these methods for three-phase representation. The application of network
matrices to short circuit calculations is presented in Chapter 6. Several
methods are included and a typical computer program is described to illustrate a
practical application of the techniques.

Chapter 7 contains a brief introduction to the solution of linear and non-
linear simultaneous algebraic equations. This material is presented in a manner
that affords direct application to the solution of the load flow problem. The
formulation and solution of the load flow problem is presented in Chapter 8.
This chapter also describes the procedures for handling voltage-controlled buses,
transformers, and tie line control. The different methods are compared from
several points of view and a description is given of an actual program used for
load flow calculations. In a manner similar to that in Chapter 7, Chapter 9
introduces methods for the numerical solution of the differential equations that
are required for transient stability studies. Chapter 10 covers the formulation
and solution techniques employed in transient studies and presents procedures
for the detailed representation of synchronous and induction machines, exciter
and governor systems, and the distance relays. An actual transient stability
computer program is described.

The first efforts in the development of this material were made in the early
1950s at the American Electric Power Service Corporation as a result of the
interest in the application of computers to the planning and operation of electric
power systems. In 1959, the authors had an opportunity to work together as
members of the staff of the American Electric Power Service Corporation and
continued to work together on a part-time basis for several years. This made
possible the further development of basic computer methods established in
previous years.

This research work was endorsed enthusiastically by the management of the
American Electric Power Company. The authors wish to express their apprecia-
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helped in the preparation of this book. The authors would like particularly to
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tions; Marjorie Watson, for her contribution related to the mathematical tech-
niques and for editing the manuscript; and G. Robert Bailey, Dennis W. Johnston,
Kasi Nagappan, Janice F. Hohenstein, and other members of the Engineering
Analysis and Computer Division. The authors would like also to thank Profes-
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Minors and cofactors

The determinant obtained by striking out the ¢th row and jth column is
called the minor of the element a;;. Thus, for

ann Q12 Qi3
|A| = | @21 a2 as
a3 Q32 Qs

the minor of a,; is

Az Q13

Q32 Qass Q esa
The order of this minor is one less than that of e rm erm %amgg

By striking out any two rows and co f order two
the original determinant is d,

The cofactor éﬂ“\‘
(—1)*1(-@ é\ﬁ ?nage 2

where the order of the minor of a;; — 1. The cofactor of as;, desig-

nated by Ay, is

Q12 Q13
Q32 Q33

|12 Qi3
Q32 Q33

Aﬂ. = ( 1)2+1

The following relationships between a determinant and cofactors
exist:

1. The sum of the products of the elements in any row (or column) and
their cofactors is equal to the determinant:
|A| = ando + a2l + asdo; (2.3.2)

2. The sum of the products of the elements in any row (or column) and
the cofactors of the corresponding elements in another row (or column)
is equal to zero:

ands + ands + ands;; =0 (2.3.3)
Adjoint

If each element of a square matrix is replaced by its cofactor and then the
matrix is transposed, the resulting matrix is an adjoint which is designated
by A+

Aun A Aan
A* = A Axn Ay

AIB A23 A33
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where A+ is the adjoint of A. It should be noted that the elements of the
adjoint A+ are the cofactors of the elements of A, but are placed in trans-
posed position. The matrix B is the inverse of A and is written A~

Multiplying A by its inverse,
All AZI A31

a1 iz Qa3 m m m 1 00
Ay Ay A
Q21 Q2 Qo3 Al 4] ‘l—A—l =101 0|=U a\e
an Qi a Ay An Aw 0 01 tes
3 Q2 An |0 o T
Al 14 14| O

results in the unit matrix. Thls foll c lationshlp f .2) 38
and (2.3.3). A diagonal ferm 11, equa?%:e

An A \ﬁ
an ] +W@, = ]

and an off-diagonal term, such as w2, equals zero since

Ay Ao y: P 0
au‘A| +¢112|AI +au|A| = 4] =0
Thus

AA-1 = A"14 = U

To solve for X from the matrix equation (2.4.2) both sides of the equation
are premultiplied by A-1.

AX =Y
ATIAX = ATYY
UX = A'Y
X =AY

The order of the matrices in the product must be maintained.

If the determinant of a matrix is zero, the inverse does not exist.
Such a matrix is called a singular matriz. If the determinant of a matrix
is not zero, the matrix is a nonsingular matriz and has a unique inverse.

The inverse of the product of matrices can be obtained by the reversal
rule, i.e.,

(AB)—! = B-141

The transpose and inverse operations on a matrix can be inter-
changed, i.e.,

(A1 = (A1)
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2.9  Given the partitioned matrix:

1 1] 2
A= -1 =211
—6 41 2

Determine B = A-! using the formulas (2.4.3) for the inverse of

a partitioned matrix.

2.10 Given:
4 1 2| 0 3 4/]1
! 2 6/ 0 0 1 1
“lo o114 5 1|1
A, 3 0{ 5 10 2|1
4 1|1 2 12||1

Determine 4..
2.11 Given the partitioned matrices:

1 210 0 0|0
1 110 0 0|0

—
(S
N

._.
o
[
o

Ol

=

NS
o
w N

W - o

0 N en

mln—m»—-

Determine C = AB.



chapter 3
Incidence and network matrices

3.1 Introduction

The formulation of a suitable mathematical model is the first step in the
analysis of an electrical network. The model must describe the charac-
teristics of individual network components as well as the relations that
govern the interconnection of these elements. A network matrix equa-
tion provides a convenient mathematical model for a digital computer
solution.

The elements of a network matrix depend on the selection of the
independent variables, which can be either currents or voltages. Cor-
respondingly, the elements of the network matrix will be impedances or
admittances.

