A:|:a22 a23:|
a32 a33
Iy
a
M12 — |: 21
a31
E.Q.
(i) Let
2 5 8
A=|1 3 2
0 4 6
3 2]
Mi =1, 6
M. = 5 8]
204 6]

(b) Cofactor of an f‘\@m

a22:|
a33

oteNiet:

ement a

B30

1 2 .
“lo 6| M= =

o4
Lﬂt sa\e co
o\ 219

@er n and CH denotes cofactor of the

C, = (-1)" .M, Where M, is minor ofa,.

If A=|a? b?
a® p

A, =The cofactor of A, =(-1)""*

a
B, = The cofactor of b, =(-1)*" |

a
C, = The cofactor of b, =(-1)*"* | *

c

3

b,

b,

uk
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(il)  Adding non-zero scalar multitudes of all the elements of any row

(or columns) into the corresponding elements of any another row (or
column).

Definition:- Equivalent Matrix:

Two matrices A & B are said to be equivalent if one can be
obtained from the other by a sequence of elementary transformations. Two
equivalent matrices have the same order & the same rank. It can be
denoted by
[it can be read as A equivalent to B]

Example 4: Determine the rank of the matrix.

1
A=1
2

[op NS NV}
g N W

Solution: Sa\e .

1 2 3
0 2 -1
0 2 -1

Here two column are Identical . hence 3" order minor of A vanished
nd - 1 3
Hence 2™ order minor 0 1 =-1+0

se(A)=2

Hence the rank of the given matrix is 2.

1.5 CANONICAL FORM OR NORMAL FORM




-3
1

1
-3 1
1

2
3
1

c,-C,, C,-C,, C,—2C,

|

R, <R,

o 44 O

0 0
2 -4
-5 -10

0
—6
-1

1
3
2

R,—3R,, R,—2R,

0] [0 o
=|-6 1
1 0

0
0 0 28 0
-5

0

0

0
-1

T

C,-5C,

oo § -
<+ ¥ < o
T 4 o o
- O o o
<
— o 9
O -« o
o 9@ «
 E—
Il
o o o
o Q o
o o 7
— o o

» Ry (1)

28

R, x
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p(AD) =3
p(A) =2
.. p(AD)= p(A)
. The system is inconsistent and it has no solution.

Example 5: Discuss the consistency of

3X+y+2z2=3
2x-3y—z=-3
X+2y+z2=4

Solution: In the matrix form,

3 1 2][x] [3
2 -3 -1||y| =|-3
1 2 1|z |4

A X = D
Now we join matrices A and D

Consider N()tes

NSRS
P%e{'\1 zPa ?)

We reduce to Echelon form

R =R,
1 2 1 : 4
[AD] =|2 -3 -1 : -3
31 2 : 3
R, >R, -2R,
R, >R, -3R

12 1 : 4
[AD] = |2 7 3 : 11
0 -5 -1: 9

R, >R-ZR,
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7X+2y+10z=5
Solution:

Step (1) : In the matrix form

5 3 7 X 4
3 26 2 y| =15
7 2 10 y4 6
A X = D
Consider
5 3 7 : 4 X 4
[A:D]: 326 2 : 9 y| =15
7 2 10 : 5 y4 6
1
Rl_)gRl

1 35 7/5 1 4/5
[A:D]=]3 26 2 : 9
7 2 10 : 5 CO\)
R, > R,-3R e
R, > R,~7

X e\{N [35 0 ]%5?;11/5(:)“33{/5

1 % KoK
[A:D]=|0 121 11/ . 33/
0 O o : 0
p (AD)=2
p(A)=2
p(AD) = p(A)=2<3=Number of unknowns

The system is consistent and has infinitely many solutions.
Step (2) :- To find the solution we proceed as follows:

Let
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1 2 3

iii) A=|2 1 0] Ans : Rank =2
10 1
11 1

1v) A=|1 -1 1] Ans: Rank =2
3 1 1

2) Solve the following system of equations.
1) X +X,+X =3, X+2X,+3%, =4, X, +4X,+9x,=6

Ans:- x=2,y=12z=0.
i) 2% -%, =%, =0, % - %, =0, 2 +X, -3, =0

1
Ans:- X =X, =X;=A...... /{1].

1

iii) SX; - 3X, - 7T%,+X, =10
-X, +2X, +6x, - 3X, =-3
X, +X, +4x,-5X, =0

iii) x1+3x - 2X {) _‘
\,\ 3x = AO O
pre @a@e
iv) X, =4X,- %X, =3
3X +X, -2%, =7
2% - 3x, +x, = 10.
V) X, -4X, +7%, =8
3x, +8X, -2%, =6
7x, - 8x, +26x, = 31

*khkkkk



CHARACTERISTIC EQUATION
Let ‘A’ be a given matrix. Let A be a scalar. The equation det [A — Al] or |A — Al| = 0is called the

characteristic equation of the matrix A.
1 4
2 3)
Solution: The Characteristic equation of A is |A — AI| =0 ie. 2> — D;A+ D, =0 Where D, = Trace of A

& D, =|A|. Therefore D; =4 & D, =-5 implies that A2 — 41 —5 = 0.

1. Find the Characteristic equation of A = (

1 0 3
2. Find the Characteristic equation of A = (2 1 —1)
1 -1 1

Solution: The Characteristic equation of A is |A — AI| =0 ie., A3 — D; A2°+D;A — D; =0 Where D, =
Trace of A , D,=Sum of the minors of the major diagonal elements & D; =|A| ~D; =3 & D, =-1 &
D; = —9 implies that 2> — 312 -14+9=0.

EIGEN VALUE K
The values of A obtained from the characteristic equation IA - MI =0 11 igen Values of A.
EIGEN VECTOR

Let A be a square matrix of order ‘n’ and A mczN { wﬁo%umn vector such that AX = AX.

The non- z@*la\l/ector X a #th satisfies [A — AI]X = 0 is called eigen vector or latent

Xn
vector.
LINEARLY DEPENDENT AND INDEPENDENT EIGEN VECTOR
Let ‘A’ be the matrix whose columns are eigen vectors.
(1) If |A| = 0 then the eigen vectors are linearly dependent.
(ii) If |A| # O then the eigen vectors are linearly independent.

