the number of the roots

n
required. Thus if one of the solutions to the cube
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(d) The amount of money spent on food can only
be expressed correct to the nearest pence, the
amount being counted. Hence, these data are
discrete.

Now try the following exercise

Exercise 128 Further problems on dis-
crete and continuous data

In Problems 1 and 2, state whether data
relating to the topics given are discrete or
continuous.

1. (a) The amount of petrol produced daily,

for each of 31 days, by a refinery.

(b) The amount of coal produced daily by
each of 15 miners.

(c) The number of bottles of milk deliv-
ered daily by each of 20 milkmen.

(d) The size of 10 samples of rivets pro-
duced by a machine.
(a) continuous (b) continuous
(c) discrete (d) continuous

The number of people visiting an
exhibition on each of 5 days.

(b) The time taken by each of 12 athletes
to run 100 metres.

(c) The value of stamps sold in a am
each of 20 post offices. ‘[

(d) The numbe tive Ttems pro

duc Xl one-hour
PW achine. gJ
(a) dlscret ous
(c) discrete (d) discrete

2. (a)

36.2 Presentation of ungrouped data

Ungrouped data can be presented diagrammatically
in several ways and these include:

(a) pictograms, in which pictorial symbols are
used to represent quantities (see Problem 2),

(b) horizontal bar charts, having data represented
by equally spaced horizontal rectangles (see
Problem 3), and

(c) vertical bar charts, in which data are rep-

resented by equally spaced vertical rectangles
(see Problem 4).

Trends in ungrouped data over equal periods of time
can be presented diagrammatically by a percentage

component bar chart. In such a chart, equally
spaced rectangles of any width, but whose height
corresponds to 100%, are constructed. The rectan-
gles are then subdivided into values corresponding
to the percentage relative frequencies of the mem-
bers (see Problem 5).

A pie diagram is used to show diagrammatically
the parts making up the whole. In a pie diagram, the
area of a circle represents the whole, and the areas
of the sectors of the circle are made proportional to
the parts which make up the whole (see Problem 6).

Problem 2. The number of television sets
repaired in a workshop by a technician in
six, one-month periods is as shown below.
Present these data as a pictogram.

Month January February March
Number
repaired 11 6 15
Month April May June
Number \)K
repaired 9‘ P IT‘ O§
-\
‘V
¥@ﬁ wn in Fig. 36.1 represents two
1 n sets us in January, 5 sym-
bols are u

%A the 11 sets repaired in
Is are used to represent the 6 sets
and SO on.

@e

Month | Number of TV sets repaired DEZ sets

January Ea B] [E]

February|

March Dbphbhhht=

April bpa®

May Dpphbph®

we | BEBE
Figure 36.1

Problem 3. The distance in miles travelled

by four salesmen in a week are as shown
below.

Salesmen P (0] R S

Distance

traveled (miles) 413 264 597 143

Use a horizontal bar chart to represent these
data diagrammatically
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Equally spaced horizontal rectangles of any width,
but whose length is proportional to the distance
travelled, are used. Thus, the length of the rectangle
for salesman P is proportional to 413 miles, and so
on. The horizontal bar chart depicting these data is
shown in Fig. 36.2.

st
j
Q
ER
3
T Q
()

P

1 1 1 1 1 1
0 100 200 300 400 500 600
Distance travelled, miles

Figure 36.2

Problem 4. The number of issues of tools
or materials from a store in a factory is
observed for seven, one-hour periods in a
day, and the results of the survey are as
follows:

Period 1 2 3 4 5 6 7
Number of
issues 34 17 9 5 27 13 ©6

Present these data on a vertical bar chart

\rf\_
‘ .
cexxrucal rect

height is pro tion:

In a vertical bar chart -e
gles of any w1

to the qfia) n represent
height § th ectangle for peri i tronal to
34 units, and so on. The vertic bar chart depicting

these data is shown in Fig. 36.3.

Year 1  Year 2 Year 3
4-roomed bungalows 24 17 7
5-roomed bungalows 38 71 118
4-roomed houses 44 50 53
5-roomed houses 64 82 147
6-roomed houses 30 30 25

8 40

?

2 30

o

320

510

p=4

1 2 3 4 5 6 7
Periods
Figure 36.3
Problem 5. The numbers of various types

of dwellings sold by a company annually
over a three-year period are as shown below.
Draw percentage component bar charts to
present these data.

A table of percentage relative frequency values,
correct to the nearest 1%, is the first requirement.
Since,

percentage relative frequency

frequency of member x 100

total frequency
then for 4-roomed bungalows in year 1:

percentage relative frequency
24 x 100

24 138 4+ 44 1+ 64+ 30

The percentage relative frequencies of jthe other
types of dwellings for each of the thr \%rs are
wn in

similarly calculated and the 6
the table below 6

Se% Year 1 Year 2 Year 3
@ 2% 7% 2%
-roomed % 9% 28% 34%
0 S 22% 20% 15%
‘22’& houses 2%  33%  42%
oomed houses 15% 12% 7%

The percentage component bar chart is produced
by constructing three equally spaced rectangles of
any width, corresponding to the three years. The
heights of the rectangles correspond to 100% rela-
tive frequency, and are subdivided into the values
in the table of percentages shown above. A key is
used (different types of shading or different colour
schemes) to indicate corresponding percentage val-
ues in the rows of the table of percentages. The per-
centage component bar chart is shown in Fig. 36.4.

Problem 6. The retail price of a product
costing £2 is made up as follows: materials
10 p, labour 20 p, research and development
40 p, overheads 70 p, profit 60 p. Present
these data on a pie diagram

A circle of any radius is drawn, and the area of the
circle represents the whole, which in this case is
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Measures of central tendency and

dispersion

37.1 Measures of central tendency

A single value, which is representative of a set of
values, may be used to give an indication of the gen-
eral size of the members in a set, the word ‘average’
often being used to indicate the single value.

The statistical term used for ‘average’ is the
arithmetic mean or just the mean. Other measures
of central tendency may be used and these include
the median and the modal values.

37.2 Mean, median and mode for
discrete data

Mean

The arithmetic mean value is found by ad ngﬁ alue in
together the values of the mem e same f
us,

the mean of the set of

In general, the mean of the set: El VX0, X3, .,

_ xtxntxt-oo+x X
x= , written as =—
n n

dividing by the number of memje

X, } 18

where ) is the Greek letter ‘sigma’ and means ‘the
sum of’, and X (called x-bar) is used to signify a
mean value.

Median

The median value often gives a better indication of
the general size of a set containing extreme values.
The set: {7, 5, 74, 10} has a mean value of 24, which
is not really representative of any of the values
of the members of the set. The median value is
obtained by:

(a) ranking the set in ascending order of magni-
tude, and

(b) selecting the value of the middle member for
sets containing an odd number of members, or
finding the value of the mean of the two middle
members for sets containing an even number
of members.

For example, the set: {7,5,74, 10} is ranked as
{5,7, 10, 74}, and since it contains an even number
of members (four in this case), the mean of 7 and 10
is taken, giving a median value of 8.5. Similarly, the
set: {3, 81, 15,7, 14} is ranked as {3, 7, 14, 15, 81}
and the median value is the value of the middle
member, i.e. 14. \/

L N
\e.C0™
&aﬁr mode, is the most commonly

If two values occur with
t is ‘bi-modal’. The set:
3} has a modal value of 5, since
r avmg a value of 5 occurs three times.

Mode

Problem 1. Determine the mean, median
and mode for the set:

{2,3,7,5,5,13,1,7,4,8, 3,4, 3}

The mean value is obtained by adding together the
values of the members of the set and dividing by
the number of members in the set.

Thus, mean value,

24+34+7+5
8

+1
+7+4+ 3

===

+13
+4+4

X =

_|_
+
13
To obtain the median value the set is ranked, that is,
placed in ascending order of magnitude, and since
the set contains an odd number of members the value
of the middle member is the median value. Ranking
the set gives:

{1,2,3,3,3,4,4,5,5,7,7, 8,13}



320 ENGINEERING MATHEMATICS

The middle term is the seventh member, i.e. 4, thus
the median value is 4.

The modal value is the value of the most com-
monly occurring member and is 3, which occurs
three times, all other members only occurring once
or twice.

Problem 2. The following set of data refers
to the amount of money in £s taken by a
news vendor for 6 days. Determine the
mean, median and modal values of the set:

{27.90, 34.70, 54.40, 18.92, 47.60, 39.68}

27.90 + 34.70 4 54.40
+18.92 4 47.60 4 39.68

6

Mean value =

= £37.20
The ranked set is:
{18.92, 27.90, 34.70, 39.68, 47.60, 54.40}

Since the set has an even number of members, the
mean of the middle two members is taken to give
the median value, i.e.

34.70 4 39.68
2

Since no two members have the same value, this set
has no mode.

Now try the followi' ;ew i {

median value = = £37.19

32 \

Exeg cy Further p?a‘gﬂean,
median and mode dis-
crete data

In Problems 1 to 4, determine the mean,
median and modal values for the sets given.

1. {3,8,10,7,5,14,2,9, 8}
[mean 7.33, median 8, mode 8]
2. {26, 31,21, 29, 32, 26, 25, 28}
[mean 27.25, median 27, mode 26]

3. {4.72,4.71,4.74,4.73,4.72,4.71, 4.73,
4.72}
[mean 4.7225, median 4.72, mode 4.72]
4. {73.8,126.4,40.7, 141.7, 28.5, 237 .4,
157.9}
[mean 115.2, median 126.4, no mode]

37.3 Mean, median and mode for

grouped data

The mean value for a set of grouped data is found
by determining the sum of the (frequency x class
mid-point values) and dividing by the sum of the
frequencies,

: St faxa 4+ faxa
i.e. mean value X =
fi+fo+--+ fa
_ XU
> f

where f is the frequency of the class having a mid-
point value of x, and so on.

Problem 3. The frequency distribution for
the value of resistance in ohms of 48
resistors is as shown. Determine the mean
value of resistance.

\'S
e

U = §
%A ency values are:

The cla
212 10, 21.7 11,
2277 9 and 232 2

23.0-23.4 2

222 13,

For grouped data, the mean value is given by:

(v
2 f

where f is the class frequency and x is the class
mid-point value. Hence mean value,

(3 x 20.7) + (10 x 21.2) + (11 x 21.7)
+ (13 x 22.2) + (9 x 22.7) + (2 x 23.2)

X =

48
~1052.1
48

=21919...

i.e. the mean value is 21.9 ochms, correct to 3
significant figures.
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Probability

38.1 Introduction to probability

The probability of something happening is the like-
lihood or chance of it happening. Values of proba-
bility lie between 0 and 1, where O represents an
absolute impossibility and 1 represents an absolute
certainty. The probability of an event happening
usually lies somewhere between these two extreme
values and is expressed either as a proper or decimal
fraction. Examples of probability are:

that a length of copper wire

has zero resistance at 100 °C 0
that a fair, six-sided dice

will stop with a 3 upwards % or 0.1667
that a fair coin will land

with a head upwards % or 0.5

that a length of copper wire
has some resistance at 100 °C 1

If p is the probability of an event
is the probability of the sa
then the total pr nd is equa

unity, si E ertalnty th
either @ S ot occur

Expectation

The expectation, £, of an event happening is
defined in general terms as the product of the prob-
ability p of an event happening and the number of

attempts made, n, i.e. E = pn.