The electrical characteristics of the individual network components
can be presented conveniently in the form of a primitive network matrix.
This matrix, while adequately describing the characteristics of each com-
ponent, does not provide any information pertaining to the network con-
nections. It is necessary, therefore, to transform the primitive network
matrix into a network matrix that describes the performance of the inter-
connected network.

The form of the network matrix used in the performance equation
depends on the frame of reference, namely, bus or loop. In the bus
frame of reference the variables are the nodal voltages and nodal currents.
In the loop frame of reference the variables are loop voltages and loop
currents. '

The formation of the appropriate network matrix is an integral part
of a digital computer program for the solution of power system problems.
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3.2 Graphs

In order to describe the geometrical structure of a network it is sufficient
to replace the network components by single line segments irrespective

of the characteristics of the components. These line segments are ¢alled
elements and their terminals are called nodes. A node and an element are

wncident 1t the node is a terminal of the element. Nodes can be incident
to one or more elements.

A graph shows the geometrical interconnection of the elements of a
network. A subgraph is any subset of elements of the graph. A pathisa
subgraph of connected elements with no more than two elements con-
nected to any one node. A graph is connected if and only if there is a
path between every pair of nodes. If each element of the connected
graph is assigned a direction it is then oriented. A representation of a
power system and the corresponding oriented graph are shown in Fig. 3.1.

@'_|'_§§ .l_L T @ _-.(}f.,/'»,fr,,_.\

IRTRY S
w O

Fig. 3.1 Power sys-
tem representations.
(a) Single line dia-
gram; (b) positive se-
quence network dia-
gram;(c)oriented con-
nected graph.

},,QN‘ — 0(/471/(‘&—\,«/\0],

Vit

i i

/

o
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The basic loop incidence matrix, of dimension ¢ X I, for the graph shown
in Fig. 3.3 is

N Basic loops
e E F G
1
2
3
4
5
6
7

1

1] -1 1

1

The matrix C can be partitioned into submatrices C, and U; where
the rows of C, correspond to branches and the rows of U; to links. The
partitioned matrix is

l Basic loops l .
:\ g 7 q x Basic loops
1 1
0
2 1 -1 1 2
2 .
3 | —1 -1 o
5 1
%
6 1 g U
[
7 1

The identity matrix U; shows the one-to-one correspondence of links to
basic loops.

Augmented loop incidence matrix C

The number of basic loops in a connected graph is equal to the number of
links. In order to have a total number of loops equal to the number of
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1t follows from equations (3.5.15) and (3.5.16) that
Ypr = BylB

The basic cut-set matrix B is a singular matrix and therefore B{y]B is a
singular transformation of [y].
The branch impedance matrix can be obtained from

Zpr = Y3 = (Bly]B)™!

Loop impedance and loop admittance matrices

The loop impedance matrix Ziopp can be obtained by using the basic
loop incidence matrix C to relate the variables and parameters of the
primitive network to loop quantities of the interconnected network.
The performance equation of the primitive network

4= [z
is premultiplied by C* to obtain
C% 4+ Cte = CYzJr (3.5.17)

Since the matrix C shows the incidence of elements to basic loops, C*%
gives the algebraic sum of the voltages around each basic loop. In
accordance with Kirchhoff’s voltage law, the algebraic sum of the voltages
around a loop is zero. Hence

Co=0 (3.5.18)

Similarly C'¢ gives the algebraic sum of the source voltages around each
basic loop. Therefore

Eroor = Cté (3.5.19)
Since power is invariant

(Itoor)ELoor = (1*)%

Substituting for Eroopr from equation (3.5.19), then

(IZoor)'C'e = (i*)'e

Since this equation is valid for all values of ¢, it follows that

(1*) = (ILoor)'C*

Hence,

1= C*Iro0r
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Since C is a real matrix,
c*=C
and
7 = Cloor (3.5.20)

Substituting from equations (3.5.18), (3.5.19), and (3.5.20) into (3.5.17)
yields

_ _ e
Broor = C1elCTu00r NQX'@@&\

The performance equation of the network in t eference

Eroor = Z1oorlro0r

and it follows fromv‘@\N 21) and (3 5,22) f%% 0&
ZLOOP =@(

Since C is a singular matrix, C(z] Es a singular transformation of [z].

Table 3.1 Formation of network matrices by
singular transformations

Network matrices

Primaitive Loop Bus Branch
3
§
"§_ C[z]C
g 4 |—Z 1.00p Zpys Zpr
~ 'S T

|
s | &
g [y] Yroor Ysus Ysr
E A'fyld
§ l
< B{yIB

|
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However,
Clro0p = Clroop
then
= ClLoor (3.6.15)
Substituting from equation (3.6.15) into equation (3.6.14),

Eroor = C2lCT00p (3.6. éa e
Since the performance equation of the augmented networ
(3 6.17) ?)8

it follows from equations (3.6.16) a d'ﬁ(l@ he im dan trl

of the augmented networ{e\l\r
Z1oor = ?‘S (3.6.18)
Equation 18) can be written m? a ned form

Z, | Z, Us | O 2 | 2 U | Cs
= (3.6.19)
Zs | Z, Cy | U Zp | 2u 0 U,

ELOOP = ZLOOPiLOOP

where [z] = primitive impedance matrix of branches
{zs1] = [2w])* = primitive impedance matrix whose elements are the
mutual impedances between branches and links
[zu] = primitive impedance matrix of links
It follows from equation (3.6.19) that

