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results we get
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Let us now considex < 2¥~1y in order to simplify the expression to the forfr(:c, 5y’cfl) =

k—1
x(%) , and if we taker for which2z < y*~'we getk — 1 = (k—1)?,i.e.k = 1 ork = 2. For

k = 1 the solution isf (z,y) = min(x, y), and fork = 2 the solution isf (z,y) = zy. Itis easy to
verify that both solutions satisfy the given conditions.

Problem 23. (APMO 1989) Find all strictly increasing functions: R — R such that
f(@) +9(x) = 2z,

whereg is the inverse of .

Solution. Clearly every function of the formx + d is the solution of the given equation. Another
useful idea appears in this problem. Namely denot&pyhe the set of all numbets for which
f(x) = = + d. Our goal is to prove that; = R. Assume thatS; is non-empty. Let us prove
that forz € S; we haver + d € S, as well. Sincef(z) = = + d, according to the definition of
the inverse function we hawgz + d) = z, and the given equation implie§z + d) = = + 2d,
i.e. z +d € Sy. Let us prove that the sef$, are empty, wherd’ < d. From the above we have
that each of those sets is infinite, i.e.xibelongs to some of them, then each- kd belongs to it
as well. Let us use this to get the contradiction. More pedgisie want to prove that it € Sy
andz <y < z+ (d—d'), theny ¢ Sy. Assume the contrary. From the monotonicit have
y+d = f(y) > f(z) = « + d, which is a contradiction to our assumptlon rt\gimn
we prove that every satisfying

x+k(d—d') <y<:c+ Sa\e

can’t be a member of;.. However this is a c h the p iously eststied properties
of the setsS; and.S,.. Similagly |f 4 itchin the roI |ves a contradiction.

Simple verlflcatlm \:% =z + ati he en functional equatiof.
Problem Zd\li \c@ tionsh : N H
P%@ +hn+1 =n+2.

Solutlon Notice that we have both(h(n)) andh(n+ 1), hence it is not possible to form a recurrent
equation. We have to use another approach to this problemud_rst calculaté:(1) andh(2).
Settingn = 1 givesh(h(1)) + h(2) = 3, thereforen(h(1)) < 2 andh(2) < 2. Let us consider the
two cases:

1° h(2) = 1. Thenh(h(1)) = 2. Pluggingn = 2 in the given equality gived = h(h(2)) +
h(3) = h(1) + h(3). Leth(1l) = k. Itis clear thatt # 1 andk # 2, and thatk < 3.
This means that = 3, henceh(3) = 1. However from2 = h(h(1)) = h(3) = 1 we geta
contradiction. This means that there are no solutions s1dhse.

2° h(2) = 2. Thenh(h(1)) = 1. From the equation fon = 2 we geth(3) = 2. Setting
n = 3,4,5 we geth(4) = 3,h(5) = 4,h(6) = 4, and by induction we easily prove that
h(n) > 2, forn > 2. This means thak(1) = 1. Clearly there is at most one function
satisfying the given equality. Hence it is enough to guesseséunction and prove that it
indeed solves the equation (induction or something sirsidamnds fine). The solution is

h(n) = |na] +1,
1++/5

wherea = 77 (this constant can be easily found + o = 1). Proof that this is a
solution uses some properties of the integer part (althdtgimot completely trivial).A
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(IMO 2002, shortlist) Find all functions: R — R such that
F(f(x) +y) =2z + f(fly) — ).

(Iran 1997) Letf : R — R be an increasing function such that for all positive real harsx
andy:
fa+y) + f(f@)+ fy) =Ffla+ f)+ fly+ f(@)

Prove thatf (f(z)) = =.

(IMO 1992, problem 2) Find all function: R — R, such thatf (z? + f(y)) = v + f(x)?
forall z,y € R.

(IMO 1994, problem 5) Le$ be the set of all real numbers strictly greater than -1. Fihd a
functionsf : S — S that satisfy the following two conditions:

() flz+ fly) +2f) =y + f(z) +yf(z)forallz,y € S;
( )
(ii)

(IMO 1994, shortlist) Find all functiong : R* — R such thatf(z)f(y) = y*f(z/2) +
2P f(y/2), zasver,y € RT.

is strictly increasing on each of the intervald < = < 0 and0 < .

(IMO 2002, problem 5) Find all functions: R — R such that
(@) + FE)F W) + F) = flay - 26) + f(at +yz). \(
(Vietham 2005) Find all values for a real parametefor g-\ GQS exactly one

functionf : R — R satisfying Xi
(IMO 1998, ggoEl;m&)‘che Ieaspg‘ ;)— 8) wheref : N — Nis a

func a g@f

Does there exist a furictigh: N — N such that
f(f(n=1)) = f(n+1) = f(n)
for each natural number?

(IMO 1987, problem 4) Does there exist a functipn Ny — Ny such thatf(f(n)) =
n + 198772

Assume that the functiofi: N — N satisfiesf(n + 1) > f(f(n)), for everyn € N. Prove
that f(n) = n for everyn.

Find all functions : Ny — Ny, that satisfy:

(i) 2f(m?+n?) = f(m)? + f(n)?, for every two natural numbers andn;
(i) If m > nthenf(m?) > f(n?).

Find all functionsf : Ny — Ny that satisfy:
M f(2)=

(i) f(mn) = f(m)f(n) for every two relatively prime natural numbersandn;
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49. Letf: Q x Q — QT be a function satisfying

f(:L'y,Z) = f(xv Z)f(ya Z)a f(szy) = f(sz)f(Zvy)? f(xv 1- I) =1,

for all rational numbers;, y, z. Prove thatf (z,z) = 1, f(z,—z) = 1, andf(z,y) f(y,x) =
1.

50. Find all functions : N x N — R that satisfy

f(%,l'):x, f(x’y):f(y’x)’ (:E—i—y)f(x,y):yf(ac,:v—i—y)