-2 2 -3
1. Find the eigen values and eigen vectors of A = ( 2 1 —6)
-1 -2 0

Solution: The Characteristic equation of A is [|A—AI| =0 ie, A>— D; A24+D,A—D;= 0
Where D; = Trace of A , D,=Sum of the minors of the major diagonal elements & D; =|A|



8 0 -3
=> ATt = —-43 1 17
3 0 -1

2 11
. Verify Cayley Hamilton theorem and also find A> interms of A% ,A & I of A = (0 1 0)
1 1 2

SOLUTION : The Characteristic equation of A is |A—AI|l =0 ie., A> — D; A24+D,A—D;= 0
Where D, = Trace of A , D,=Sum of the minors of the major diagonal elements & D; =|4| ~ D; =5 &
D, =7 & D; = 3 implies that > =512 +71 -3 =0

(Every square matrix satisfies its own characteristic equation is the statement of Cayley Hamilton
theorem.)

To verify CH.T we have check : A3 —5A42+74—-31=0 .......(0)

Consider LH.Sof (I): A3 —5 A% +7A —3I

14 13 13 25 20 20 14 7 7 3 00
=(0 1 0)-(0 5 0)+(0 7 0)—(0 3 0)
13 13 14 20 20 25 7 7 14 0 0 3
0 0 0 \4
N l(o 0 0) — R.H.S of (i) O \_)
0 00 e _C
Therefore C.H.T is verified. esa‘
By Cayley Hamilton theorem w?‘have m M7 }Z’P% (D),

=> A3 = [5A2—7A

3 0 0
PX 0 3
20 20 2 7 14- 0 0 3
14 13 13
=l 0 1 0
13 13 14
Premultiplying by A® on both sides of (1) we get
=> A* = [5A% —7A%2+3A'] ... ()

14 13 13 5 4 4 2 1 1
=5{0 1 O0])-7(0 1 0)J+3{0 1 O
13 13 14 4 4 5 1 1 2

41 40 40
=10 1 O
40 40 41

Premultiplying by A® on both sides of (2) we get
> A5 = [54%— 743 4347

o

10



/205 200 200 98 91 91 15 12 12
=> A =1lo 5 0o0]=-(lo 7 olJ+[0 3 o0

[\200 200 205 91 91 98 12 12 15

/122 121 121
=> A5 = 0 1 0

[\121 121 122

2 -1 2
. Verify Cayley Hamilton theorem and also find A* interms of A% ,A & I of A= (—1 2 —1)
1 -1 2

SOLUTION : The Characteristic equation of A is |A—AI| =0 ie, 23— D; A>+D,A—D;= 0
Where D, = Trace of A , D,=Sum of the minors of the major diagonal elements & D; =|4| ~ D; =6 &
D, =8 & D; = 3 implies that > — 612 +81 -3 =0

(Every square matrix satisfies its own characteristic equation is the statement of Cayley Hamilton
theorem.)

To verify CH.T we have check : A3 — 642 +84—-31=0 .......(0)

Consider LH.Sof (I): A% —6 A + 84 — 31

G5 D62 Y Ggpt
600 -0t
b AN 218

Therefore C.H.T is ver
IWC@‘?WH@&J mmm‘5%§g36ﬁ9§A2+&4 —0 ..,
6 A2 — 84 +3I.
—> A% = [64% — 842 4 34]
= 6 (6% — 84 + 31) + [—8A2 + 34]
— 2842 — 454 + 18I

7 -6 9 90 —-45 90 18 0 0
=>A* = [28|(-5 6 —-6])—|—-45 90 -—-45|+|0 18 0
5 =5 7 45 —45 90 0 0 18

124 -123 162
A* =|-95 96 123

95 =95 124

o O

2 -1 1
8. Verify the Cayley Hamilton Theorem and hence find A~ for A = (—1 2 —1)
1 -1 2
Ans: : The Characteristic equation of Ais |A — AI| =0 ie., A3 — D; A>+D,A—D; =0
11



1. A Q.F is positive definite if Dy, D3, D5 ... ... ... ... Dyare all positive i.e., D;,, > 0 for all n.
2. A Q. is negative definite if Dy, D3, Ds ... ... are all negative and D,, Dy, Dg ... ... are all positive
ie,(—1)" D, > 0 for all n.
3. A Q.F is positive semi- definite if D,, = 0 and atleast one D; = 0.
4. A Q.F is negative semi- definite if (—1)™D,, > 0 and atleast one D; = 0.
5. A Q.F is indefinite in all other cases.
1. Without reducing to canonical form find the nature of the Quadratic form x% + y* + z% —

2xy —2yz — 2xz

1 -1 -1
Solution: Matrix of the Quadratic form is A = (—1 1 —1)

-1 -1 1

. 1 1 -1 -1
Dy=1>0.,0,=|2 J|=0&Ds=|-1 1 -1]=022=4

-1 -1 1

Since D; >0, D, = 0& D; < 0. Nature of the Quadratic form is indefinite.

2. Reduce the quadratic form x?+ y*+z?—2xy—2yz—2xz to canonit#l form using

orthogonal transformation also find its nature, rank , index & sgétuﬁo .
.

wcz{ex 7\ 1 -1 -1
rix form of dratic form I her - -
Matrix form of Quadratic fo ‘§6 ) Whe eX{}Z/Ez a_i _11 11)

The Ch Xe\} on ofAia |5% O

ie, A3 +D,A—D; X0

Solution: Quadratic form=  x2 + y? + z% — 2xy —

-

Where D; = Trace of A , D,=Sum of the minors of the major diagonal elements & D5 =|A|
~D;=3& D, =0 & D; = —4 impliesthat 3> —3 12 +4 =0.
~ The eigen values of the matrix A are -1,2 & 2.

To find Eigen vector : By the definition we have AX=AX ie, (A—-ADX=0

1-12 -1 -1 X1 0
= -1 1-12 -1 X2 |=10] - (2)
-1 -1 1-A1/ \X3 0
CASE (I) : When A=-1, Substituting in (2) we get
2x1 - xz - x3 = 0

—X1+ 2%, —x3=0

—xl—x2+2x3:0

18



Signature of the Q.F (s) =2p-r=2.

Reduce the quadratic form 6 x* +3y? +3z% —4xy —2yz+4xz  to canonical form using
orthogonal transformation also find its nature, rank , index & signature.

Solution: Quadratic form= 6 x% + 3y? + 3z% — 4xy — 2yz + 4xz

x 6 -2 2
Matrix form of Quadratic form = XTAX — (1) where X =<y> &A= (—2 3 —1)
z 2 -1 3

The Characteristic equation of A is |A — AI| =0

ie, —D; A>+D,A—D;= 0

Where D; = Trace of A , D,=Sum of the minors of the major diagonal elements & D; =|A]|

~D;=12 & D, =36 & D; = 32 implies that 23> — 12 12 + 361 —32 =0.