Thus, since the probability of obtaining a3
upwards when rolling a fair dice is . 5» the expec-
tation of getting a 3 upwards on four throws of the
dice is é x 4, i.e. %

Thus expectation is the average occurrence of an

event.

Dependent event

A dependent event is one in which the probabil-
ity of an event happening affects the probability of
another ever happening. Let 5 transistors be taken
at random from a batch of 100 transistors for test

t &en repl
t enrn

purposes, and the probability of there being a defec-
tive transistor, p;, be determined. At some later
time, let another 5 transistors be taken at random
from the 95 remaining transistors in the batch and
the probability of there being a defective transistor,
P2, be determined. The value of p; is different from
p1 since batch size has effectively altered from 100
to 95, i.e. probability p, is dependent on probabil-
ity pi. Since transistors are drawn, and then another
5 transistors drawn without replacing the first 5,
the second random selection is said to be without
replacement.

Independent event

An independent event is one in whrch abrhty
ablhty

of an event happenrng does
of another event @ trans1stors are
taken at ran dtch of transistors and the
trve transistor p; is determined
after the original 5 have
to give pp, then p; is
i the 5 transistors are replaced
%ee aws, the second selection is said to be
replacement.

CCSS is I'

Conditional probability

Conditional probability is concerned with the prob-
ability of say event B occurring, given that event
A has already taken place. If A and B are indepen-
dent events, then the fact that event A has already
occurred will not affect the probability of event B. If
A and B are dependent events, then event A having
occurred will effect the probability of event B.

38.2 Laws of probability

The addition law of probability

The addition law of probability is recognized by
the word ‘or’ joining the probabilities. If p, is
the probability of event A happening and pp is the
probability of event B happening, the probability of
event A or event B happening is given by ps +pp
(provided events A and B are mutually exclusive,
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3. (a) Find the probability of having a 2
upwards when throwing a fair 6-sided
dice. (b) Find the probability of having
a 5 upwards when throwing a fair 6-
sided dice. (c) Determine the probability
of having a 2 and then a 5 on two succes-
sive throws of a fair 6-sided dice.

Vg ®F ©3

4. The probability of event A happening is

% and the probability of event B hap-

pening is % Calculate the probabilities
of (a) both A and B happening, (b) only
event A happening, i.e. event A happen-
ing and event B not happening, (c) only
event B happening, and (d) either A, or B,
or A and B happening.

2 1 4 13
(a) g (b) g © E (d 15]

5. When testing 1000 soldered joints, 4 fai-
led during a vibration test and 5 failed
due to having a high resistance. Deter-
mine the probability of a joint failing
due to (a) vibration, (b) high resistance,
(c) vibration or high resistance and (d) vi-
bration and high resistance

6O

at rando,
and the r&‘
ran % e probability of having

A thout replacement.

ﬁf@'—a&

38.4 Further worked problems on
probability

Problem 6. A batch of 40 components
contains 5 which are defective. A component
is drawn at random from the batch and tested
and then a second component is drawn.
Determine the probability that neither of the
components is defective when drawn (a) with
replacement, and (b) without replacement.

(a) With replacement

The probability that the component selected on
7
ie. =. The

5
the first draw is satisfactory is —,
40 8

component is now replaced and a second draw is

made. The probability that this component is also
7

satisfactory is 3 Hence, the probability that both

the first component drawn and the second compo-
nent drawn are satisfactory is:

7 T

- = 64 or 0.7656

0]

X
8
(b) Without replacement

The probability that the first component drawn is sat-

7
isfactory is 3 There are now only 34 satisfactory
components left in the batch and the batch number
is 39. Hence, the probability of drawing a satisfac-
tory component on the second draw is ——. Thus

the probability that the first component drawn and
the second component drawn are satisfactory, i.e.
neither is defective, is:

7 34 238

- X — = — 0.7628

§ 3 a2 A\ )\A
Problem gﬁ‘\l&f)dcomponents

¢ defective. If a component

the batch and tested
onent is drawn at

ive component, both with and

The probability of having one defective component
can be achieved in two ways. If p is the proba-
bility of drawing a defective component and ¢ is
the probability of drawing a satisfactory component,
then the probability of having one defective compo-
nent is given by drawing a satisfactory component
and then a defective component or by drawing a
defective component and then a satisfactory one, i.e.

bygx p+pxgq

With replacement:

5 1 35

7
= — = — d = — = —
P=407g M 9747 3

Hence, probability of having one defective compo-
nent is:

+

oo —
ool
ool
X
0| =—
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(Note that the order of the letters matter in permu-

tations, i.e. YX is a different permutation from XY).

In general, "P, = n(n — 1)(n —2)...(n —r+1)
n!

or"P, = Y

For example, >P, = 5(4)(3)(2) = 120 or
' !

sp ! _ 5_ - 3
= -4 11 B3)#)(B)(2) =120

Also, *P; = 6 from above; using "P, =
3!

T 3-3) o
6, then 0! = 1 (check this with your calculator).

as stated in Chapter 14

n!
(n—n)!

Since this must equal

gives 3P;

Combinations

If selections of the three letters X, Y, Z are made
without regard to the order of the letters in each
group, i.e. XY is now the same as YX for exam-
ple, then each group is called a combination. The
number of possible combinations is denoted by "C,,
where n is the total number of items and r is the
number in each selection.

In general,

!
. n!

r= r'n —r)!

For example,

Problem 11. Calculate the number of
permutations there are of: (a) 5 distinct
objects taken 2 at a time, (b) 4 distinct
objects taken 2 at a time.

5! _5!_5x4><3><2_

P, = =_ = =20
@ "Pr= T = 3 3x2
41 41
b) 4P, = - =12
®) "P2 @4—2) 2

Problem 12. Calculate the number of
combinations there are of: (a) 5 distinct
objects taken 2 at a time, (b) 4 distinct
objects taken 2 at a time.

5! 51
215 =2)! 2131
. Sx4x3x2x1 _
C2xDBx2x1)

4 4
b 4C = = =
®) 2T @ —2) 212!

(@ °C

Problem 13. A class has 24 students. 4 can
represent the class at an exam board. How
many combinations are possible when
choosing this group.

Number of combinations possible,

n!

l’lCr - -
rl(n —r)!
24!

|
240 _ 22 o626
4124 — 4!~ 4120

i.e. 24C4

Problem 14. In how many ways can am
of eleven be picked from sixteen x&

players? \n CO .
\\ %

Flow try the following exercise

Exercise 137 Further problems on per-
mutations and combinations

1. Calculate the number of permutations
there are of: (a) 15 distinct objects taken
2 at a time, (b) 9 distinct objects taken 4
at a time. [(a) 210 (b) 3024]

2. Calculate the number of combinations
there are of: (a) 12 distinct objects taken
5 at a time, (b) 6 distinct objects taken 4
at a time. [(a) 792 (b) 15]

3. In how many ways can a team of six be
picked from ten possible players?
[210]

15 boxes can each hold one object. In how
many ways can 10 identical objects be
placed in the boxes? [3003]
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ﬁ) perlod
obadbilities of having 4, 5
6 and 7 wet days in a eek Show these

that (a) no blocks and (b) more than two
blocks will fail to meet the specification
in a batch of 9 blocks.

[(a) 0.2316 (b) 0.1408]

The average number of employees absent
from a firm each day is 4%. An office
within the firm has seven employees.
Determine the probabilities that (a) no
employee and (b) three employees will be
absent on a particular day.

[(a) 0.7514 (b) 0.0019]

A manufacturer estimates that 3% of his
output of a small item is defective. Find
the probabilities that in a sample of 10
items (a) less than two and (b) more than
two items will be defective.

[(a) 0.9655 (b) 0.0028]

Five coins are tossed simultaneously.
Determine the probabilities of having 0,
1, 2, 3, 4 and 5 heads upwards, and draw
a histogram depicting the results.

Vertical adjacent rectangles,
whose heights are proportional to
0.0313, 0.1563, 0. 3125 0 312
0.1563 and 0.0313

\Nn fallin

e

If the

results on a histogram.

Vertical adjacent rectangles,
whose heights are proportional
to 0.0280, 0.1306, 0.2613,
0.2903, 0.1935, 0.0774,
0.0172 and 0.0016

An automatic machine produces, on aver-
age, 10% of its components outside of
the tolerance required. In a sample of 10
components from this machine, determine
the probability of having three compo-
nents outside of the tolerance required by
assuming a binomial distribution.

[0.0574]

V

\,)

39.2 The Poisson distribution

When the number of trials, n, in a binomial distri-
bution becomes large (usually taken as larger than
10), the calculations associated with determining the
values of the terms become laborious. If n is large
and p is small, and the product n p is less than 5, a
very good approximation to a binomial distribution
is given by the corresponding Poisson distribution,
in which calculations are usually simpler.

The Poisson approximation to a binomial distri-
bution may be defined as follows:

‘the probabilities that an event will happen 0, 1, 2,
3, ..., n times in n trials are given by the successive
terms of the expression

PERE
(1+A+§+§+ )

taken from left to right’

The symbol X is the expectation of an event hap-
pening and is equal to n p.
S\'S

Problem 6. Heels

?g%g
produced y are defective,
\&& abilities that in a sample
rwheel o and (b) more than
w1l¥)e &333

a e number n, is large, the probability of a
efective gearwheel p, is small and the product n p
is 80 x 0.03, i.e. 2.4, which is less than 5. Hence
a Poisson approximation to a binomial distribution
may be used. The expectation of a defective gear-
wheel, . =np =24

The probabilities of 0, 1, 2, ... defective gear-
wheels are given by the successive terms of the
expression

AA3
< + A+ o1 + 31 + - >
taken from left to right, i.e. by

)\'Ze—)»
—* )»e_)\, e
2!

e ", Thus:

probability of no defective gearwheels is
et =e = 0.0907
probability of 1 defective gearwheel is
re™h =247 =0.2177
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Assignment 10

This assignment covers the material in
Chapters 36 to 39.

The marks for each question are shown
in brackets at the end of each question.