= Cy'zw|Cs + [21]Cs + Co'lza] + [2u] (3.6.20)
Since
Ziroor = CY2]C
or

ZLOOP = Cb‘ Ul 2p 2b1 Cb

2n | 2u U,

then

Zpoor = Co[zw]Cs + [20]Co + Cy'zed] + [2u] (3.6.21)
From equations (3.6.20) and (3.6.21), therefore,

ZLOOP = ZI
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Hence equation (3.6.33) becomes
Ygr = KYpysK! (3.6.34)
The branch impedance matrix is
Zpr = Y3k = (K 'Yz5sK! (3.6.35)

From equation (3.3.2),

Kt = Ab—l é@@\e
Substituting from equation (3.6.36) into equation ( t %
Zpr = AvZpysdy' W "( O“\ " A’B

Deri @M tance 1atnces
from mittance anr@l ma trices

Equation (3.6.34) is premultiplied by K—! and postmultiplied by (K*~!
to obtain

K='Ypr(K*)™" = Ypus (3.6.37)
Substituting from equation (3.6.36) into equation (3.6.37),

Ysus = AptY prds

Since

Zpus = Yaus

then

Zpus = (Ap'Y prds)! or Zpus = K*ZprK

The nonsingular transformations for obtaining network matrices are
summarized in Table 3.3.

3.7 Example of formation of
incidence and network matrices

The method of forming the incidence and network matrices will be illus-
trated for the network shown in Fig. 3.10. The incidence matrices for a
given network are not unique and depend on the orientation of the graph
and the selection of branches, basic cut-sets, and basic loops. However,
the network matrices are unique.
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('\H?J
3 7 Fig. 3.10 Sample net-
I @ @ T L @ work.

Problem N‘ tes
a. Form the incidence matrices 4, 4, K dm an or the {
gular

shown in Fig. 3.10.

b. Form the network s, Ypr, &

transformatlon \l a

c. KEW k matrices ﬁg d Zws by nonsingular
transfo

Solution

The impedance data for the sample network is given in Table 3.4.

Table 3.4 Impedances for sample network

Self Mutual

Element Bus code Impedance Bus code Impedance

number p—q Zpavpq r-s -
1 1-2(1) 0.6
2 1-3 0.5 1-2(1) 0.1
3 34 0.5
4 1-2(2) 0.4 1-2(1) 0.2
5 24 0.2

The network contains four nodes and five elements, that is, n = 4
and e = 5. The number of branches is

b=n—-1=3
and the number of basic loops is

l=e—n+4+1=2



Chapter 3 Incidence and network matrices 65

The basic and open loops of the oriented connected graph are shown
in Fig. 3.13. The basic loop incidence matrix is

NDE
e

C= 3 :1 Sa\e

WO
6 O

4| 1 1 \N -‘( Om A?)%

AANS S

‘

e\e A

1|1 -1 1

2 1 -1
C= 3 1 -1

4 1

5 1




I (4 g I - _ -1 q
I 14 (A4 I I-|a
- S € I J =
- g " g I q
I - (4 1 9 |1 I 14
i d g i4 € (4 I S 4 g 4 I
'Z |2
= 9lz],9 =doo1g
‘Z|'z

ST UOI}BULIOJSURI}
IB[NJUSUOU £q PauUB}qo XWIBW douBpadwW! YIOMIOU pajuswidneg ay], -2
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Problems
3.1 Select for the sample network shown in Fig. 3.10 a different tree
than that used in the example. Retain node 1 as the reference and
form:
a. The incidence matrices 4, 4, K, B, B, C, and € and verify the
following relations:
i. AbK' = U
ii. B;= AiK!
iii. C, = —B
iv. CB=1U
b. The network matrices Yays, Ygsr, and Zroop by singular
transformations
¢. The network matrices Zroop, Zgr, and Zpzys by nonsingular
transformations
A D
Fig. 3.14 Sample power sys-
tem for Prob. 3.2.
3.2 The positive and zero sequence impedance data for the sample

power system shown in Fig. 3.14 is given in Table 3.5. For this

system:
a. Draw the positive sequence diagram and an oriented connected

graph.

Table 3.5 Positive and zero sequence impedance data of sample power
system for Prob. 3.2

Positive sequence  Zero sequence Mutual
Element impedance impedance Element impedance

Generator A 0.0 +50.25 0.0 +70.1

Generator B 0.0 +50.25 0.0 +40.1

Generator C 0.0 4 j0.25 0.0 +;0.1

Line A-B 0.03 + j0.13 0.08 + j0.45

Line B-C(N) 0.05 + j0.22 0.13 4+ j0.75 Line B-C(S) 0.08 + j0.48
Line B-C(S) 0.05 + j0.22 0.13 + j0.75

Line C-D 0.02 +50.11 0.07 + 50.37
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C. The network matrices YBL'S, ZBUS, ZBR, Z[_oop, and YLoop by
nonsingular transformations

3.4 Prove that when there is no mutual coupling the diagonal and off-

diagonal elements of the bus admittance matrix Y us can be com-

puted from

Yi= Z Yi;
J

Yij= —yy

where y;; is the sum of the admittances of all lines connecting
buses 7 and j.
3.5 Using the bus impedance matrix Zzys computed in Prob. 3.2 and

the internal generator voltages given in Table 3.7:

a. Compute the positive and zero sequence bus voltages of the
network.

b. Compute the positive and zero sequence currents flowing in the
line B-C(N).