~ The eigen values of the matrix A are 8,2 & 2.

To find eigen vector : By the definition we have AX=AX e, (A—ADX=0

6—1 —2 2\ /%1 0
:>(—2 5 _1)(»@):(0)%(2)
2 ~1 3-M \x3 0 \)\4

CASE (I) : When A=8, Substituting in (2) we get
—2%1 — 2%, + 2x3 =0

—2x1— 5%, —x3 =0 O“
2x1—x2—5x3‘=0\|\l "(OmN

e o) 2
smvin@lﬁg@&! }mltiplicPlag@i X oBof =>1f A =8 thenX, = (—1)
1

CASE(ii) : When A=2, Substituting in (2) we get
4x; — 2x, +2x3 =0

—2%1+x, —x3=0

2x1 — X3+ x3 =0

We have only one equation 2x; —x, +x3 =0 with three unknowns, let x, = 2x; + x3

0
ifx; =0,x3=1thenx, =1 => If 4, =2 then X, =<1)

1
a
CASE(ii) : When A=2, Let X3 = <b> From orthogonal transformation we know that X;, X,& X3
c

must be mutually perpendicular to each other. => X;.X,” =0 , X,. X" =0 & X3.X," =0
2a—b+c=0

22



1 _1 2 L
VZ VZ 2 2 0 vz N 0 0 O
NTAN=|l0 0 -1]{2 2 0])|_L 1 ]={0 1 0)=D
~— L o /\0o 0 1/\72 2/ N0 0 4
V2 2 0 -1 0
Let X =NY be an orthogonal transformation which changes the quadratic form to canonical form.
1
where Y = | V2 Substituting X = NY in (1) we get
V3
QF =XTAX
=[(NY)TA(NY)]
=YTINTAN]Y
=YTDY

0 0 O V1
=1 Y2 Y3)|0 1 0 Y2
0 0 4 V3

Q.F =0y;% + y,% + 4y32 which is the canonical form of the quadratic form

Nature of the Q.F = Positive semi definite

Rank of the Q.F (r) =2 \A
Index of the Q.F (p) =2 e. CO \-)
Signature of the Q.F (s) =2p-r=2. tesa\

Reduce the quadratlc {angw-p 5 b& ZZ’L 2xz  to canonical form using
orthogonal tr, ?‘ ' Iso find nk , index & signature.
Solutlo Q{a fatic form = + 3z%2 — 2xy — 2yz + 2xz

x 3 -1 1
Matrix form of Quadratic form = XTAX - (1) where X =<y> &A= (—1 5 —1)
z 1 -1 3

The Characteristic equation of A is |4 — Al| =

ie, >—D; A>+D,A—D;= 0

Where D; = Trace of A , D,=Sum of the minors of the major diagonal elements & D; =|A]|

~D;=11 & D, =36 & D3 = 36 implies that 13> — 11 12+ 361 —36 =0.

~ The eigen values of the matrix A are 2, 3 & 6.

To find eigen vector : By the definition we have AX =A4X ie, (A—-ANX=0

3-4 -1 1 X1 0
= -1 5-14 -1 X21=10] = (2)
1 -1 3-A1/ \X3 0
CASE (I) : When A=2, Substituting in (2) we get

25
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Z =x+iy is called a complex number, where i =+v-1and x,yeR and

Z =x—1iy iscalled a conjugate of the complex number Z

Let A be a mxn matrix having complex numbers as its elements, then the
matrix is called a complex matrix.

Conjugate of a Matrix:

The matrix of order mxn is obtained by replacing the elements by their
corresponding conjugate elements, is called conjugate of a matrix. It is
denoted by A

2-3i 1-i 3 ‘

Fore.g. A=| . .
2i+1 2 2i-3

2431 1+i 3
-2i+1 2 =2i-3

Properties of conjugate of matrix:

W (A=A
2) A+B-A+B CO'
3) (AB)=AB GBESES\ .

\
Conjugate Transpo_ie-( Om NO “ 2’( 8

Transpgs @\N conjugate @trqA?D calfed conjugate transpose. It is
P Ve@ea by A P ag
1+i i 1

Fore.g. A=

3 i+2 3i—2‘
1—i 3
‘thenAQ: i —i+2
1 -3i-2

3 —i+2 -3i-2

Properties of Transpose of Conjugate of a matrix:
1) (A7) =A

2) (A+B) =A’+B’
(3) (AB) =B°.A°

Hermitian matrix:
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2i 1+i 2-2i
= i-1 -2 B+i
-2-2i -5-i 0
L L 2i 1+i 2-2i
Z(A-A%)==| i-1 -2 5+il...... AV
2( ) - (IV)

-2-2i -5-i 0
Now, A=B+iC
4 1-i 4-4i 2i 1+i 2-2i
A:%-i+1 2 -1 +% i1 2 5+
4+4i —-i-1 10 -2-2i -5-i 0
Example 14:

1 1
Prove that the matrix, A= —\%‘ . JJ
_| i

souion: o VK
LetA:%Lli _IJ esa\e .C

it WO o
A =—{ L eeo of 27
pwa%ﬁﬂga@e77
:%R:i;:J
'%@ZHE ﬂ:'

Check Your Progress:

(1)  Show that the following matrices are Skew —Hermitian.

2i 2 -3 4 1+i 2+2i
()A=| -2 4i -6 (i)A=| i-1 i  5i
3 6 0 2-2i -5i 3i

(2)  Show that the following matrices are Unitary matrices.
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() A= 111 1+i (i)
- Bli-1
1+i —1+i
Azi _+| +_|
2(1+1 1-i
(3) If A is Hermitian matrix, then show that iA is Skew- Hermitian
matrix.

4.8 LET US SUM UP

In this chapter we have learn

<> Cayley Hamilton theorem & it application like Higher power of
matrix & Inverse of matrix.

Minimal .polynomial & derogatory & non-derogatory matrix.
Complex matrix.

*
0.0

3

%

3

%

Hermitian matrix. i.e A= A°
Skew Hermitian matrix. i.e A’ = —A

Unitary matrix= AA® =1. \A
~a-l

4.9 UNIT END EXERCISE \e . .UY’

‘30“ y
1. Show that the given matrix N@a charga(e%ms equation.