(a) Using 8 classes form a fr g m
cy di

istri- ?)
(b) Pr(ha)ove data d g@
requency polygon an v (21)

3. Determine for the 10 measurements of

4,

A company produces five products in the
following proportions:

Product A 24 Product B 16 Product C 15
Product D 11 Product E 6

Present these data visually by drawing (a)
a vertical bar chart (b) a percentage bar
chart (c) a pie diagram. (13)

The following lists the diameters of 40
components produced by a machine, each
measured correct to the nearest hundredth
of a centimetre:

1.39 1.36 1.38 1.31 1.33 1.40 1.28
140 1.24 1.28 1.42 1.34 143 1.35
1.36 1.36 1.35 1.45 1.29 1.39 1.38
1.38 1.35 142 1.30 1.26 1.37 1.33
1.37 1.34 134 1.32 1.33 1.30 1.38
141 1.35 1.38 1.27 1.37

bution and a Cdl
bution.

lengths shown below:

(a) the arithmetic mean, (b) the median,
(c) the mode, and (d) the standard devia-
tion.

28 m, 20 m, 32 m, 44 m, 28 m, 30 m,
30 m, 26 m, 28 m and 34 m )

The heights of 100 people are measured
correct to the nearest centimetre with the
following results:

150-157 cm S
166—173 cm 42
182—189 cm 8

158—165 cm 18
174-181 cm 27

Determine for the data (a) the mean height
and (b) the standard deviation. (10)

Determine the probabilities of:

(a) drawing a white ball from a bag con-
taining 6 black and 14 white balls

(b) winning a prize in a raffle by buying
6 tickets when a total of 480 tickets
are sold

(c) selecting at random a female from a
group of 12 boys and 28 girls

(d) winning a prize in a raffle by buying
8 tickets when there are 5 prizes and
a total of 800 tickets are sold. (8)

In a box containing 120 similar transistors
70 are satisfactory, 37 give too high a gain
under normal operating conditions and the
remainder give too low a gain.

Calculate the probability that wheny draw-
ing two transistors in turn, at Mith
replacement, of ha isfac-

n (c) one with

tory, (b) @:
S e satlsfactory, (d) one
t gain agaone satisfactory.

bilities in (a), (b) and

Det
X e transistors are drawn
ut replacement (14)

7. A machine produces 15% defective

components. In a sample of 5, drawn
at random, calculate, using the binomial
distribution, the probability that:

(a) there will be 4 defective items

(b) there will be not more than 3 defec-
tive items

(c) all the items will be non-defective
(13)

2% of the light bulbs produced by a
company are defective. Determine, using
the Poisson distribution, the probability
that in a sample of 80 bulbs:

(a) 3 bulbs will be defective, (b) not more
than 3 bulbs will be defective, (c) at least
2 bulbs will be defective. (12)
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Problem 1. The mean height of 500 people
is 170 cm and the standard deviation is

9 cm. Assuming the heights are normally
distributed, determine the number of people
likely to have heights between 150 cm and
195 cm

The mean value, X, is 170 cm and corresponds to
a normal standard variate value, z, of zero on the
standardised normal curve. A height of 150 cm has

- X ..
standard deviations,

i X
a z-value given by z =

. 150 -170 . .
i.e. ——— or —2.22 standard deviations. Using
a table of partial areas beneath the standardised
normal curve (see Table 40.1), a z-value of —2.22
corresponds to an area of 0.4868 between the mean
value and the ordinate z = —2.22. The negative
z-value shows that it lies to the left of the z = 0
ordinate.

This area is shown shaded in Fig. 40.3(a). Simi-

195 — 170 .
that is 2.78

standard deviations. From Table 40.1, this value of z
corresponds to an area of 0.4973, the positive value
of z showing that it lies to the right of the z = 0
ordinate. This area is shown shaded in Fig. 40.3(b).
The total area shaded in Fig 40.3(a) and (b) 1s

shown in Fig. 40.3(c) and is 0.4868 + 0.4973
0.9841 of the total area beneath th%e “\
prob-

larly, 195 cm has a z-value of

However, the area is dlrectl

ability. Thus, the pro rson will h BA
a helght f 5 cm is 0 O™ .
a grou 0 e, 500 X 4 peo-

ple are 1ke to have height ge. The
value of 500 x 0.9841 is 492.035, but since answers
based on a normal probability dlStI‘lbuthIl can only
be approximate, results are usually given correct to
the nearest whole number.

Problem 2. For the group of people given
in Problem 1, find the number of people
likely to have heights of less than 165 cm

. 165 — 170 .
A height of 165 cm corresponds to ———, i.e.
—0.56 standard deviations. The area between z = 0
and z = —0.56 (from Table 40.1) is 0.2123, shown
shaded in Fig. 40.4(a). The total area under the
standardised normal curve is unity and since the
curve is symmetrical, it follows that the total area
to the left of the z = 0 ordinate is 0.5000. Thus
the area to the left of the z = —0.56 ordinate

z-value
(a)
0 2.78 z-value
(b)
222 0 2.78 . \,:me
; O. U
Flgure 40. 3 e C

ess t 1ght means ‘more than’)

OOO 2 2877 of the total area,

which m 1n Fig. 40.4(b). The area

portlonal to probability and since the

aP area beneath the standardised normal curve is

unity, the probability of a person’s height being less

than 165 cm is 0.2877. For a group of 500 people,

500 x 0.2877, i.e. 144 people are likely to have
heights of less than 165 cm.

Problem 3. For the group of people given
in Problem 1 find how many people are
likely to have heights of more than 194 cm

194 — 170

194 cm correspond to a z-value of ———— that
is, 2.67 standard deviations. From Table 40.1, the
area between z = 0, z = 2.67 and the stan-

dardised normal curve is 0.4962, shown shaded in
Fig. 40.5(a). Since the standardised normal curve is
symmetrical, the total area to the right of the z = 0
ordinate is 0.5000, hence the shaded area shown in
Fig. 40.5(b) is 0.5000 — 0.4962, i.e. 0.0038. This
area represents the probability of a person having a
height of more than 194 cm, and for 500 people, the
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Class mid-point
value (kg) 29.5 30.5 31.5 32.5 335
Frequency 2 4 6 8 9

Class mid-point
value (kg) 345 355 36.5 37.5 385
Frequency 8 6 4 2 1

To test the normality of a distribution, the upper
class boundary/percentage cumulative frequency
values are plotted on normal probability paper. The
upper class boundary values are: 30, 31, 32, ..., 38,
39. The corresponding cumulative frequency values
(for ‘less than’ the upper class boundary values) are:
2,(442) =6, (6+4+2) =12, 20, 29, 37,43,47,49
and 50. The corresponding percentage cumulative

6
frequency values are — x 100 =4, — x 100 = 12,
24, 40, 58, 74, 86, 94, 98 and 100%.
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0.5
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30 32 34 36 38 40 42
Upper class boundary

Figure 40.6

The co-ordinates of upper class boundary/percen-
tage cumulative frequency values are plotted as
shown in Fig. 40.6. When plotting these values, it
will always be found that the co-ordinate for the
100% cumulative frequency value cannot be plotted,
since the maximum value on the probability scale is
99.99. Since the points plotted in Fig. 40.6 lie very
nearly in a straight line, the data is approximately
normally distributed.

The mean value and standard deviation can be
determined from Fig. 40.6. Since a normal curve
is symmetrical, the mean value is the value of
the variable corresponding to a 50% cumulative
frequency value, shown as point P on the graph.
This shows that the mean value is 33.6 kg. The
standard deviation is determined using the 84%
and 16% cumulative frequency values, shown as
Q and R in Fig. 40.6. The variable values for Q
and R are 35.7 and 31.4 respectively; thus two
standard deviations correspond to 35.7 — 31.4, i.e.
4.3, showing that the standard deviation of the

43
distribution is approx1mately —— i.e. 2.15 standard
deviations.

The mean value and standard V1a 0 Kﬂ dis-

tribution can be ca\u@d Gl ean X = Z fx

Z[f(x —X)2

$ A | =———"— where
class and x 1is the class

1 -p ue. Using these formulae gives a mean

a e of the distribution of 33.6 (as obtained graphi-
cally) and a standard deviation of 2.12, showing that
the graphical method of determining the mean and
standard deviation give quite realistic results.

flS {2

Problem 6. Use normal probability paper to
determine whether the data given below is
normally distributed. Use the graph and
assume a normal distribution whether this is
so or not, to find approximate values of the
mean and standard deviation of the
distribution.

Class mid-point
Values 5 15 25 35 45
Frequency 1 2 3 6 9

Class mid-point
Values
Frequency

55 65 75 8 95
6 2 2 1 1
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the parameter may be considered to lie is called
an interval estimate. Thus if an estimate is made
of the length of an object and the result is quoted
as 150 cm, this is a point estimate. If the result is
quoted as 150 & 10 cm, this is an interval estimate
and indicates that the length lies between 140 and
160 cm. Generally, a point estimate does not indi-
cate how close the value is to the true value of the
quantity and should be accompanied by additional
information on which its merits may be judged. A
statement of the error or the precision of an esti-
mate is often called its reliability. In statistics, when
estimates are made of population parameters based
on samples, usually interval estimates are used. The
word estimate does not suggest that we adopt the
approach ‘let’s guess that the mean value is about..’,
but rather that a value is carefully selected and the
degree of confidence which can be placed in the
estimate is given in addition.

Confidence intervals

It is stated in Section 43.3 that when samples are
taken from a population, the mean values of these
samples are approximately normally distributed, that
is, the mean values forming the sampling distribu-
tion of means is approximately normally distributed.
It is also true that if the standard deviation of each

1nd1ca{
of the samples is found, then the standard dev1-Nf@

nYr-

ations of all the samples are approximat
mally distributed, that is, the st % atio s
of the sampling distribugi sta eV1at1

are approximat ibuted. P

such a: standar } saftr?
pling (%b tion are called s@l istics, S.
Let ug be the mean value of%a sampling statistic
of the sampling distribution, that is, the mean value
of the means of the samples or the mean value of
the standard deviations of the samples. Also, let og
be the standard deviation of a sampling statistic of
the sampling distribution, that is, the standard devi-
ation of the means of the samples or the standard
deviation of the standard deviations of the samples.
Because the sampling distribution of the means and
of the standard deviations are normally distributed, it
is possible to predict the probability of the sampling
statistic lying in the intervals:

mean £ 1 standard deviation,
mean =+ 2 standard deviations,

or mean =+ 3 standard deviations,

by using tables of the partial areas under the
standardised normal curve given in Table 40.1 on

page 341. From this table, the area corresponding
to a z-value of +1 standard deviation is 0.3413,
thus the area corresponding to +1 standard deviation
is 2 x 0.3413, that is, 0.6826. Thus the percentage
probability of a sampling statistic lying between the
mean +1 standard deviation is 68.26%. Similarly,
the probability of a sampling statistic lying between
the mean +2 standard deviations is 95.44% and
of lying between the mean £3 standard deviations
is 99.74%

The values 68.26%, 95.44% and 99.74% are
called the confidence levels for estimating a sam-
pling statistic. A confidence level of 68.26% is
associated with two distinct values, these being,
S — (1 standard deviation), i.e. § — og and
S 4+ (1 standard deviation), i.e. S + og. These two
values are called the confidence limits of the esti-
mate and the distance between the confidence lim-
its is called the confidence interval. A confidence
interval indicates the expectation or confidence of
finding an estimate of the population statistic in that
interval, based on a sampling statistic. The list in
Table 43.1 is based on values given in Table 40.1,

and gives some of the conﬁdence ev sed in
practice and their assoc1ated z- v f the
\ hteolT). When the

table is used i ~Z- Values are usually

are called the confidence co-

oA

values given are baﬁd on

Table 4%
, CUe}ce level, Confidence coefficient,
% Zc
99 2.58
98 2.33
96 2.05
95 1.96
90 1.645
80 1.28
50 0.6745

Any other values of confidence levels and their
associated confidence coefficients can be obtained
using Table 40.1.