Table 3.7 Internal generator voltages
for Prob. 3.5

Internal per unit voltages

Generator Positive sequence Zero sequence

A 1.0/0° 0
B 1.1/~-10° 0
c 1.0/-10° 0.1/0°

3.6 Using the relations between interconnected and primitive network
variables prove the following:

a. AbK[ = U
b. Bl = A;K'
Bibliography
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Partial
network

@ Fig. 4.3 Injected current and
Reference bus voltages for calculation of Z;.

node as shown in Fig. 4.3. Since all other bus currents equal zero, it
follows from equation (4.2.1) that

B, = Z.ul;
Ey = Zul;

....... J NE”
Em = ZmiIi \{,L’ ﬂ'\ \

Eq = Zq.'I.‘ E‘ \ \

™~

(4.2.2)

P
Letting I; = 1 per unit in equations (4.2.2), Z,; gan be obtained directly
by calculating E,. B
The bus voltages assotiated with the added element and the voltage
across the element are related by
Aaiatigaiat A

E, =E, — vy ’\'\Gﬂu"&\b (4.2.3)

The currents in the elements of the network in Fig. 4.3 are expressed in
terms of the primitive admittances and the voltages across the elements by

lpg Yra.pa | Yra.oo Upq

_ (4.2.4)

Yoo Yoo.pa | Yoo.pe Upo
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where 7;; = current through the element 7—j
e,q = voltage source in series with the element p—q
Let e5, = 1 per unit, as shown in Fig. 4.7, then

Yiipe = % (4.5.4)

It remains therefore to calculate the current ;.
The performance equation in admittance form for the primitive

network is es a\

i+7 =yl NO
The current through the element 1—]&( Om -‘ Agg
l% (4.5.5)

~ji £ y(pe\, \e
where po Eefers to all elements th Qrk The voltage source in
series with p—¢ induces currents 1n the elements mutually coupled with

p—q. This voltage source can be replaced by equivalent current sources
in parallel with each element, as shown in Fig. 4.8. The equivalent

Network .

——-o Fig. 4.8 Equivalent source
© currents for calculation of
Reference Yijpq-
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Pq ipq
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e () pabe ‘
Kjeb m >
pPq "b

@1
Te
e [ ] "F’a e ®

a a a b b b c c c
Vpg=Ep —Eq vpq=E, ~E; v,=E,-E,

Fig. 5.1 Representation of three-phase network com-
ponent in impedance form.
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pr abc Eq
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s
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o3 =ES—E} vb=E -E vS=E -E;

Fig. 5.2 Representation of three-phase network component in admit-
tance form.
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B lnglog are the currents through the element p—q for phases a, b,
and ¢, respectively

are the source currents in parallel with phases a, b, and ¢,

respectively, of the element p—¢

2%be is the three-phase impedance matrix for the element p—¢

Pe
yade is the three-phase admittance matrix for the element p—¢

-a g e
]Pq’ ]PG’JPG

The performance equation of a three-phase element in impedance
form is

a a aa ab ac ‘a
Upq g %pq | %pe | %pa pq NO ‘ e
b b — ba bb be b
Vpe | T | €a | = | %pa | %pe | %pa 1&( Om
P4 e 2% ®.cb M 'c‘ 30
Pe Pg q trq
AL ’L
where 237 ?ex ﬁedance of pl@ w ree-phase element con-

necting nodes p and
mutual impedance between phases a and b
= mutual impedance between phases a and ¢
and so forth

Equation (5.2.1) can be written more concisely as

ab

rq
ac

e b,c a, b ¢ u.b.c, ra.b,c
Vog© T+ €3 = 2500y (5.2.2)
The performance equation in admittance form is
a 8
1?7 ]Fq ypq ypq yPQ LPG
b O N I O I " I 7% b
t2e + 1 pa | = | Ysq | Ypa | Ynq Upq
yC ¢ c
1pq ]Pq qu qu ypq UFG

which can be written

abc ab,e _ nbcab
+-7 = Upg' pqc

where

abe __ a,b,c\—1

Yog = (257

The parallel three-phase source current in admittance form and the three-
phase series source voltage in impedance form have the relationship, as
is the case in single-phase representation,

sabie abcabc
Jpe = TYpq €pq
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The impedance matrix z;;* and the admittance matrix y3>° of a
If, in addition, the three-

stationary bilateral element are symmetric.
phase element is balanced, then the diagonal elements of 257, designated
by z;,, are equal and the off-diagonal elements, designated by z7,, are

equal, that is,

a _ bbb _ _ec __
z;q_zpq—zw—zpq

and

zab = 8¢ — zba = zbc

. ca
P -1 Pq =z

b .m
Pq Pa = pg = %pg

The corresponding relations are true in the admittance matrix y2?>°.

The impedance and admittance matrices of balanced three-phase
rotating elements are not symmetric. However, the mutual coupling
from phase a to phase b, b to ¢, and ¢ to a for the phase sequence a, b, ¢ are
identical, that is,

ab __ b _ _ca _ . ml
Zpq = %pq = Zpg = %pq
Similarly,

ac __ ba __ b _ ,m2
2pq = %pg = 2pq = %pg

The performance equation of the three-phase primitive network in
impedance form is

l‘)a,b,c + éu,b,c — [za,b,c]iu,b,c
or in the admittance form is
ia,b,c + Ta,b.c = [ya,b.clﬁa,b,c

The vectors representing the variables are composed of 3 X 1 submatrices
corresponding to the variables of a particular three-phase network
element. The parameter matrices are composed of 3 X 3 submatrices.
These submatrices correspond to the self and mutual three-phase imped-
ance or admittance matrices of the network elements.