A £ 2
prev'® o8 e

*
0.0

*
0.0

i) A=
1 3 7
iii) A=14 2 3
1 21
2. Using Cayley Hermitian theorem find inverse of the matrix A.
2 -1 1
i) A=-1 2 -1
1 -1 2
1 1 3
i) A=1 3 -3
2 -4 4




= cos (%) Let (=X ) (e 2t
—cos(;).ye +cos(y) (—yz)Zt —cos( )(tz t3)
5. If z be a function of x and y and u and v are other two variables, such that

u = lx + my, v = ly — mx show that %+Z—_(lz+m2)( 312;2)

Solution: z may be represented as the function of u,v
0z 0z0u 0z0v 0z

0z
ox " ouox Tavox aul T ™

=l E (12 m ) (12 -m ) =2l am i m2 2

ax2  ax dx u EANED Jud 2
Similarly

9%z 5 0%z 5 0%z

Iz m Tz + 2lm + l-— 37

— 9z E_ 2 g2y (92 9%
(1)+(2)_> 6x2+6y2_(l +m)(6u2+6172)
2
6. If z=f(x,y), Where x = u* — v?, y = 2uv, PTZZ+ > = 4(u? +v2)( +2z

Ans: Here Z is a composite function of u and v
dz dz 0x az dy

Hence azaai-aa .................................... eeo ‘\)

0z _ 0z dx dz dy

and 92=029x %20y X Sa\ ..... ")
v dxdv  dydv Ote
Now 2 = 2u a—x— @XX)w—y =6v‘ 278

ébué\ﬂ_z 1)&6é

=—2 +Zoxl MDD 3)

) ) )
Nowa(z) = (Zu Pl 2v 5) (2)

TN 2 2
Which implies = (Zu a+2v E) ................. 4)
(3)x(4) We get
azz_a<az>_<2 a+2 a><az2 +az2>
9wz ou\ow)  \“" ox ”ay ax Y dy v
2z _ 429 2 8%z 0%z
o = Aut S+ 4 6y2+8 By (A)
Similar] (22 = g2 T2 42 T2 gy O B
imilarly we ge = 4u”—— azz DUV G (B)
3%z 3%z 3%z
(A)+(B) Gives PYE +m=4u2§+4vza—ﬂ+4uza—ﬂ+4v2@

(1)
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ar . 2\ _
— ax—O, 8yz+/1(a2)—0 (3)
of 9¢ _ . 2N\
Tiag=o 8xz+1(2) =0 (4)
of 99 _ A, 22\ _
Liat=o; 8xy+/1(cz)—0 (5)

Solve the equation

(3)x+ (4)y+(5)z =

24xyz+2/1( + + ) 0 => A=-12xyz

Putin (3) => 8yz — 12xyz (2—’;) =0=>x= %
C

- b
Similarly, y = \/—g,z =5

8abc

N

4. Find the dimensions of the rectangular box without a top of maximum capacity, whose surface is 108 sq. cm

Putin (2) . Maxvolume =

Solution: Given Surface area

0, y,2) = xy + 2xz + 2yz =108 mmmmmmmememee- (1)
Thevolumeis f(x,y,z) = xyz = ==m=—mmmmmmmmeee (2) \(
At the max point or min point CO -u

ar g e‘

a+/1:—x=o yz+Ay+22)=0 e -(-j-{esa(\)%

+/1 ?=0; xz+/1(x+2§ ------------ ‘ 2()
1459

+/1

sw@ t @tlon P ag

(3)x- (4)y =>
AQRzx —2zy)=0 => x=y
(3)x-(5)z=>
y(x—2z)=0 => Z=§
Putin (1)xy +2xz 4+ 2yz=108=>x =6
~y=6,2=3
= The dimension of the box, having max capacity is Length=6cm, Breadth = 6cm, Height = 3cm.
5. The temperature T at any point (x, y, z) in space is T = 400xyzZ. Find the highest temperature on the surface of
the unit sphere x> + y? + z2 =1

Solution: @(x,y,2) =x%2 +y2 +2%2—1 = —mmmmmmmmmeeeee (1)

R T 0 22— 2)

At the max point or min point
98



>raf (Y,
dA* ou’ | dAdu

= At(1,-1) the function f(A, pt) has min imum.

ie., At(1,—1), PO’ has min imum which gives the shortest length
At(1,-1), PO*=17+41+32-66-114+99
=9
.. Shortest length = PQ = J9=3

10. Find the min imumvalue of x* + y* + z* subject to the condition—+—+— = 1

X y z
Solution

Let f=x>+y"+2°
1 1 1
g=—+—+—-1
X y z

Let the auxillary function'F'be

F(x,y,z)z(x2+y2+22)+/1[l+l+l—1] (D)
X y z
By Lagranges method thevalues of x,y,z for which' f 'is minim

K
o L(é 0@@1-\)
y the followzngeqa:ons , te
a—x:O :>2x——=O:>—=x3mNO " 2(7(%
e '322 O .03
:> 22——: 9

(4
a_F _ 1 1

(5
X y z

2
T .(6)

Substituting (6)in(5) we get
3

=1orx=3
X
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=2(\n /2) =\n

15




:>6’=O(0r)6’+£=7r—Z :>9:7z—2—ﬂ:7z_£:£
4 4 4 2 2
—0=00r)0=2
2
x/4 asin@ /2 r2 asing a2 /2
.. The required area = I Irdrd@ = I [—] = — |lsin* @ — (1+cos’ & —2cos 9)0/9
0 a(l-cos®) 0 a(l-cosO) 2 0
az /2 2| w2
- Ism 6 —cos” 6 — 1+2cos9)d9—— Il cos2<9—cos2<9—1+2cos<9)d<9
2 0 0

[

o-_,i

2 /2
2cos9 2 cos? 9)d9 = %.2 I cos @ —cos’ 9)d9
0

M /2
21— J~ £1+c;s29jd9}

0

-4
2

[

B /2
= a’|(sin@);"” - Icoszé’a’@}

0

= az_l—l g+ 20 mﬂ (=, \)\‘
2] e 00

S

o |
=a_1—£} “(4 7) N()te‘ 2/(8

6.Find by double in {f\@w "rea enclosw&—l%gc Q:s y* = 4ax and x* =4ay
Ans: y Pl(xe 4ay (2)

Sub (1) in (2) we get

S

4 = 4ay

16 = 4ay > y* = 64ady

y* — 64a3y =0= y(y®*—-64a%®)=0
y=0or y>—64a3=0 = y3=64a3 = y=164a3= y=4a
If y=0 =x=0;, y=4a=x=4a
Therefore the point of intersection of (1)&(2) is (0,0) and (4a,4a)