Problem 3. Determine the confidence
coefficient corresponding to a confidence
level of 98.5%

98.5% is equivalent to a per unit value of 0.9850.
This indicates that the area under the standardised
normal curve between —z¢c and +z¢, i.e. corre-
sponding to 2z¢, is 0.9850 of the total area. Hence
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population may be estimated by using expres-
sion (7), i.e. s + zcos = 0.60 + (1.751)(0.12)
= 0.60 £ 0.21 uF
Thus, the 92% confidence interval for the esti-
mate of the standard deviation for the batch is
from 0.39 uF to 0.81 pF.

The standard deviation of the time to
failure of an electronic component is
estimated as 100 hours. Determine how
large a sample of these components must
be, in order to be 90% confident that the

Now try the following exercise

Exercise 145 Further problems on the

estimation of population
parameters based on a large
sample size

Measurements are made on a random
sample of 100 components drawn from a
population of size 1546 and having
a standard deviation of 2.93 mm. The
mean measurement of the components in
the sample is 67.45 mm. Determine the
95% and 99% confidence limits for an
estimate of the mean of the population.

66.89 and 68.01 mm,}
66.72 and 68.18 mm

The standard deviation of the masses of
500 blocks is 150 kg. A random sample
of 40 blocks has a mean mass of 2.40 Mg.

(a) Determine the 95%
confidence 1ntervals

the mean, mass ofitlie r
blocks

degre

be sa1d that the

remaining 460 blo ks is
2.40 £ 0.035 Mg?

(a) 2.355 Mg to 2.445 Mg;]

pLe

2.341 Mg to 2.459 Mg
(b) 86%

In order to estimate the thermal expansion
of a metal, measurements of the change of
length for a known change of temperature
are taken by a group of students. The
sampling distribution of the results has
a mean of 12.81 x 107* m °C~! and
a standard error of the means of
0.04 x 10~* m °C~!. Determine the 95%
confidence interval for an estimate of the
true value of the thermal expansion of the
metal, correct to two decimal places.
1273 x 10 m °C™! 1o
12.89 x 10~ m °C™! }

and %\
2 \.-

error in the estimated time to failure will
not exceed (a) 20 hours, and (b) 10 hours.

[(a) at least 68 (b) at least 271]

5. The time taken to assemble a servo-
mechanism is measured for 40 opera-
tives and the mean time is 14.63 minutes
with a standard deviation of 2.45 minutes.
Determine the maximum error in estimat-
ing the true mean time to assemble the
servo-mechanism for all operatives, based
on a 95% confidence level.

[45.6 seconds]

43.5 Estimating the mean of a
population based on a sm
The method #i0N 43 4 to estimate the
0 ul standard deviation rely on a
rge sam
ore 1s cau the sample size is large
th digtdbution of a parameter is approx-
& ally distributed. When the sample size
niques used for estimating the population parameters
in Section 43.4 become more and more inaccurate as
distribution no longer approximates to a normal dis-
tribution. Investigations were carried out into the
ory by W. S. Gosset in the early twentieth century
and, as a result of his work, tables are available
sample sizes are small. In these tables, the t-value
is determined from the relationship

sample size u
’ cO-
usually taken as 30 or
all, usually taken as less than 30, the tech-
the sample size becomes smaller, since the sampling
effect of small sample sizes on the estimation the-
which enable a realistic estimate to be made, when
_ & o
s

where X is the mean value of a sample, pu is the
mean value of the population from which the sample
is drawn, s is the standard deviation of the sample
and N is the number of independent observations
in the sample. He published his findings under the
pen name of ‘Student’, and these tables are often
referred to as the ‘Student’s ¢ distribution’.



Part 8 Differential Calculus

44

Introduction to differentiation

_ 2
44.1 Introduction to calculus fB)=40G)"-33)+2

=36-94+2=29
Calculus is a branch of mathematics involving or 5
leading to calculations dealing with continuously SO =4(=D" =3(=D+2
varying functions. =44342=9

Calculus is a subject that falls into two parts:
fB3)—f(=1)=29 - 9 20 u

(i) differential calculus (or differentiation) and

(i) integral calculus (or integration).

I @;\rﬁat FG) =532 4 x —
Differentiation is used in calculations involving 1%5
Veloc1ty and acceleration, rates of change a A(
imum and minimum values of cur‘x Om @ f (* @ fG+a)—f03)

111) + a) @iv) —f(3 ta) =)
ﬂ ioaatlo e

— 8§42 _
In an equatlon such as y = 3x? 2x 5 y is said to fE) =5 +x=7
be a function of x and may be written as y = f(x). i fQ)=502P+2-7=15
An equation written in the form 2

. . . 1)=51 1-7=-1
f(x) = 3x>4+2x — 5 is termed functional notation. A (" +
The value of f(x) when x = 0 is denoted by f(0), fQ) = f()= E —_15
and the value of f(x) when x = 2 is denoted by f(2)

_ 2.2 _
and so on. Thus when f(x) = 3x* + 2x — 5, then () FG+a)=50+ a)2 L Gta)—

£(0)=3(0+2(0)—5=—5 =50+6a+a*)+@B+a)—7
and  f(2)=3(2)*+2(2)—5=11 and so on. =45+30a+ 54> +3+a—7
= 41 + 31a + 54
Problem 1. If f(x) = 4x* — 3x + 2 find: (i) fB3)=5B)12+3—-7=41
£O), f3), f(=1) and f(3) = f(=1) FG4a)— F)= @1+ 3lat 5ad) — (41
fx)=4x>—3x+2 =3+
f(0) =40y -3(0)+2=2 (o [CFOJO)_ Sy,

a a



45
Methods of differentiation

45.1 Differentiation of common Problem 2. Differentiate: (a) y = 6
functions (b) y = 6x

The standard derivatives summarised below were

_ . _ O . .
derived in Chapter 44 and are true for all real values (@ y =6 may be written as y = 6x", ie. in the

general rule a = 6 and n = 0.

of x.
or f(x) dl or f'(x) Hence d— = (6)0)x"1 =0
y dx dx
ax” anx"—! In general, the differential coefficient of a
. constant is always zero.
sin ax acosax . .
. (b) Since y = 6x, in the general rule a = 6 and
COS ax —asinax n=1
e ae™ B
dy 1-1
1 Hence —= = (6)(1)x'~! = 6x°
Inax - dx
X A x
In general, th fer@i Cient of kx,
The differential coefficient of a sum or difference where k S &‘ Iways k.
is the sum or difference of the differential coeffi-

cients of the separate terms.

Thus, if f(x) = p(x) + g(x) — r(x), (Where M‘] @)&‘bm /%IA erlvatwes of:
and r are functions), then f’(x) = ﬁ,{ (a)
cti

Differentiation of ¢ is dem \J
strated i 1n the fi G{@r proble . . ) .
e (a) y=3.,/x is rewritten in the standard differen-
: _ 3,12
Probgm 1. Find the diffeggiagégcwnts tial form as y = 3x 1
of: (@) y=12x° (b) y= = In the general rule, a =3 and n = 3
d 1 1 3 _1
dy Thus ay =(3) <—> x27l = —x 2
If y = ax" then — = anx"~! dx 2 2
dx
3 3
(a) Zince y = 12x*, a = 12 and n = 3 thus T o2 T 2Jx
Y 12)G) ! = 36x2
dx (b) = i = i = 5x~*3 in the standard
12 RS
b y= = is rewritten in the standard ax” form differential form. 4
e
as y = 12x7? and in the general rule a = 12 In the general rule, a =5 and n = —3
and n = -3
dy
d =7 (=4/3)—1
Thus d—y — (12)(=3} 3! Thus =(5) ( )
x
et — _ﬁ _ _2Ox_7/3 _—20 =20

x4 3 3BT 33T
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Problem 4. Differentiate:

1 1
y = 5x* +4x — st N 3 with respect
to x
= 5x* + 4x L + L 3 is rewritten as
v 22 Jx

1
y=5"+4x — —x 24 x 12 -3

When differentiating a sum, each term is differenti-

ated in turn.

Thus % G)Dx T+ @D = (—2)x_2_1

+ (1) (—;) XA

1
=200 +4+x77 — —x?
i dy =20x°+4 ! 1
i.e = —_——
dx x3 24 / x3
Problem 5. Find the differential coefficients

of: (a) y =3sindx (b) f(¢) = 2cos 3¢t with
respect to the variable

dy
(a) When y = 3sin4x then — = (3)(4 cos 4x)

o
(b When f(t)—‘“@\pd_ 6s1net\ ?)

ProbEm 6. Determine the rlvg' €
(@) y =3¢ (b) f(6) = = (¢) y=6In 2x

(a) When y = 3¢5 then d— = (3)(5)e™
= 15¢™
b)) fO) === 2¢739 thus
£16) = @)(=3)e = —6e 0 = =2
e

d 1 6
(c) When y = 61n2x then & _ 6 <—> = —
dx X x

Problem 7. Find the gradient of the curve
y = 3x* — 2x? 4 5x — 2 at the points (0, —2)
and (1, 4)

The gradient of a curve at a given point is given
by the corresponding value of the derivative. Thus,
since y = 3x* — 2x% + 5x — 2 then the

gradient = 12 4t 5
At the point (0, —2), x = 0.
Thus the gradient = 12(0)> —4(0)+5=35

At the point (1, 4), x = 1.

Thus the gradient = 12(1)° —4(1)+5 =13

Problem 8. Determine the co-ordinates of
the point on the graph y = 3x> — 7x + 2
where the gradient is —1

The gradient of the curve is given by the derivative.

d
Wheny=3x2—7x+2thend—y=6x—7
X

Since the gradient is —1 then 6x — 7 = —1, from
which, x =1

Whenx =1, y=3(1)>-7(1)+2= -2
Hence the gradient is —1 at the point VZ)

xe@()
&@%%urther problems on differ-

g common functions

Now try the follo i

he given functions with respect to
he variable.