5.3 Three-phase balanced network elements

Balanced excitation

The excitation of any three-phase element is balanced when the source
voltages or source currents of all phases are equal in magnitude and dis-



placed from each other by 120°.

a
€q 1
a,be _ b —_ 2 a
€pe = | €pe| T | @ €rq
(-
e,,q a

where

a = &I =~ 4 j35 /3

It followsthata® = 1,62 +a + 1 =

Chapter 5

and

ra,b,c

Jre’

xc:laatlon

ne

Three-phase networks 121

For balanced excitation,

JIW

T3e 1
Tre a?
T3a a

rq

P

and phase currents are,b
phase element is ba the perfo
ance forn?rf e eme
1 Fad z"" P 1
Pe Pe b4
2 a 2 a m 1] m 2
a Upe +|a €pq = | %pa | %pq | %pq a
m m &
a a ZPG zl’ﬁ zl’q a
and for a rotating element is
& ml m2
1 1 25, | 254 | 2pq 1
2 a 2 a m2 & ml 2
a” | Vpe +ia €ra = | Zpa | %pa | %pq a
ml m2 '
a a 25y | Zpg | 25g a

The

wred

%
in 1mped—

(5.3.1)

(5.3.2)

Both sides of equation (5.3.1) can be premultiplied by the conjugate

transpose of
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Bus impedance matrix

machine reactances)

—
]

‘ * abc
;:—— (transmission system and o Ep0)
——

]

Fig. 6.3 Three-phase representation of a power system with a fault at bus p.

where the elements of Z%%5 are matrices of dimension 3 X 3. Equation
(6.2.1) can be written as follows:

By = BSy — 23 I50
a.be — Fa.bec __ 77abeyab,c
EYE = Ez(o; Zzp Ip(F)

a,b,¢ a,b,e cTab.c (6.2.2)
p'(bl'a) = Ep'(bo') - Z;';’:' 1 p'(bir)
B = By — ZopeIots
The three-phase voltage vector at the faulted bus p is, from Fig. 6.3,
Eges = 25T (6.2.3)

where Z%"° is the three-phase impedance matrix for the fault. The
elements of this 3 X 3 matrix depend on the type of fault and fault
impedance. Substituting from equation (6.2.3) for E%%s, the pth equa-
tion of (6.2.2) becomes

ZeIyls = Eyly — ZopeIots (6.2.4)
Solving equation (6.2.4) for I2%; yields
Iehs = (Z%%° + Z2h) Bk (6.2.5)
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Substituting for I3%: in equation (6.2.3), the three-phase voltage at the
faulted bus p is

B3l = ZG°(Z%" + Z32) By (6.2.6)

pp

Similarly, the three-phase voltages at buses other than p can be obtained
by substituting for 132 from equation (6.2.5). Then
By = By — Z3e(Z5%° + Z8h9)Eshy i = p (6.2.7)

(0)

When it is desirable to express the parameters of the fault circuit
in the admittance form, the three-phase fault current at bus p is

I3k = Yob<Eks (6.2.8)
where Y% is the three-phase admittance matrix for the fault. Substi-
tuting 727 from equation (6.2.8), the pth equation of (6.2.2) becomes
Egls = Byl — ZoyY$* B3l (6.2.9)
Solving equation (6.2.9) for E2%s yields

Eols = (U + Zobeyapo-1Esps (6.2.10)

Substituting for E2%s in equation (6.2.8), the three-phase current at the
faulted bus p is

I35 = Y9(U + Zopeysro)—1Babe (6.2.11)

Similarly, the three-phase voltages at buses other than p can be obtained

by substituting for %% from equation (6.2.11). Then

Byl = By — Z3pY3re(U + Z0eYsh9 sy ixp  (62.12)
Fault currents flowing through the elements of the network can be

calculated with the bus voltages obtained from equations (6.2.6) and

(6.2.7) or from equations (6.2.10) and (6.2.12). These currents in terms
of the voltages across the elements of the network are

=a,bc __ a,b,c]5a,b,c
e = [y**To¢m

where the elements of the current vector are

'a
i
‘abe _ | b
Licky = | Lim
‘C
LijcR)




Chapter 6 Short circuit studies 189

Since positive and negative primitive sequence impedances are equal, the
positive and negative sequence bus impedance matrices are equal.

The procedure for forming the zero sequence bus impedance matrix
is identical for the first four steps. The zero sequence bus impedance
matrix of the partial network, before adding element 3, is

® ® ®
®| 0.0345 | 0.0005 | 0.0209

ZQs = @] 0.0005 | 0.0345 | 0.0141

o\
®] 0.0209 | 0.0141 06182&(0‘-‘-\ N

Step \gthe hnk fro — 3 which is
coupled wit! l&mrents 4 and 5. of the row and column

correspondirg to the fictitious nod ar

yza.u(zzz — Zy) + Y23,43(Za2 — Z3)
Y23,23

Y23,24(Z2s — Z43) + y23,03(Z 4z — Z33)
Ye2s,23

yza.24(zz4 —Zw + y23.43(Zu — Z34)

Ya3,23

1+ ’yza.n(zzl - Zu) + yza,43(Z4l - Zal)

Y23,23

le = Z22 - Z32 +

Zl3 = Z23 - Z33 +

le = Z24 - ZCH +

Zy=20—2Zy+

The zero sequence primitive impedance matrix is

1-2 1-3 2-3 2-4 4-3

1-21 0.035

1-3 0.035

2-3 2.500 | 0.600 | 0.900
24 0.600 | 1.000

4-3 0.900 1.500
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Combining the elements of the three sequence impedance matrices, the
bus impedance matrix is

@ ® ®
0 1 2 0 1 2 0 1 2
00.0344 0.0006 0.0209
@1 0.0876 0.0149 0.0586 \e
2 0.0876 0.0149 0.0 Sa-
N
010.0006 0.0344 0.01d1 ‘S "‘ ! 3‘8