2
x Varies from 0 to4a and y varies fromz—a to 2vax

The required Area f fzm dydx = f:a[}’]y:iﬁ dx = f04a[2 vax = Z_a] dx

4a
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dV = p*sinpdpdfdy
dxdydz = |]|dpdedo

ox dx Ox
o 9 00
_ O&xyz) _ |9y dy 9y
]_a(p,<p,9)_ dp OJde 00
0z 90z 0z
o o9 6
singpcos@ pcospcosfd —psingsing
=|sing@sinf pcosesind  psingpcosO
cosQ —psing 0
=p?sing

Hence dV = dxdydz = p?sinpdpdpdd

Therefore the integral will become,

I”f[x,y,z]ldff':]-;-[f]-z,az 51t & f[psin:;?cosé',psin msinﬂ,pcosm}dpdﬂd@
®

PROBLEMS BASED ON TRIPLE INTEGRATION \)\A
PART — A

L Evaluate: foa f(f foc(x +y+z)dzdydx Notesa;\( 8-

Solution: LetI= [ f xZ\N' '&%W\
PYeN'E a0 7 ) e

[l
0\9
AN
o
(9}
=
+

(%)
N|@
[N
+
|<‘3
|~
o
N——
QU
s

abc
ZT(a+b+c)
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X varies from 0 to a

Y varies from 0 to b(l - g)

Z varies from o to c(l - g — %)

Required Volume = [ dzdydx
= fafb(l_g) fc(l_g‘%) dzdydx
e I 2 v
y? b(l_g)
gl
e (-2 -5 e

S RS IACENC
:ﬂl@r :aTbc

2 -3

4. Find the volume of the sphere x*+y*+z’=a’ using triple integral. p u\(

Solution: Required Volume = 8 x volume in the positive octant = ‘

Limits of integration are: Ote
Z varies from 0 to y/a2 — x2 = % N .‘ 2’( %

e e 1

Volume = 8 f Jy At Js @ Xz_yz dzdydx =8| Oa 1) ()\/az_Xz(z)z)/az_xz_y2 dydx
=38 foa J az_xz,/a2 — x% — y2 dydx
2 2 a?—x? . o_1_Y atoxt
—8f [ a2 —x? —y? + sin m]o dx

3

sin™1(1)dx —an a? — x2 dx=2n|aZx - = )
3o

=8 f (
= 2n[2a3] = 4nTa3w.units

5. Find the Volume of the elllpsmd + + 1

Solution: Required Volume = 8 x Volume in the first octant

Limits of Integration are:

123
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DIFFERENTIAL EQUATIONS

UNIT STRUCTURE

6.1 Objective
6.2 Introduction
6.3  Differential Equation

6.4  Formation of differential equation
6.5 Let Us Sum Up
6.6  Unit End Exercise

6.1 OBJECTIVE

After going through this chapter you will able to

i. Define differential equation \A
ii. Order & degree of f@

iii.equaItion ‘\F{)r}n\ knérg@e\eﬁal equation
6.2 INTRODUC AN T%

‘@e\Neady le r tral equation in X1t Hence we
P(r@ to d @ ial equation in brief. In this chapter we

discuss onIy for differential equation.

6.3 DIFFERENTIAL EQUATION

Definition:-

An equation involving independent and dependent variables and the
differential coefficients or differentials is called a differential equation.

dy
g 1 —=
*9 dx
x=independent variable
y= depedent variable
2 d ay +2— dy +y=0
dx®> dx
3 4y

dx"



104

These are all examples of differential equations.

The differential equation is said to be ordinary if it contains only one
independent variable. All the examples of above are of ordinary
differential equations.

Order and Degree of a Differential Equations:-
(i) Order:-

The order of the differential equations is the order of the highest orderal
derivatives present in the function or equation.

If y =f (x) is a function, then

j—y is the first order derivative,
X

2
d—)zl = i[ﬂj is the second order derivative.
dx dx \ dx

d’y dy

egl) —+2— =0

91) dx? " dx Y
Order=2

di
2)E=Ri+L — \)\4
d ( )
Order=1 t \ C

Degree:- S_
The degree of dlfferentlal egree rri est ordered
derivative in the eq mls ma Isand fractions.

A0

order =2, degree =
2 2
2 WY (ﬂj 1Y =0
dx dx
Order =2, degree =1
dy 1
3 = | = [X+—
! (dxj Tay
dx
Order=1, degree=2

F [dy

dx? dx

L
dx2 ) \dx

Cubing both sides
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-dt+c

aZ
" x=Idt +It2 7
1 t—a
x=t+a*-—-lo —j+c
23 g[t+a

t—-a
" x-t+§ Iog[ j+c

t+a
t=x-y
© x=xy+ Sog) 22Y 78 ¢
2 X—y+a

y=2log| 2Z2¥=2 |4 ¢
2 X—y-+a
This is the required general solution

Example 7: Solve % =cos(x+Y)

%:cos(x+ y)-———————- @

Put X+y=t O ‘\.)
Differentiating above with respect to x, we get a\e C
ole>

" di dt N
PIs \’Vé\%g;e 74 %

) ——1 cost
dx

Solution: We have

" ﬂ =1+cost
dx

1 dt—dx
1+ cost
1 Gt —dx
2cosz'f2

This is invariable separable form,
Integrating we get

g J.;-dt :jdx+constant
2cos? t2

1 2t _
.E-Isec 2-dt—x+c
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Substitute % =V
S Y=EVX
Differentiating above with respect to x, we get
d dv
" d—){ =V+X- i

But the above equation can be written as

g X-cosl—[i-sinljwosy} dy:O
X X Ly X X ) dx

(v (vex g
. V COSV-| —-sinv+cosV |-| V+Xx-—= |=0
\Y; dx

By rearranging the terms, we have

sinv +VvCcosV
<0X = ——dv
vsinv
sinv+VvCcosv
-OX + ——— dv=0
vsinv

This is in variable separable form

X |~ X |k

Integrating we get, \e _CO ’

So
e f'“t:.mmw
o0 L £ 919

This is the required general solution

Check Your Progress:
Solve the following

1) ﬂﬂg% _y Ans : log cx=e%
dx X

2) [1+e/yj+e/y[ yj dy =0 Ans:Xx+y- e —¢

dx

uk
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g I(Sx“+6x2y2 -8xy” Jdx +I(—5y“)-dy =c

x° e y
- SN > _g3 X g Y .
B Yy 3 y 9 5
X5+ 2x3y? — AxPy —y® =c

This is the required general solution

3.,2

Example 16: Solve dy __4x 4)’ + Y COS Xy
dx  2x"y+xcosxy

Solution:
The given equation is
dy  4x°y’+ycosxy

dx 2x*y + xcos xy
(4x3‘y2 +ycos xy) dx +(2x4 +Yycos xy) dy =0........... ()
Comparing with Mdx+Ndy=0; we have