@lﬁﬂ Béﬁnd the differential coef-
cie' t

1. (a)5x° (b)2.4x3° (c)1
X
.

{(a) 25x* (b) 8.4x° (c) —
x 4

—4
2 @ 6 ©w

o .
[(a) = ®0 (02
x -

3. @2J/x (b)3VxS (C)j;

. 2
(b) 5vx2 (c) — ﬁ]

(c) 2sin3x

1
[@ 7
_3 5

4. (a) % (b) x—1)
[(a) J% ) 2(x—1) (c) 6cos 3x}
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Velocity

st

Time
Figure 46.3

The acceleration a of the car is defined as the
rate of change of velocity. A velocity/time graph is
shown in Fig. 46.3. If v is the change in v and ¢

. . v
the corresponding change in time, then a = 5 As

8t — 0, the chord CD becomes a tangent, such that

. L dv
at point C, the acceleration is given by: a = 7
Hence the acceleration of the car at any instant is

given by the gradient of the velocity/time graph. If
an expression for velocity is known in terms of time
t then the acceleration is obtained by differentiating
the expression.

dv

oo ot (OY“A
Hencep(e 8t ge

The acceleration is given by th second differential
coefficient of distance x with respect to time ¢

Acceleration a =

Summarising, if a body moves a distance x
metres in a time ¢ seconds then:

(i) distance x = f(¢)

d
(i) velocity v = f’(t) or —x, which is the gradi-

ent of the distance/time graph

dl
(iii) acceleration a = v _ f” or d—tx which
is the gradient of the velocity/time graph.
Problem 5. The distance x metres moved

by a car in a time ¢ seconds is given by:

x =313 — 21> + 4t — 1. Determine the
velocity and acceleration when (a) ¢ = 0, and
b)r=15s

Distance x=31 -2 +4r— 1 m.
. dx 2
Velocity v = i 9t — 4t +4 m/s
. d*x 2
Acceleration a=—— =18t—4 m/s
dx?

(a) When time ¢t = 0,

velocity v = 9(0)> — 4(0) + 4 =4 m/s

and acceleration a = 18(0) — 4 = —4 m/s>
(i.e. a deceleration)

When time t = 1.5 s,

velocity v = 9(1.5)> —4(1.5)+4 = 18.25 m/s
and acceleration a = 18(1.5) — 4 = 23 m/s”

(b)

Problem 6. Supplies are dropped from a
helicopter and the distance fallen in a time ¢
seconds is given by: x = %gtz, where

g = 9.8 m/s?. Determine the velocity and
acceleration of the supplies after it has fallen

for 2 seconds
*Q% m

7gt = 7(9

Ve1001ty a\%@@ m/s
atlon A::% = 9.8 m/s

v& (9 (2) =19.6 m/s
cceleration a = 9.8 m/s* (which is accelera-
tion due to gravity).

Distance

When t

Problem 7. The distance x metres travelled
by a vehicle in time ¢ seconds after the
brakes are applied is given by:

x =20t —

the vehicle (in km/h) at the instant the brakes
are applied, and (b) the distance the car
travels before it stops

t%. Determine (a) the speed of

5
(a) Distance, x = 20f — gtz.

dx
Hence velocity v = — =20 — —
dt 3

At the instant the brakes are applied, time = 0

Hence

20 x 60 x 60
velocity v = 20 m/s = U xBUx OV

1000

km/h

=72 km/h
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Let the dimensions of the rectangle be x and y. Then
the perimeter of the rectangle is (2x 4+ 2y). Hence
2x+2y=40,orx+y =120 1)

Since the rectangle is to enclose the maximum
possible area, a formula for area A must be obtained
in terms of one variable only.

Area A = xy. From equation (1), x =20 —y
Hence, area A = (20 — y)y = 20y — y?

Z—A = 20— 2y = 0 for a turning point, from which,
y =10 cm.

d’A
Tf =
point.

—2, which is negative, giving a maximum

When y = 10 cm, x = 10 cm, from equation (1).

Hence the length and breadth of the rectangle
are each 10 cm, i.e. a square gives the maximum
possible area. When the perimeter of a rectangle
is 40 cm, the maximum possible area is 10 x 10 =
100 cm®.

Problem 16. A rectangular sheet of metal
having dimensions 20 cm by 12 cm has
squares removed from each of the four
corners and the sides bent upwards to form
an open box. Determine the maximum
possible volume of the box Co O\

\ Y

The squares to b,

m each corner é
shown?x@ g sides x ¢
sides aj wards the d @ e box
will be:length (20 — 2x) cm, byeadth (I

— 2x) cm
and height, x cm.

|
12cm r (20-2x) i
| (229 | |
X I ______ ' X
%ix A
l |
: 20cm I
Figure 46.8

Volume of box, V = (20 — 2x)(12 — 2x)(x)
= 240x — 64x2 + 4x3
dv
— =240 —
x

Hence 4(60—32x+3x?) = 0, i.e. 3x2

128 x + 12x? = 0 for a turning point.
—32x4+60=0

NZ@‘eof

Using the quadratic formula,

324 4/(=32)2 — 4(3)(60)

- 2(3)

= 8.239 cm or 2.427 cm.
Since the breadth is (12 — 2x) cm then
x = 8.239 cm is not possible and is neglected.
Hence x = 2.427 cm.

d*v

X

2

When x = 2.427, —— is negative, giving a maxi-
mum value.

The dimensions of the box are:

length = 20 — 2(2.427) = 15.146 cm,
breadth = 12 — 2(2.427) = 7.146 cm, and
height = 2.427 cm.

Maximum volume = (15.146)(7.146)(2.427)
= 262.7 cm®

Problem 17. Determine the height a
radius of a cylinder of volum 20 c
which has the leest surfa‘?‘

Let t%@%&

radlus r and perpendicular

?) =nar’h =200 (1)

1nder = 2nrh + 27r?

ac @
surface area means minimum surface area
and a formula for the surface area in terms of one

variable only is required.

. 200
From equation (1), h = — 2)
r
Hence surface area,

200 2
A =2nr — + 27r
r
400

=+ mr? = 400r~" + 27
dA —400
— = + 4nr = 0, for a turning point.
dr r?
400
Hence dnr = —-
r
400
and P=,
4
100
from which, F=+/— =3.169 cm
b4
d’A 800
—— = — +4m.
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1

7. / 2tan’ 2¢dt [—4.185]
0
/3

8./ cot’> 0 do [0.3156]
/6

49.3 Worked problems on powers of
sines and cosines

Problem 5. Determine: / sin® 0 d6

Since cos?6 + sin” 6 = 1 then sin® § = (1 — cos? 6).
Hence / sin’ 0 d6
= /sin 0(sin’ 0)* d6 = /sin 6(1 — cos>0)* do
= /sin 6(1 — 2cos? 0 + cos* 0) do
/(sm@ 2sin 6 cos’ 6 + sin @ cos* 6) O
e o
® ﬁby a

2cos39
= —cos6 + ﬁ_

[When f a cosigeEysAMmu
sine of Wer 1 or vice- Verszge dlegsel may be
determined by inspection as shown.
, —cos"t1 g
In general, | cos" #sinfdd =———+c
(n+1)
) sin"t!' g
and / sin” @ cos0do = + c]
n+1)

Alternatively, an algebraic substitution may be used
as shown in Problem 6, chapter 50, page 415].

b/

2
Problem 6. Evaluate: / sin® x cos® x dx

J

(NI
[SIE]

sinszOSSxdxz/ sin® x cos® x cos x dx
0

%
=/ (sin? x)(1 — sin® x)(cos x) dx
0

2. .
= / (sin® x cosx — sin* x cos x) dx
0

sifdx  sin® x} 2

3 5
L 0
r 3 5
(sm Z) (sin Z)
- - 2 [0 — 0]
3 5
1 1
— — —=— or 0.1333
375 15
Problem 7. Evaluate: ! dcost0d 0,

0
correct to 4 significant figures

\\\o’@?‘

/ 4cos*0do \é @'d»\k

&?)osze) 46
2 Qﬁ (1 + 2 c0s 26 + cos> 26) d6

(=]

ENE]

1
=/ [1+2c0329+5(1+cos49)} do
0
o
4 /3 1
=/ — +2c0s20 + —cosd6 | db
0 2 2

_[36
T2

3/ . 2w sind(w/4)
S R

, sind@7 4
+ sin 260 +

0

3
=— 41
3 +

= 2.178, correct to 4 significant figures.

Problem 8. Find: / sin’ f cos* t dt
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1

—dx
16 — x2

4
5. Evaluate: /
0

[% or 1.571}

[2.760]

1
6. Evaluate:/ V9 —4x2dx
0

1 1
= (a1 —tan~'0) = 3 (% —0
14
= — or 0.3927
3 or
1 5
Problem 19. Evaluate: / ———dx,
o (3+2x?%)

correct to 4 decimal places

49.6 Worked problems on integration

using the tan 6 substitution

Problem 17. Determine: / dx
(a?

+ x2)

d
Let x = atand then d—; = asec? 6 and

dx = asec?0de

1
Hence /mdx

(asec’ 6do)

5

Gro 4*
— ux
(V321 + 22

5 1

5 1 x 1!
= — tan

2 {«/3/2 «/3/2]0

%\/g ltanl \/g— tan~! 0]
e@a&\i}t\eé

5
A6+

| avmme ),

1

-1

= 1.3976, cogect to

1
- / (a? + a? tan? 6)
asec’0do
=/a2(1 T tan2 6)
asec’0do
- / a?sec?¥ |

— (2.0412)[0.6847 — 0]
ng exercise

e

tla problems on inte-
gration using the tané sub-
stitution

@\,\( +ec _ 3
?ka a P ag 1. Determine: / i e dt
. . . _1 {
Since x = atan6, 6 = tan étan_l x b
2 2
1 X
Hence [ ———-dx = —tan™" — +¢ ) 5
(a*+x2) a a 2. Determine: / ———d#b
16 + 962
2 1 5 1 30
Problem 18. Evaluate: / ———dx 12 tan 4 te
o (4+4+x?)
3
2 3. Evaluate: / —dt [2.356]
1 o 1+2
From Problem 17, — dx
o (4+4+x?) 35
1 2 4. Evaluate: / dx 2.457
=3 [tan_] )ﬂ since a = 2 0 4+x2 [ ]
0
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2x 1

1. /xezxdx {% (x— E) —l—c}
4 1

2 [ [ (eg) vl

3. /xsinxdx [—xcosx + sinx + ¢]

9 sSin 9 + 9 +
2 2

3 1
2 2 2 a2 1
5. /3te dt [26 (t t+2>+c}

Evaluate the integrals in Problems 6 to 9,
correct to 4 significant figures.