0,1,2 A
%3 = @1 0.0149 4 xo 0.043 3

0 We) 0.01 aLg 76182 -

®1 0.0586 .0439 0.2928

2 0.0586 0.0439; 0.2928

Assuming the fault impedance is zero, the total fault current for a
three-phase fault at bus 4 is

0 0 0
3 13
10,1.2 = \/_ — = .
W=z 0.2928 342+/3
0 0 0

The phase components of the fault current are

I = TG = 342| o
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b. The fault current for a line-to-ground fault at bus 4, assuming zero
fault impedance, is

012 — V3
Y

0.834/3
=| 0.83+/3

0.83 /3 . -‘
\eW
The phase?n&r@t}!f the tot@.\a

2.49

abe o T IOL2
I((F) - TII“F) - 0

0

Bus voltages during the fault are

-Z{Q ~0.6182
V3 ,
EYy = 70 1 270 T 37, ZQ + 23 | = 08343 0.9110
-ZY —0.2928
—0.5131 /3
=| 0.7561+/3

—0.2430 /3
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0,1,2
Eyw

0,1,2
Eam

= 0.9636 /3

Computer methods in power system analysis

0 ZY
V3
= —_ Z(l)
V3 |~z azd ¥ e, | 20
0 zy
0 0.0209
=| /3| —083+/3|0.0586
0 0.0586
—0.0173 /3
= 0.9514 /3
—0.0486 /3
0 A
V3
= —_ Z(l)
Ml 7 e
0 A
0 0.0141

=|43]|—083+/3|0.0439

0 0.0439

—0.0117 /3

—0.0364 /3

L
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Chapter 6 Short circuit studies 199
(0 (0 0 (0) (0 ©
Yaq, 24(E2(F') - Ea(r)) + Y2u0:(Eim — am) ]
(0) Q) ©)
+ Y2423 By — Ea(m)

(10 %Y

Yaq, 2 (E )
(2) (2)

Yas, 24 (E Edr)

—-(09 4 —

1.225(—0.0173 + 0.5131) + 0.225(—0.5131 + 0.0117)
+ (—0.375)(—0.0173 +,0.

p (e\,\ (- 00486 @3@3—\)

0.50 /3
=1049+/3
0.49/3

\,

The phase components of the currents in the lines connected to the fault

bus are
—1.02
‘a,b,c _ -0,1,2 __
Tam = Tgcon = 0
0

and

a,b,c
La4(F)

—_ 00,1,2
= Tiyp =

1.47

¢. The fault currents occurring for a fault on the line side of breaker A
can be calculated by assuming the fault on bus 4, since both locations are

electrically equivalent.

When this type of fault occurs and breaker A

opens before breaker B, the interrupted current will be the total fault
current at bus 4 less the fault contribution flowing from bus 3 over line 5.
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fault since all bus currents and off-nominal tap settings are neglected.
It is necessary, therefore, to calculate the loop currents resulting from the
fault in order to determine short circuit currents and voltages. The
fault calculations can be performed using either three-phase quantities
or symmetrical components. The method will be described using three-
phase quantities.

The number of three-phase elements in the simplified system is equal
to the number of network elements plus the number of machine equiva-
lents. The number of nodes is equal to the number of buses n plus
ground, that ism 4+ 1. The number of links or basic loops, in the simpli-
fied system, is, then

Lh=(C+e)—(n+1)+1
or
lLh=e+e —n

where e is the number of three-phase network elements and e, is the
number of three-phase machine equivalents.

A fault at bus p is simulated by adding a link from the bus to ground.
Using the representation of the system shown in Fig. 6.3, the voltages
during the fault are

-‘;;'t':".g'm) = Etgfbfg(m + AEGyS (6.5.1)

where the vector AE%Y represents changes in bus voltages resulting from
the faulted bus source voltage E%%y.

The performance equation of a network in the loop frame of refer-
ence is

rabe ab,ec Tab,c
ELOOP - ZLOOPILOOP

For the faulted system, shown in Fig. 6.3, the known loop voltage vector is

0

fabe _
ELOOP -

0

En.b,c

2(0)

The dimension of the loop impedance matrix, which includes the fault
loop, is 3(l» + 1) X 3(l, + 1). The unknown loop current vector due
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loops, can be partitioned as follows:

E.Zb.: ZaL.b.c Z;'{b'c Ii.b,c
- . (6.5.4)

Wb, b, a,b,c a.b,
B35S (25| Z% 1T

In equation (6.5.4), the vectors Eobe and J%b° refer to thatgaa\

simplified system and E%%S and I ‘z(",f) refer to the

e “@mﬁm‘“ "X BT
—auieW U 0160

0

It = | It (6.5.5)

where %25, is the assumed three-phase current vector of the pth auxiliary
loop. From equation (6.5.4) it follows that

Zgrelgbe + ZopeIvhs = Egbe (6.5.6)
Since £3*¢ = 0, equation (6.5.6) becomes

2yl + Z3peIgts = 0

Solving for the loop currents of the simplified system,

T«z.b,c = _(Zcz.b,c)—lZ;.!b.cjcz.(bi;; (6.5.7)
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¢. The ground current at bus B for a fault with the reactance

o

Zop =

0| =

d. The fault voltages at buses 4 and B
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Except for the last multiplications to obtain the value of the deter-
minant, this process is identical to that performed in the forward course
of the elimination method. In accordance with Cramer’s rule the solu-
tion of a linear system is found by

|44
T

=12 ...,n

and requires the evaluation of n 4+ 1 determinants of order n. Thus the
computation required for the Gauss elimination method to obtain a co

plete solution only slightly exceeds that required to evalu -‘u
determinant. This shows the meiﬁmency of the use of

the solution of linear sets of equations.