M = 4x°y* + ycos xy
N = 2x*y + Xcos xy

.M i(4x3y2 +ycosxy) \e .
2y oy Sa
M _8x y® +Cos %\;D“e_‘
( ?@(\NjL 'y‘cgs xy %5 O
P —8xy +C xy %mxy

' o”M _ON

: ﬁ_y =

Hence differential equation (1) is exact
Its solution is given by

IMin (treat y constant)dx +I N (terms free from x)-dy =c
(4x°y* +ycos xy) dx +Iody =c

4yzjx3dx+ yjcos Xy =C

4y2‘x_“+ysinxy _
4
x*y? +sinxy=c
This is the required general solution
Example 17: Solve (x—2e”)dy+(y+xsinx)dx =0
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7.5 LET US SUM UP

In this chapter we have learn

% solution of D.E:- general solution, particular solution
¢+ variable separable form:- dx

cf(x)dx=¢f (y)dy+c

«  Equations reducible to variable separable form.

+  Homogeneous differential equation i.e ] = )
dx  g(xy)

With substituting Y=YX.

7.6 UNIT END EXERCISE

Solve the following differential equation.
dy _ sinx+ xcosx
dx Y(1+2logu)

o s\e.CO v

—+x* =x%%y
X

2x Cosy dx - (1+x* )si ﬁ)\ NO‘G

u+%?¢d'f{() qa ()ﬁ QEY?S

\?ve" a0l >

Vii.

viii.

Xi.

Xii.

Xiii.

= sin(x+ y)+cos(x+Y)

d
dy_e/+V
dy _

» (Ax+y+1)

dy _y/ (Y

&—A"‘Slﬂ(&)

d

o= (kY1)

dy .y y

&—1+4—C084

00 +y) =y
dx

2
[4-y—2]dx+ﬂdy=0
X X
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The first order and first degree linear -
Differential equation is of the type

d
—y+py Q
d x

Where y is dependent variable and x is independent variable. and p& Q
are functions of x only. (may be constant )

The above differential equation is known as Leibnitz’s linear differential
equation.

Working Rule:

1) Consider linear differential equation.

dy
dx ——+py=Q

Where P and Q are function of x or constants only
Its integrating factor is given by

l.F. = eI
Its solution is given by

y- (1F)=[Q-(1F.)dx+c u\(
Where c is arbitrary constant. a\e CO :
2) For linear differential equation
d Otes

pdx

Where P a "‘u tions @n@i 2
%e“**" Page 25

Its solution is glven by
X- (IF)_IQ (IF) dy +c

Where c is arbitrary constant.
Solved Examples:-

Example 4: Solve (x+1) j_z_ y=e"(x +1)2
Solution: The given equation is
dy X 2
1) ZL—y= 1
(x+1) Ve (x+1)

Dividing throughout by (x+1) we have

dy 1
L= : L) 1
dx (x+1) y=e" (x+1) g
This is of the type
dy
C x +py=Q

Hence equation (1) is linear differential equation.
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ii) ﬂ—xs cos® y =—xsin 2y
dx

Hint ﬂ+ X sin2y = x* cos’ y
dx
+ through out by cos’y

IF =¢*
2tany = x* —1+¢,-e ©

8.6 LET US SUM UP

In this chapter we have learned

*

<> Integrating factor for non-exact equation.

*

<> Using integrating factor find the solution of non-exact equation.

<> Using integrating factor find the solution of linear differential
equation.

*

<> Bernoulli’s equation.

8.7 UNIT END EXERCISE

Solve the following D.E:

. 4x 1 \)
i. % (x2 +1) (x2+1)3 Sa\e ‘CO .

ii. d—i+x y=x° NO‘G ’(%
dy (- 2x)&¥10 % O—‘ 2

g( e\ﬁg Yalx = %

(x* +y
(4xy +3y” - X)dx+x(x+2y)dy =0
vii. (x> +y? )dx- (x> +xy )dy=0
viii. y(1+xy)dx+(1-xy )xdy=0
iX. (2y* +4x*y)dx+(4xy+3x* )dy=0
X. ] + (cotx)y = Cosx
dx
Xi. ﬂ+ysecx:tanx
X
Xii. (1+x) +2xy 4x*=0
Xiii. (1+x) +y e 'x
: dy y
XIv. — =1-vX
ax (1—x)Vx W
XV. Sec x dy = (y + Sin x)dx

XVi. (ylog x-1)y dx=xdy



XVili.

XViii.

XiX.

XX.

ol
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ﬂ+xy: x’y®

dx

dy xy

-+ =

dx 1-x° xy%

y - Cosx % = y?(1- Sinx)Cosx

y dx+x(1-3x*y? )dy=0
*hkhkx

APPLICATIONS OF DIFFERENTIAL
EQUATIONS

UNIT STRUCTURE

9.1  Objective

9.2 Introduction

9.3  Geometrical

9.4  Physical Application

95  Simple Elecw@m
9.6 aw of Coolin

9.1 OBJECTIVE

After going through this chapter you will able to

*

<> Use differential equation to find the equation of any curve.

*

<> Use differential equation physics like projectile motion, S HM’S,
Rectilinear motion, Newton’s law of cooling.

*

<> Use differential equation in electric circuits.

9.2 INTRODUCTION

In previous chapter we have learn to solve differential equations.
We differ type. Now here we are going use differential equation in
different field its useful to geometrical, physical, and electronic circuits,
civil engineering and so on we are going to discuss few application of
differential equation.



E:L-ﬂ+R|
dt
Lﬂ+Ri:E
dt
dt L L
Which is a linear equation in i .
. p=R . o-E
' L L
LF.=el™
_e%dt
R4
ILF.=et

". The general solution is given by
i.(IF)= IQ (IF )-dt + constant

R

oL § &@56-\
foM-Es05

\hpliosem on
PSSy

:—+C
R
_ E

R
*. Equation (2) becomes

R
L

-t

o|m o|m

. E
1 — —_—
R

D

_R.
i [1—e L ‘j—> (3)
This is the expression for i at any time t.

-t . . R
increases and its maximum

|

Now as t increases decreases e
. E
value is —
R

Step (2)
Let the current in the circuit be half its theoretical maximum after a
time T seconds then.