2
6. /2xexdx [16.78]
0
7. / Y ysin2xdx [0.2500]
0
8. / ® 2 costdt [0.4674]
0
2 X
9. /3x2eidx [15.78]
1

froth

- NN

o\ \l)roble A—
a0®

ion by pa@

Problem 6. Find: / xInxdx

52.3 Fu

The logarithmic function is chosen as the ‘u part’

d
Thus when u = Inx, then au = —,le.du= ax
dx x
52
Letting dv = xdx gives v = /xdx =7

Substituting into [udv =uv — [vdu gives:

2 2
/xlnxdx = (Inx) <x2> — / <);> %

x? 1
Hence /xlnxdx: — [Inx — = | +¢
2 2

x2
or T(Zlnx—1)+c

Problem 7. Determine: / Inxdx

[ Inxdx is the same as [(1)Inxdx

dx

1
Let u = Inx, from which, — = —, i.e. du = —
X

and let dv = 1dx, from which, v= [1dx =x
Substituting into [udv = uv — [vdu gives:

/lnxdx = (Inx)(x) — /xci_x

=xlnx—/dx=x1nx—x+c

Hence /lnx dc =x(Inx — 1) +¢

AW
U‘

.
Problem 8. : pgnx dx,
@)%Fé}g i‘igures

A% ﬁ"fr%wh ch du=—

let dv = /xdx = x2 dx, from which,

1 23
U:/dex:§x2

Substituting into [udv = uv — [vdu gives:

/ﬁlnxdx = (Inx) (%x%)
-[G4)(%)

1
_—v lnx—3/ 2dx
23
= g\/x3lnx— 3 <§x2) +c
2 2
= §Vx3 [lnx - 5} +c

9

2 2
Hence [, /XInxdx = [5«/; (lnx — 5)}

1
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Problem 4. Use the mid-ordinate rule with
(a) 4 intervals, (b) 8 intervals, to evaluate

32
/ —— dx, correct to 3 decimal places
1

N

(a) With 4 intervals, each will have a width of
-1

——, i.e. 0.5 and the ordinates will occur

at 1.0, 1.5, 2.0, 2.5 and 3.0. Hence the mid-

ordinates yj, y», y3 and y4 occur at 1.25, 1.75,

2.25 and 2.75
Corresponding values of i are shown in the
Jx
following table:
2
i Vx

1.25 1.7889

1.75 1.5119

2.25 1.3333

2.75 1.2060

From equation (2):

3
2
“_dx ~ (0.5)[1.7889 + 1.5119
|

WATO
iﬁal places ° A
ceN age

(b) With 8 intervals, each \Q have a width of
0.25 and the ordinates will occur at 1.00, 1.25,
1.50, 1.75, ... and thus mid-ordinates at 1.125,
1.375, 1.625, 1.875 ... . Corresponding values

2
of — are shown in the following table:

NG
2
' NG
1.125 1.8856
1.375 1.7056
1.625 1.5689
1.875 1.4606
2.125 1.3720
2.375 1.2978
2.625 1.2344
2.875 1.1795

o Net

From equation (2):

3
2
—= dx ~ (0.25)[1.8856 + 1.7056
I

+ 1.5689 + 1.4606 4 1.3720
+ 1.2978 4+ 1.2344 4- 1.1795]

= 2.926, correct to 3
decimal places
As previously, the greater the number of intervals

the nearer the result is to the true value of 2.928,
correct to 3 decimal places.

2
ex/S

Problem 5. Evaluate dx, correct

0
to 4 significant figures, using the mid-
ordinate rule with 6 intervals

24—-0
With 6 intervals each will have a width c
i.e. 0.40 and the ordinates wi a , 0.80,
1.20, 1.60, 2. 00 an 2% mid- ordmates at
0.20, 0.60 @ and 2.20.

gndmg va, f e/ are shown in the
1 owmg %le

2
X e 3
0.20 0.98676
0.60 0.88692
1.00 0.71653
1.40 0.52031
1.80 0.33960
2.20 0.19922

From equation (2):

24 _p
/ e 3 dx ~ (0.40)[0.98676 + 0.88692
0

+0.71653 + 0.52031
+0.33960 + 0.19922]

= 1.460, correct to 4
significant figures.
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189’6’ 9 18 3

/ 1
Corresponding  values  of 1— gsinze are  Charge, ¢=

shown in the table below:

s | o T T 7

18 9 6
[ 1
1 — —sin’6
3

(or 10°) (or 20°) (or 30°)

1.0000 0.9950 0.9803 0.9574

0 o o7
9 18 3
(or 40°) (or 50°) (or 60°)

0.9286 0.8969 0.8660

1
\/1 — = sin®6
3

From equation (5):

3 1,
/ 1— —sin“6 do
3
! 1.0000 + 0.8660
5(—) [( + )+Q

969)
P ( e\, \eﬂ(o 9803 + g@
[1 8660 + 1192 +33178]

= 0.994, correct to 3 decimal places.

Problem 8. An alternating current i has the
following values at equal intervals of 2.0
milliseconds:

Time (ms) | 0 2.0 40 6.0 80 10.0 12.0
Current {
(A) 0 35 82 100 73 20 O

Charge, ¢, in millicoulombs, is given by

q= Olz'oidt. Use Simpson’s rule to

determine the approximate charge in the
12 ms period

From equation (5):

12.0
idt

”c\

~ =(2.0)[(04+0)+4(3.54+10.0

w

+2.0)+2(8.2+17.3)]
= 62mC

Now try the following exercise

Exercise 182 Further problems on Simp-
son’s rule

In Problems 1 to 5, evaluate the definite
integrals using Simpson’s rule, giving the
answers correct to 3 decimal places.

/2
1. / vsinxdx (Use 6 intervals)
0
12187]

2. / mi\é (l@ater\v%s)
[1.034]
Qte %A%se 8 intervals)

’l [0.747]

/2
4, / xcosxdx (Use 6 intervals)
0
[0.571]

/3
5. / ¢ sin2xdx (Use 10 intervals)
0
[1.260]

In Problems 6 and 7 evaluate the definite inte-
grals using (a) integration, (b) the trapezoidal
rule, (c) the mid-ordinate rule, (d) Simpson’s
rule. Give answers correct to 3 decimal places.

6. / —dx (Use 6 intervals)

() 1.875 (b) 2.107
[(c) 1.765 (d) 1.916}

dx (Use 8 intervals)

6
1
/2 V2x —1

[(a) 1.585 (b) 1.588 }
(c) 1.583 (d) 1.585
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In Problems 8 and 9 evaluate the definite
integrals using (a) the trapezoidal rule, (b) the
mid-ordinate rule, (c) Simpson’s rule. Use 6
intervals in each case and give answers correct
to 3 decimal places.

3
/ V1+xtdx
0

[(a) 10.194 (b) 10.007 (c) 10.070]
0.7 1 4
0.1 /1—y?
[(a) 0.677 (b) 0.674 (c) 0.675]

10. A vehicle starts from rest and its velocity
is measured every second for 8 seconds,
with values as follows:

time £ (s) velocity v (ms™!)

0 0

1.0 0.4
2.0 1.0
3.0 1.7
4.0 2.9
5.0 4.1
6.0 6.2
7.0 8.0
8.0 9.4

\

eW

PN 6a0

A\

The distance travelled in 8.0 seconds is
. 3.0
given by [ vdt.

Estimate this distance using Simpson’s
rule, giving the answer correct to 3 sig-
nificant figures. [28.8 m]

A pin moves along a straight guide so
that its velocity v (m/s) when it is a dis-
tance x (m) from the beginning of the
guide at time ¢ (s) is given in the table

11.

below:

t(s) v (m/s)

0 0

0.5 0.052

1.0 0.082

1.5 0.125

2.0 0.162

2.5 0.175

3.0 0.186

3.5 0.160

4.0 0 K
Use Simpson’ s rul (; ﬁ.lgwals to
determi ate total distance

p1n in the 4.0 second

soﬂ@ﬁ

[0.485 m]

(\
ﬁ@e 253 of 2
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_ (8 sin %) _ 8sin0)

= 5.657 square units

Problem 8. Determine the area bounded by
the curve y = 3e'/%, the t-axis and ordinates
t = —1 and ¢ = 4, correct to 4 significant
figures

A table of values is produced as shown.

t -1 0 1 2 3 4
y=3e’ 234 3.0 3.85 495 635 8.15

Since all the values of y are positive the area
required is wholly above the ¢-axis.

4
Hence area = / ydt
1

4 4
_/ t/4 _ [ 3 t/4]
= 3" dt = T3e

! () 1.

= 12[e74]* | = 12(e! — 71/
— 12(2.7183 — 0.7788)

= 12(1.9395) = 23.27 square units

‘ .
Problem 9. Sketc‘h the;r@ L}—)S
between x = — ind the area
enc e x-axis_a
ord?j and x = 3. P@
by i egratlon the area enc curve

and the y-axis, between the same limits

A table of values is produced and the curve
y = x* + 5 plotted as shown in Fig. 54.9.

X -1
y 6

9 e
—
[\
W

3 3
Shaded area = / ydx = (x? +5)dx
0 0
£ s
= |—+45x
3 0
= 24 square units

Whenx=3,y=32+5=14, and when x = 0,
y=>5.

3

24 _
“gebralc S st% )3 Chapter 48)
G)i3 )

Figure 54.9

Since y = x> + 5 then x> = y — 5 and
x=4y—95

The area enclosed by the curve y = x*> + 5 (i.e.
x = 4/y—Y5), the y-axis and the ordinates y = 5
and y = 14 (i.e. area ABC of Fig. 54.9) is given by:

y=14 14
Area:/ xdy = vV y—5dy
y=5
/ (- 5)“%\4
3\;% @9 = du

u'’? du % u? (for
3

Letu=y—-5,t

v 5dy = —[(y 5%
= 5[“/9_3 — 0]

= 18 square units

(Check: From Fig. 54.9, area BCPQ + area ABC
= 24 + 18 = 42 square units, which is the area
of rectangle ABQOP.)