Solution of mult u‘e‘@wauons and ma%Avﬁwn
(2

The Gaus@n ethod m oy @ d\to’ the simultaneous solu-
tion of seveal sets of linear equatidyss f SeArhie only the known constants

differ. This is accomplished by adjoining all the constant vectors y!¥,

¥®, . . ., ™ to the coefficient matrix as follows:
an G aim y¥ 9P Y™
1 2
Qny Qn2 * ° ° Qan y; ! yE. ) y:\n)

The elimination process is then applied to the entire array. Each back
substitution must be performed separately for the Gauss elimination
method, but for the Gauss-Jordan method all solutions are obtained
directly.

If many constant vectors are given, it may be advantageous to obtain
the inverse of the coefficient matrix and then multiply this inverse by
each of the constant vectors in turn to obtain each solution. Given the
set of linear equations,

1
a1y + a197e + Q1373 + a1y = y(1>

2171 + Q20T2 + @23T3 + G2T4 = y“’ (7 9 13)
31Z71 + @30Ty + @3sTs + A34T4 = y(;)

1
auZ1 + QT + 43T + Gy = 3/(4)

the solution is, from equation (7.2.3),

-’151 = buy‘“ + b2 y“’ + b y“’ + buyi"
bny‘” + bzzy + bzsy( )+ b24y(41) (7.2 14)
= bay? + bagys® + basy® + by -
= buy(” + b42y(21) + bmyé" + buyal)

v \C
3%
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Solution

The data for the network is given in Table 7.1. The impedance of the
generator is 0.01 and the voltage behind the generator is assumed equal
to one per unit. The loop equations of the network are

1.0 = 0.01(1, + I, + Is) + (0.3380 4 0.2790)1, + 0.18301,
1.0 = 0.01(1; + I+ Is) + 0.47401, + (0.0251 + 0.1360)I; + 0.1830/,
1.0 = 0.01(Z, + I, + Is) + (0.5000 + 0.1860)1; 4 (0.0251 + 0.1360)1,

Combining terms

0.62707, + 0.19301: + 0.0100/; = 1.0
0.19307, + 0.484071, + 0.17111; = 1.0
0.01001; + 0.17111, + 0.69601; = 1.0

a. The forward course in the Gauss elimination method for the solution
of the linear equations is shown in Table 7.2. The original coefficients of
the matrix and constant terms are given in part ¢. Included also is
the control sum obtained by adding the-coefficients and constant term of
each row. If the same operations are performed on this sum as on the
coefficients and constant term, the control sum will equal at each stage the
sum of the elements of the row. This provides a check on the arithmetic
operations of the process.

The process is initiated by dividing all elements in the first row by
0.6270, the leading coefficient. The resulting elements are given in the
first row of part b of Table 7.2. The elements of this new row are
multiplied then by 0.1930, the leading coefficient of the second row. The
resulting terms are subtracted from the elements of the second row to
obtain a new second row as shown in part b. Next, the elements of the
first row are multiplied by 0.0100 and the resultant terms are subtracted
from the elements of the third row. This procedure is repeated for the
second and third rows by first dividing the elements of the second row by

Table 7.1 Impedance data for sample system

Self Mutual
Bus code Impedance Bus code  I'mpedance

g Zpa.pe s Zpqire
1-2 0.5000 1-3 0.0251
1-3 0.4740 2-3 0.1360
1-4 0.3380 1-3 0.1830
2-3 0.1860

3-4 0.2790
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Gauss and Gauss-Seidel iterative methods

Explicitly, the iterative process described requires the selection of initial
values

(0)

0 0)
Ty 'y Ty o« o o, X,

to use in the formulas

Y1 ayz a3 A1n
ol = T2 Pk gk Dk
a1 an a1 a11
Y2 az Qg3 Aon
gttt = L2 e oL 2Pk
Q22 az2 Q22 L21
Yn Qn1 An2 Qn,n—1
x:‘,+‘=——-—~:c1"—ax2"'-'——J:’,‘,_l
aﬂﬂ a'lﬂ nn aﬂn

in order to calculate a second estimate

(1)

(1)
’ n

1
M, ..z

The superscript k refers to the iteration count. These calculated values
are used in the formulas to obtain a third estimate

(2 (2)

) (2)
Ty Ty o oo, Ty

and so forth. This technique is referred to as the Gauss iterative method
in which the new estimates are substituted only after all equations have
been processed.

An alternative method is to make an immediate substitution in
subsequent equations for each new value of z as it is obtained. Thus,
in the solution of z; the values used would be

k41 k4l K+l Lk k
Ty Ty o o e T, Ty - - 5 T
This iteration scheme, called Gauss-Seidel, has the following formulas: r
Y1 (237} Q1n
gl = o ke Dk
an an an
1 Yo az1 1 Aon
gl = 2 gkt gk
(221 Qa2 Q22
i a: A1 aiit1 Qin
ket Yio_ 0 gy Gl gy G, G
it = - — 3 i i Zn
Qi; Qi 2% is it
S N LI g e Onn-1 k41
k1 o T8 L . . e k+1
ann nn ann
(7.4.3)
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is continued until the values of all correction terms are less than a specified
tolerance. Final values of the variables z; are obtained from the equation

0
x,-=:1:§’+za,~"
P

Relaxation method

The methods of Gauss and Gauss-Seidel are used to solve linear algebraic
equations by successive approximations or corrections. These methods
treat the equations in the order they are specified. The method of relaxa-
tion makes possible the application of a variety of schemes that alter
the order.