ORDINARY DIFFERENTIAL EQUATIONS
Higher order differential equations with constant coefficients — Method of variation of
parameters — Cauchy’s and Legendre’s linear equations — Simultaneous first order
linear equations with constant coefficients.
The study of a differential equation in applied mathematics consists of three phases.
(1) Formation of differential equation from the given physical situation, called
modeling.
(i1) Solutions of this differential equation, evaluating the arbitrary constants

from the given conditions, and
(ii1)  Physical interpretation of the solution.

HIGHER ORDER LINEAR DIFFERENTIAL EQUATIONS WITH
CONSTANT COEFFICIENTS.

General form of a linear differential equation of the nth order Wl@@@\‘)\k

coefficients is
a\©
. )\
d +K6cll +Kd mN 0{2’(% .......... (1)

d n
Where K, I{ e ‘ ﬁre consthQZA
aXsymbol D stan@(agperatlon of differential
dy 2y 3

. . d d’y
i.e.,) Dy = —, similarly D?y = ,D’y = ,etc...
(i.e.) Dy dx yaey dx? Y dx’

The equation (1) above can be written in the symbolic form

(D"+K,D"" +.......... +K )y=X ie,f(Dy=X
Where f(D)=D"+K D" +.......... +K,
Note
L Lx= j Xdx

D
2. L X = e‘”‘le_‘”‘dx

D-a

1 _

3. X =e ”ije"de

D+a

(1) The general form of the differential equation of second order is



9. Find the particular integral of (D +1)y = sin 2xsin x

Solution: Given (D*+1)y = sin 2xsin x

=- % (cos 3x—cos x)

1
= —Ecos3x +—cosx

PI, = % —lcos3x
D +1[ 2

1

— cos3x
2-9+1

1
=—cos3x
16

PI, = 21 l(:osx
D™ +1[2

_1 COsx
2-1+1

= —chosx
2 2D

= iJ.cos xdx a\e .
34 e
e oM 0 5t 218
UP.I= sin x ‘2
P &%s based 0@ &g +cos ax(or)e “ +cosax

10. Solve (D°—4D +4)y = > +cos2x
Solution: Given (D°—4D +4)y = e** +cos2x

The Auxiliary equation is m*—4m +4 =0

(m-2)* =
m=2,2
C.F=(Ax+B)e =
P11=-———L———e“
D —-4D +4
— 1 2x
4-8+4
:lezx
0
— l 2x
2D -4



2

“(+)

1
}(D2+2D+1

1

)(cos x)

) (cos x)

=|XxX— 2
i D+1}(—1+2D+1

—_x— 2 }sinx
D+1] 2

xsinx

2
xsinx _ sinx

2 D+1
_ xsinx _(D—l)sinx
2 D’ -1
xXsinx _cosx —sinx
2 2

The solution is y = (4 + Bx)e "+ xsinx

CcoSx —sinx
+

17. Solve (D” +1)y =sin” x
Solution: A.E : m?+1=0
m==;
C.F=A cosx +B sinx

Sll’l x

2

e\,\e Y‘—coszx? 3A_ O"

Py

2D+1

5 ———C0S2x
D +1

= l 1+10052x
2 3

11
=—+—cos2x
2 6
. 1,1
Uy = A cosx +B sinx +E+gcos2x

2

18. Solve Z Z—y :xsinx+(1+x)e"
X

Solution: A.E:m?*-1=0

m==1
CF=Ae ™" +Be”
P.Il=;(xV):[x &}L( )
f(D) f(D) | f(D)

11



dx

_ J- sin 2xsec2x
2

= —ljsian

dx
coSs2x

_ _J- 2sm2x

coS2x

——10 cos2x
2 g( )

X

= | ——7—d

< J.fifZ_Jplf2 ’

_ Icos2xsech
2

= %J‘cos2x

= %de

=—X

2
P.I = Pf,+0f,

dx

dx

cos2x

1 1
= —log(cos2x)(cos2x) + —xsm2x
 log(eos2x) (cos2x) \ cO-

2. Solve by the method of Varam pMers m’(:%n x

Solution: The rn"
preV's, e oal® 3%37

Here f1 = cosx =sinx

f, =-sinx f2 = Ccos X

fifo = fif, =cos’ x +sin” x =1

fz
I f1f2d

J- sin x(x sin x)

= —Ixsm xdx
_ _J- (1—cos2x)
g 2

= —%I(x —xcost)dx

dx

- _%.[xdx +%.[xcos2xdx

14

uk
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6. Solve (D2 +a’ )y = tan ax by the method of variation of parameters.
Solution: Given (D2 +a’ )y = tan ax
The AEis m* +a* =0
m = *ai
C.F= ¢, cosax +c,sinax
f, =cosax, f, =sinax
f, =—asinx, f, =acosax
fifs = fof, =acosaxcosax —sin ax(—asin ax)
= acos’ ax +asin’ ax
= a(cos’ ax +sin” ax)
=a

P1= Pf, +0f,

X
i

J- sin ax tan ax

—dx

et s\e CO uk

llcosaxd

irteom ) NO“” (218
\9(6‘*"? e }

-1 log(sec ax + tan ax) —sinax
a2

= Lz [sin ax — log(sec ax +tan ax)]
a

X
= | ——7—d
? jflfz_flfz )

_ J- cosax tan ax

dx

a
= l J. sin axdx
a

1
= —— cosax

a
0PI =Pf, +0f,

= Lz cos ax[sin ax — log(sec ax + tan ax)] - iz sin ax[cos ax]
a a
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(D> =)y =25t 3)
m*=1=0,m=%1
C.F=Ae'+Be”
pa=-2-300 =) 0L gy,
D* -1 “1-1

y= Ae'+Be ™'+ sint
(2) : x=cost -D(y)

d _ )
X = cost —E(Ae’ + Be™ +smt)

X = cost — Ae' + Be™" —cost
x=—Ae' +Be™

Now using the conditions given, we can find A and B
t=0,x=1=1=-4+B
t=0,y=0=>0=4+8B

B= l’A= —l
2 2
Solution is
x=—e' +—e” =cosht
1,1 CO \-)
y=-——¢e' +—¢ ' +sint =sinf —sinhz

20 2 \e .
eS
3. Solve—+2y W &co(st) _‘ 2’(%

e 0a0 9
P (1) x2+ (Z%Q?D y ==2sint + D(cost)

= (D2 +4): —3sint
m*>+4=0,m=%i2
C.F= Acos2t+ Bsin2t

PI=— 3§1nt _—3smt ~ gins
D" +4 -1+4

y= Acos2t+ Bsin2t-sin t
(2):x= %[Dy—cost]

= l i(AcosZt+Bsin2t—sint)—c0st
2| dt

X = A cos2t +Bsin2t — cost
Solution is :

X = A cos2t +Bsin2t — cost
y= Acos2t+ Bsin2t-sin t



Define function of class A.