Problem 10. Determine the area between
the curve y = x* — 2x?> — 8x and the x-axis

y=x3—2x> — 8x =x(x* —2x — 8)
=x(x+2)(x—4)
When y = 0, then x = 0 or (x +2) = 0 or

(x—4) =0,i.e. when y = 0,x = 0 or —2 or 4, which
means that the curve crosses the x-axis at 0, —2 and
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3. The speed v of a vehicle is given by:
v = (4t + 3) m/s, where ¢ is the time in
seconds. Determine the average value of
the speed fromt =0tor=3s. [9 m/s]

4. Find the mean value of the curve
y = 6+x—x> which lies above the x-axis
by using an approximate method. Check
the result using integration. [4.17]

5. The vertical height h km of a missile
varies with the horizontal distance d km,
and is given by 1 = 4d — d*. Determine
the mean height of the missile from d = 0
to d =4 km. [2.67 km]

6. The velocity v of a piston moving with
simple harmonic motion at any time ¢
is given by: v = csinwt, where ¢ is
a constant. Determine the mean velocity

o

b1
between t =0 and r = —.
w

55.2 Root mean square values

The root mean square value of a quantity is ‘the
square root of the mean value of the squared values

of the quantity’ taken over an 1nterva1 Wi
ence to Fig. 53.1, the r.m. s value )

therangex—atox‘-e

r.m.s. value =

One of the principal applications of r.m.s. values is
with alternating currents and voltages. The r.m.s.
value of an alternating current is defined as that
current which will give the same heating effect as
the equivalent direct current.

Problem 5. Determine the r.m.s. value of
y = 2x”? between x = 1 and x = 4

R.m.s. value

1 4 1 /4
=4/— 2dx =4/ = 2x2)2d
4_1/1)/ X 3/1()C) X

1 41x57*
= — 44d - 5| =
%/1 e %[5]1
4
= /15 (1024 = 1) = V2728 = 165

Problem 6. A sinusoidal voltage has a
maximum value of 100 V. Calculate its
r.m.s. value

A sinusoidal voltage v having a maximum value of
10 V may be written as: v = 10sin 6. Over the range
0=0to 6 =m,

r.m.s. value

L e

_ % [ coosinoytas
é%%%%e\/e

o\

u\<

thh is aa integral. It is shown in
apte ateds 2A = 1 — 2sin’ A and this for-
m a is Wsed whenever sin® A needs to be integrated.

earranglng cos2A = 1 — 2sin® A gives
sin’A = 2(1 — cos2A)

10000 [7*
Hence \/ / sin® 0 do
T 0
10000 (™1
= \/ / —(1 — cos260)d6
T 0 2
~ /10000 1 P sin201”"
N T 2 2 |,

10000 1 sin 27 sin 0
= — || T— —(0— —
o ()~ (0-5°)

_ [1o0001 \/10000
- 27TV T
100
= — =70.71 volts
V2
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S, 563 x*
5x° —x7)dx {— - —}
_Jo 3 4 1o
5(5x—x2)dx s 27
0 2 310
625 625 625
_ 3 4 _ 12
T125 125 T 125
2 3 6
625 6 5
=|— — | ==-=2.5
12 125 2
1/ 1
5/ yvdx = | (5x—x*)*dx
- 0
y= 5 = 5
/ ydx (5x — x%)dx
0 0

% /05 (25x% — 105> +x*) dx
125
6
1 {25x3 10x4 xT
0

203 4 5

1 (250125 6250
2 3 4

~o

Figure 57.6

Hence the centroid of the area lies at (2.5, 2.5)
(Note from Fig. 57.6 that the curve is symmetrical
about x = 2.5 and thus x could have been deter-
mined ‘on sight’).

Problem 5. Locate the centroid of the area
enclosed by the curve y = 2x?, the y-axis
and ordinates y = 1 and y = 4, correct to 3
decimal places

From Section 57.4,

1 [ 1/
—/ x*dy —/ Xdy
-2/ 2 )1 2
X = Z N
xd /\/jd
/1 Y 1 V2 Y
4
l[y_z] 15
S P i S =0.568
35,
3V2 1, 3V2
4 “ 1y
/xydy / E(y)dy
and y=H =21

Hence the position of the centroid is at
(0.568, 2.657)

Problem 6. Locate the position of the
centroid enclosed by the curves y = x? and
y? = 8x

Figure 57.7 shows the two curves intersecting at
(0, 0) and (2, 4). These are the same curves as
used in Problem 12, Chapter 54, where the shaded
area was calculated as 2% square units. Let the co-
ordinates of centroid C be X and y.
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2
/ xydx
0
2
/ ydx
0

By integration, X =

y? =8x
(or y=8x)

Figure 57.7

The value of y is given by the height of the typical
strip shown in Fig. 55.7, i.e. y = +/8x — x2. Hence,

/ (\/gx—x dx / (\/§x3/2

0

X =

Care needs to be taken when finding y in such
examples as this. From Fig. 57.7, y = +/8x—x? and

1
Y _ 3 (+/8x —x?). The perpendicular distance from

2
1
centroid C of the strip to Ox is E(\/ 8x — x%) + x2.

Taking moments about Ox gives:

(total area) (y)= Ziz(z) (area of strip) (perpendicu-
lar distance of centroid of strip to Ox)

Hence (area) (y)

=/{«/§—x2} B(«/@—xz)ﬂz} dx

ie. (2%) F) = /02 [«/@—ﬁ] (@ + %2> dx

Hence

Thus the position of the centroid of the shaded
area in Fig. 55.7 is at (0.9, 1.8)

Now try the following exercise

Exercise 191 l‘x
10n of the centroid of

rmme th
et %‘ ormed by the curve
ich lies above the x-axis.
(2, 1.6)]

2. Find the coordinates of the centroid of the
area that lies between the curve = = x—2

x
[(1, —0.4)]

3. Determine the coordinates of the centroid
of the area formed between the curve
y =9 — x? and the x-axis. [(0, 3.6)]

4. Determine the centroid of the area lying
between y = 4x?, the y-axis and the
ordinates y =0 and y = 4.

[(0.375, 2.40]

5. Find the position of the centroid of the
area enclosed by the curve y = +/5x, the
x-axis and the ordinate x = 5.

[(3.0, 1.875)]

6. Sketch the curve y> = 9x between the
limits x = 0 and x = 4. Determine the
position of the centroid of this area.

\\\L

ms on cen-
of simple shapes

and the x-axis.

[(2.4, 0)]
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Problem 7. Determine the second moment
of area and radius of gyration of a
rectangular lamina of length 40 mm and
width 15 mm about an axis through one
corner, perpendicular to the plane of the
lamina

The lamina is shown in Fig. 58.11.

Y| o o
I o o
_ a0 _45
EN Mlb’lx
AN
N
-
\
X/ | N
vl Nz

Figure 58.11

From the perpendicular axis theorem:

I77 =Ixx +Iyy
I6°  (40)(15)°

Iyx = 5 3 = 45000 mm*
bi3 15)(40)3
and Iyy = 5 = % = 320000 mm*
Hence Iz = 45000 + 320000 m
= 365000 m 3&&9

Radius @\, \e ge

177 365 000 a

kzz =\ — =
area

= 24.7 mm or 2.47 cm

Now try the following exercise

Exercise 193 Further problems on second
moments of area of regular
sections

Determine the second moment of area and
radius of gyration for the rectangle shown
in Fig. 58.12 about (a) axis AA (b) axis
BB, and (c) axis CC.

(a) 72 ecm?, 1.73 cm
(b) 128 cm?, 2.31 cm

lB (¥
. 80cm
I e :[:__A
g, o5 3.0cm
i
s lc

Figure 58.12

Determine the second moment of area and
radius of gyration for the triangle shown
in Fig. 58.13 about (a) axis DD (b) axis
EE, and (c) an axis through the centroid
of the triangle parallel to axis DD.
(a) 729 mm*, 3.67 mm
(b) 2187 mm*, 6.36 mm
(c) 243 mm*, 2.12 mm

Im

Figure 583-\6 ,C
\@E@t@circle wn in Fig. 58.14, find
the sec 0 t of area and radius
0 (a) axis FF, and (b)

|

(a) 201 cm*, 2.0 cm
(b) 1005 cm*, 4.47 cm

Figure 58.14

For the semicircle shown in Fig. 58.15,
find the second moment of area and radius
of gyration about axis JJ.

[3927 mm*, 5.0 mm]

06\6‘
RS>
<
g ===

(c) 512 cm*, 4.62 cm

Figure 58.15



480 ENGINEERING MATHEMATICS

For each of the areas shown in Fig. 58.16
determine the second moment of area and
radius of gyration about axis LL, by using
the parallel axis theorem.

(a) 335 cm*, 4.73 cm
(b) 22030 cm*, 14.3 cm
(c) 628 cm?, 7.07 cm

(b)

150mi ?150m
| Spmme—

18 cm
[2.0cm 10cm

(©

/"

0=

5cm

L

Figure 58.16

Calculate the radius of gyration of a rect-
angular door 2.0 m high by 1.5 m wide
about a vertical axis through its hinge.

[0.866 m]

A circular door of a boiler is hinged
so that it turns about a tangent. If its
diameter is 1.0 m, determine its second
moment of area and radius of gyrati

atio
about the hinge. m
ﬁlx 99 m]

? V cent% “ﬁ@@:ﬁ
entre X, where 0).¢ .0 Cm,

A hole of
cm, 1S cut 1n

the cover. Determine the second moment
of area and the radius of gyration of
the remainder about a diameter through
0 perpendicular to OX.

[14 280 cm*, 5.96 cm]

Figure 58.17

For the semicircle, Ixx = mrt =T (48-0)4
= 100.5 cm*
For the rectangle, Ixy = b; _ (60);80)3
= 1024 cm*

For the triangle, about axis 7T ugu%rd Cr,

bh? 6.(@
Irr Zga 3 =60 cm*
ﬁ ‘aﬁllel axis m, the second moment of
ea of the %} Dhxis XX
+®( 0)(64)] [8.0+ 1(6.0)]” = 3060 cm”.
alséc

ond moment of area about XX
100.5 + 1024 + 3060 = 4184.5 = 4180 cm*,
correct to 3 significant figures

Problem 9. Determine the second moment
of area and the radius of gyration about axis
XX for the I-section shown in Fig. 58.18

58.7 Worked problems on second
moments of areas of composite
areas

Problem 8. Determine correct to 3
significant figures, the second moment of
area about axis XX for the composite area
shown in Fig. 58.17

S
B,Olcm
tCp 3.0cm
3.0cm l -

; cl 7.0cm

CT T _—T=¢
?! !CF 4.0 cm

X 15.00m X

s

Figure 58.18




Part 10 Further Number and

Algebra

59

Boolean algebra and logic circuits

59.1 Boolean algebra and switching
circuits

A two-state device is one whose basic elements can
only have one of two conditions. Thus, two-way
switches, which can either be on or off, and the
binary numbering system, having the digits 0 and
1 only, are two-state devices. In Boolean algebra,
if A represents one state, then A, called M’,

represents the second state. _‘( O
The or-functi \,\e\l\l
In Bool§an a glga, the or—fun?n atge%ments

A and B is written as A + B, and is defined as ‘A, or
B, or both A and B’. The equivalent electrical circuit
for a two-input or-function is given by two switches
connected in parallel. With reference to Fig. 59.1(a),
the lamp will be on when A is on, when B is on,
or when both A and B are on. In the table shown
in Fig. 59.1(b), all the possible switch combinations
are shown in columns 1 and 2, in which a 0 repre-
sents a switch being off and a 1 represents the switch
being on, these columns being called the inputs. Col-
umn 3 is called the output and a O represents the
lamp being off and a 1 represents the lamp being
on. Such a table is called a truth table.