Solution : A function which i scctionally continuous over any finite
interval and is of exponential order is known as a [unction of class A.

4 Important Result

(1) Lt = § where 5 > 0
1
@ L") = = where n = 0, 1, 2, ..
5
(3) L") = 1“::11 where n 1s not a integer.
s
@) L") = 5_1.3 where s >a or s—a > 0
(5) L™ = 3_1“ where s +a > 0 \(
(6) Lfsinat] = 2“ 3 where 5 = 0 \e CO .
D Sa

0t W\No‘e‘ 718
PN ﬁ

(9) Ljcosh af 5 where > a

T'—ﬂ

(10) Liaf (1) £bg (1)] = a@ L [f(1)] £b L{g(f)] [Lincarity property]

Note ! (1) & =1+ =+

[1

="

m



Result (2) : Prove that L [{"] =

Proof : We know that

Lir 0]

L{f"}

ie, L["]
Similarly L{f""1)

L[fn —2]

Result (3) Prove

Proof : We know that

e Stfyar

Shaa ¥

e St ar

il

that L{f"] =
S

=

Fn+l
n-+1

n!

[l'l e 0, 1’ 2, "']

Sn+l.

o ~st
frale”

0 —5

®  —st

S E&—neta
0 5
e—-sttn—ld{

..............

8

[~}

L@l = f e rya

L[tn] = f e“Slll‘l dt
o

where » is not a integer.



Put st = x ast+0 = x-»0
sdt = dx as [+ ® 2 X —» o

I
sk
8
%,
4]
)
o
&

' Ty T -x
ie, L] = Sn-:ll ‘ I {xn-e dx = T4l

when n is a positive integer.

weget [y = n!

te] - 2

y uKk
il. PROBLEMS BASED ON TRA w‘q@&mnsmmv

FUNCTIONS - BASIC R 27 %

Example 1
mﬂ:\e .gg.l [wc know that]
_!..._ 1

Ly = 3

Example 2 Find L[}

Solution : We know that L [*] = ——

6
= {'33 3+1 =3
Example 3 Find L{vi]

' T
Solution : We know that Lff'}] = —221

3” +1

I
Livi] = L ,,‘;’I .



00 o
L[eat] =Je tdt = [ ety
0 0
®
_ e—(s—-a)l _ [e—(s-a)t] 0
=@ =a)|, s—a 0
=.—~—[O—1] —-—~—wherc.s'-a>0

Example 6. Find the value L [e"‘]

Solution : We know that
1
s—a
1

L[e3t] = E_:E

L") =

Example 7 Find L [e*'9)
Soluation :

1

WKT L[] = ppmy

Lj eSt+S] — 3: 5]

\N.,i

’mﬂf‘

?"l@e\,\gﬂ dPL cAC 2

Solution : WXKT  Lie"]

Example 9 Find L [2Y]

wKT. L[ = ;

L2 =

=
|fb
[-5]
i~
el
1l
~
3
0
~*
—




Example 15 Prove that L {[cos at] = 3 8 3 and L [sin at] = 2 )
s+ a s  +a
Solution : By Euler’s theorem
€™ = cosx +isinx
e = cosat + isinat
L[} = Ljcosat + isinat)
= L{cos at] + i L{sin at]
Llcos af] + i Lsin arf] = Lle'?Y]
_ 1
5 —ia
_ 1 s +ia
s —ia s+ ia
s +ia
52 + a°
Equating real & Imaginary parts we get

Licos ar] =

“Qos
e 79

cos b L [cos at} — sin b L [sin at]

b — sin at sin b}

- ] e [
_ scdsb —asinb
32 + az
"Example 17 Find L [sin®2¢]
Solution : L[sin®2] = L {1—-"—520—“‘—9—‘] - SL[1 ~ cos 4]

—;— [L'[l] — L [cos 41]]

=1[1_,_s__]
2 s 32+16



Result 11, Prove that L (' ()} = s L [£(1)] = £(0)

Proot : WKT. LIf ()] = [ ¢™f ()t
1]
Lrol = fe™f @

e d ()]

Sy =

Lo

= ) - 11O o

= [0=f(0)] +s Ie [ \)\4
- —f{ﬂ}+sé &E@C - <o
Y “0 0’{(2)78
ﬂ:@\ﬂ ﬁu\a@@,@[r |:t:|1 = L] —sf(0) - 1' (0)

Proof : WK.T. L[f(1)] = J' e fityde
0
LI 0] = g eyt
= [e ™ d[f (1))
[}

=), - If'{r}{"s}-t



Example 6 MW that [e 'teostdt = 0
it}

Solution tdt = [L[’m']}:q S nait RES

a1 [afs )] | [@mamse
_[ ﬂL{mﬂ]gnl { ds[,i.,_l] . L (o + 1 ”m

R R LR
RSVl o« +1°) .,
Example 7 find L [te " cosht]
Soluion : . ‘coshf] = -iue_'mshr]
_od | s#1 | |{s+1}|‘—1]—[s+1]2(;+1}1
g5 | (s + 1) = i+ 1% -1
|ernt-1-26 40 qs+1)3+1 &%+
[(s + 1) - 1) £ +2¢  frat+ad
Result 18, Integrals of transform e CO.

If L[] = 9(s) and =£(0) has a 16(_@
[ ml —\Nt a(Om &9 ol
pre w?age

J'P[nd-f =fL

B ey B

Jefydds' = [.J ™ flydsdr
0 0D s
|since 5 and ¢ arc independent variablr.;;s and hence the order of integration
in the double integral can be intcrchanged]
m

dt

3

- 110 ?e‘“ds]:ﬂ - [ 10 !"j
] 0

13

‘-'S! o —EI

[ ﬂ+— di = J‘f{n~—¢

e"g'"[?l:ﬂ = L [%f{:}}




Example1  Find the Laplace transform of the Hall wave rectifier function

i
smuwt, ﬂ'-‘-t{a
)= |
I AN
0 ,Eﬂt{*&r

Solution :  This function is & periodic function with ]]'EJ.'I.DIi"{SE in the

interval [ﬂ, %E]
| ix
W =0 [ e fod
1-¢ & "
T/
- _I—:-_'ﬁ |: [ e™ sinwrdr + ﬂ}\e‘co \)\(
"esa;(% b ST
"-}mswﬂ
0