The and-function

In Boolean algebra, the and-function for two ele-
ments A and B is written as A - B and is defined as
‘both A and B’. The equivalent electrical circuit for

A

a two-input and-function is given by two switches
connected in series. With reference to Fig. 59.2(a)
the lamp will be on only when both A and B are

on. The truth table for a two-input and- tion is
shown in Fig. 59.2(b).
cO-
\S.
a‘ 1 T 2 3

Output

Input
(switches) {lamp)
3 A B Z=A+8B
0 0 0
1
0 1 1

IN 1 0 1
U

1 1 1

{a) Switching circuit for or - function {b} Truth table for or - function

Figure 59.1
Input Output
{switches) (lamp)
0 0 A ] Z=A.B
A B 0 0 0
0 1 0
1 o] Q
IR
Ir
1 1 1

{(a) Switching circuit for and - function {b) Truth table for and - function

Figure 59.2
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Hence the required switching circuit is as shown in
Fig. 59.7. The corresponding truth table is shown in
Table 59.4.

Table 59.4

112(3(4| 5 7 8 9
A|B|C|C|A-C|A|A-B|A-B-C|Z=A-C+A-B+A-B-C
0|0j0|1| O |1] O 0 0
010|1]01 O |1] O 0 0
o|1|o0j1| 0 |1| 1 1 1
0|1]1]0] O 1| 1 0 1
1{0j0(1] 1 (O O 0 1
1{0{1{0] O (O O 0 0
1{1{0{1] 1 (O O 0 1
1{1{1{0] O (O O 0 0

Column 4 is C, i.e. the opposite to column 3

Column 5 is A - C, obtained by applying the and-
function to columns 1 and 4

Column 6 is A, the opposite to column 1

Column 7 is A - B, obtained by applying the and-
function to columns 2 and 6

Column 8 is A - B - C, obtained by applying the
and-function to columns 4 and 7

Column 9 is the output, obtai X Qme re @"
or-function to colum M A q
¢ /

erive the Bo?n
and construct the switching %®ircuit for the
truth table given in Table 59.5.

Table 59.5

A B C Z
1 0 0 0 1
2 0 0 1 0
3 0 1 0 1
4 0 1 1 1
5 1 0 0 0
6 1 0 1 1
7 1 1 0 0
8 1 1 1 0

Examination of the truth table shown in Table 59.5
shows that there is a 1 output in the Z-column in
rows 1, 3, 4 and 6. Thus, the Boolean expression

No’ﬁ

and switching circuit should be such that a 1 output
is obtained for row 1 or row 3 or row 4 or row 6.
Inrow 1, Ais O and B is 0 and C is O and this
corresponds to the Boolean expression A - B - C. In
row 3,AisOand Bis 1 and C is 0, i.e. the Boolean
expression in A - B - C. Similarly in rows 4 and 6,
the Boolean expressions are A-B-C and A-B - C

respectively. Hence the Boolean expression is:
Z=A-B-C+A-B-C
+A-B-C+A-B-C
The corresponding switching circuit is shown in
Fig. 59.8. The four terms are joined by or-functions,
(+), and are represented by four parallel circuits.
Each term has three elements joined by an and-

function, and is represented by three elements con-
nected in series.

——— A &—8 5 0—8 0 o0——

$—o Ae—030—e C o—i
Input Output

>5a*@ ,,Cr ]
SK%-—- o o—

Now try the following exercise

Exercise 195 Further problems on Boo-
lean algebra and switching
circuits

In Problems 1 to 4, determine the Boolean
expressions and construct truth tables for the
switching circuits given.

1. The circuit shown in Fig. 59.9

[c-(A-BJrZ.B); }
see Table 59.6, col. 4

— A o—e B o—
Input Output

-—e A 0—o B &—

Figure 59.9
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9. F-G-H+F-G-H+F-G-H+F-G-H
[G]

10. F-G-H+F-G-H+F-G-H+F-G-H
[F-H+G-H]

1. R-(P-Q+P-Q)+R-(P-Q+P-0Q)
[P-R+P-R]

12. R-(P-Q+P-Q+P-Q)+P-(Q-R+0-R)
[P+ Q-R]

59.4 De Morgan’s laws

De Morgan’s laws may be used to simplify not-
functions having two or more elements. The laws
state that:

A+B=A-B| and |[A.B=A+B

and may be verified by using a truth table (see
Problem 11). The application of de Morgan’s laws
in simplifying Boolean expressions is shown in
Problems 12 and 13.

Problem 11.

Verify that A+B=A-B
A Boolean ex@ﬂf&@“\lvenﬁe

d by
truth t W 9, col
the posgible®arrangements o‘? and
app

Column 3 is the or-function lied to columns 1
and 2 and column 4 is the not-function applied to
column 3. Columns 5 and 6 are the not-function
applied to columns 1 and 2 respectively and column
7 is the and-function applied to columns 5 and 6.

Table 59.9
1 2 3 4 5 6 7
A A+B A+B A B A-B
0 0 0 1 1 1 1
0 1 1 0 1 0 0
1 0 1 0 0 1 0
1 1 1 0 0 0 0

Since columns 4 and 7 have the same pattern of 0’s
and 1’s this verifies that A+ B =A - B.

Problem 12. Simplify the Boolean

expression (A - B) + (A + B) by using de
Morgan’s laws and the rules of Boolean
algebra.

Applying de Morgan’s law to the first term gives:

A-B=A+B=A+B sinceA=A

Applying de Morgan’s law to the second term gives:

A+B=A
(A-B)+(A+B) =@A+B)+A-B

.B=A-B
Thus,

Removing the bracket and reordering gives:
A+A-B+B
But, by rule 15, Table 59.8, A+A-B = A. It follows

thatt A+A-B=A
Problem 13. Simplify t \(
m - C) by using

expression (.
the rules of Boolean

de %@%

Applyin

Thus: A-B)+(A+B)=A+B

S
R’S to the first term gives:

fC=A-B-C=@A+B)-C
=@A+B)-C=A-C+B-C
Applying de Morgan’s law to the second term gives:
A+B-C=A+(B+C)=A+(B+C)
(A-B+C)-(A+B-C)
=A-C+B-C)-A+B+0C)

A-A-C+A-B-C+A-C-C

+ZBC+BBC+BCC
But from Table 59.8, A-A =A and C-C =B-B=0

Thus

Hence the Boolean expression becomes:
A-C +A B-C+A-B-C
-C(1+B+B)

Thus: @A-B+C)-A+B-C)=A-C
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the techniques introduced in Sections 59.3 to 59.5,
resulting in the cost of the circuit being reduced.
Any of the techniques can be used, and in this case,
the rules of Boolean algebra (see Table 59.8) are
used.

Z=A-B-C+A-B-C+A-B-C
=A-[B-C+B-C+B-C]
=A-[B-C+B(C+C)|=A-[B-C+B]J
=A-[B+B-C]=A-[B+C]

The logic circuit to give this simplified expression
is shown in Fig. 59.26.

AO—
B O——

C O—————

& H—oZ=A.(B+C)

B+C

Figure 59.26

Problem 23. Simplify the expression:
Z7—P.0-R-S+P-0-R-S+P-0-R-S
+P-Q-R-S+P-Q-R

and devise a logi

- N T
) 11 L]
|

Figure 59.27

k3 \Q
Suih
\@\bLl\:Ssthls output. E{X Q

The given expression is simplified using the Kar-
naugh map techniques introduced in Section 59.5.
Two couples are formed as shown in Fig. 59.27(a)
and the simplified expression becomes:

Z
ie Z=R

The logic circuit to produce this expression is shown
in Fig. 59.27(b).

Now try the following exercise

Exercise 199 Further problems on logic
circuits

In Problems 1 to 4, devise logic systems
to meet the requirements of the Boolean
expressions given.

1. Z=A+B-C
O{ % [See Fig. 59.28(c)]

=(A+B)-(C+D)
[See Fig. 59.28(d)]

Gtg- \é(a)]

[See Fig. 59.28(b)]

Figure 59.28

In Problems 5 to 7, simplify the expression
given in the truth table and devise a logic
circuit to meet the requirements stated.




THE SOLUTION OF SIMULTANEOUS EQUATIONS BY MATRICES AND DETERMINANTS
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Following the above procedure:

where D, is the determinant of coefficients left
when the u# column is covered up,

i) 3x—4y—-12=0 35 _21
Tx+5y—65=0 1.6 D, = }6'1 133
. X _ -y _ 1 = (3.5)(—=33) — (—21)(6.1)
W = = HREAN e
5 —65 7 —65 7 1’ 91
x Similarly, D, = ‘ -
(=4)(=6.5) — (=12)(5) — (1)(—33) — (—21)(1)
_ -y
T 3)(=6.5) — (—=12)(D) =-I2
_ 1 and = ‘ 1
3G - (—H(T
©)e) = (=00 . = (1)(6.1) — (3.5)(1) =2.6
R j— 60 —19 5y+ 84 15+ 28 Th v o_ a1
—19. S —_— ==
! 126 —12 26
ie. x_y_1 12.6
86 645 43 i.e. == 4.846 m/s
1 .
Since i=—thenx=—=2 12
86 43 43 and = ¢ = 4615 m/s\(
dsi \)
and since B | o4 s eachﬁ@ o™ significant
—y——theny———_—l.S \@gll
64.5 43 43
Problem 4. The velocity of a car, m \\ - :cntl 5. Ap %s 111;10121}1lgfffoil(l)ivvrlsl to
accelerating at uniform acceler O u ﬁ &
between two points, 1 u+ at, gq @]
where u is its Xr‘l n assmg the first ’?, O+ jI2)I; — 6+ j8)I, =5
oi tithe taken . . .
f’hev e "@ —(6+ 81 + 8+ 3 = 2+ j4)
and v = 33 m/s when 1 = S, use Solve the equations for 7, and /.
determinants to find the values of u and a,
each correct to 4 significant figures.
Following the procedure:
Substituting the given values in v = u + at gives: A O+ 12 — 6+ j8),—5=0
2l =u+3.3a @ —(6+ j&)1 + 8+ j32— 2+ j4) =0
33=u+6.1a (2) I,
| | o i) -
(i) The equations are written in the form —(6+j8) -
aix+biy+c =0, @+j3) —-2+j4
ie. u+35a-21=0 _ —I
and  u+6.1a—33=0 O+j12 =5
—(64+j8) -2+ j4)
(ii)) The solution is given by 1
w _—a_ 1 T O+ 6+ 8)
D, D, D —(6+j8) (@43