Consider the system of equations

Z1 + bz + b1gx; + braxs — 21 =0
bazy + Ty + basts + boyrs — 20 =0
baix1 + baaxa + 23+ batys — 23 =0
baz1 + baaze + baszs + Zy—24=0

ai;

where b-[j = —
225

Yi

2 = —

Qi

As in the Gauss and Gauss-Seidel iterative methods an initial set of values
is selected for x;, x3, 23, and z,. Designating these initial values as z{®,

the values R!” obtained as a result of the initial substitution are:

2" + bozs® + bul(am + b1z — 21 = R
b21-’13(10) + 2P+ bzs:c‘;” + buxf;m — 2 = R(go)
balx(lm + bsz-’l?;m + xfa,o) + ba4x(4°) — 23 = R&"’ é
bux(lm + bozy® + b432§0) + -’15(40) — 2= R;o)

The relaxation procedure consists of estimating new values for the
variables until all R/s, called residuals, become negligible. The usual
procedure is to select the largest residual R resulting from the kth
iteration and calculate the change in z/# required to reduce R# to zero.
This change is

Azk = —R#
and the new estimate for the variable is

k1 _
it = 2k + Azk
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Table 7.5 Solution by Gauss-Seidel
iterative method

Iteration
count I, I, I;

0 1.0 1.0 1.0
1 1.271132 1.205727 1.122111
2 1.205858 1.188588 1.127262
3 1.211052 1.184696 1.128145
4 1.212236 1.183912 1.128320 \e
5 1.212474 1.183755 1.128355 Sa
6 1.212522 1.183724 1 e

128362 NO‘.
Table 7.6 Solution by réla

Iteration ( e e
count Y I, p a R, R;
0

0 1. 1.0 1.0 —0.271132 —0.313844  —0.176581
1 1.0 1.313844 1.0 —0.174526 0 —0.099428
2 1.174526 1.313844 1.0 0 0.069594  —0.096920
3 1.174526 1.313844  1.096920 0.001546 0.103856 0
4 1.174526 1.209988 1.096920 —0.030423 0 —0.025531
5 1.204949  1.209988  1.096920 0 0.012131 —0.025094
6 1.204949  1.209988 1.122014 0.000400 0.021002 0
7 1.204949 1.188986 1.122014 —0.006064 0 —0.005163
8 1.211013 1.188986 1.122014 0 0.002419  —0.005076
9 1.211013 1.188986  1.127090 0.000081 0.004214 0
10 1.211013 1.184772 1.127090 —0.001216 0 —0.001036
11 1.212229 1.184772 1.127090 0 0.000484  —0.001019
12 1.212229  1.184772  1.128109 0.000016 0.000844 0
13 1.212229 1.183928 1.128109 —0.000244 0 —0.000207
14 1.212473 1.183928 1.128109 0 0.000098  —0.000203
15 1.212473  1.183928 1.128312 0.000003 0.000170 0
16 1.212473 1.183758 1.128312 —0.000050 0 —0.000042

Next, recompute the residuals,

R(ll) = R(IO) + bleI;O)

—0.271132 + 0.307815(0.313844)
—0.271132 4+ 0.096606 = —0.174526
Rsl) = R<30) + bszAI(zo)

—0.176581 + 0.245833(0.313844)
—0.176581 + 0.077153 = —0.099428

Il

I
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If the shunt elements e, are included in forming the loop matrices,
the number of elements of the network is increased by e,.. The total
number of elements is, then, ¢ 4+ ¢, and the number of nodes is increased
ton 4+ 1. Consequently, the number of loops and the dimension of the
loop matrices are increased by e, — 1.

The different forms of network equations are summarized in
Table 8.1.

Table 8.1 Network equations

Parameter form
Frame of
reference I'mpedance Admiltance
Bus _E'BUS = Zgusievs _I_BUS = stsi'gvs
Loop Eroor = ZroorIroor Iroor = YiroorELoopr

Bus loading equations

The real and reactive power at any bus p is
P, —jQ, = E: I,
and the current is
P, —5Q
I, = LE*—” (8.2.3)
¥4
where I, is positive when flowing into the system.

In the formulation of the network equation, if the shunt elements to
ground are included in the parameter matrix, then equation (8.2.3) is
the total current at the bus. On the other hand, if the shunt elements are
not included in the parameter matrix, the total current at bus p is

P, — jQp
=212 _ &,
By
where y, is the total shunt admittance at the bus and y,E, is the shunt
current flowing from bus p to ground.

Line flow equations

After the iterative solution of bus voltages is completed, line flows can be
calculated. The current at bus p in the line connecting bus p to g is

. v,
Ipg = (Ep — EQyp + Ep_;‘q




Form bus admittance matrix

YB Us

!

Assume bus voltages

p=12...,n p¥s

(o)
E,

!

Form parameters of voltage equations
KL, and YL,
p=12...

,n p¥*s g=12...,n

i

Set iteration
count k=0

!

Fig.8.3 Load flow solution by the Gauss-Seidel iterative method using Yzys.

Set maximum voltage change max AE"- 0

and bus countp =1

Test
for slack bus

Equal

p:s

Not equal

EP

p-1
KL
k+l § k4l
oo Y, YLK
g=1

Solve voltage equation for bus p

(B,

q=p+1

- i YL, Eq’c

!

Calculate change in voltage of bus p
AE

k

k+1 k
p-E -

P

change in voltage
|AE}1: max AE*

for maximum

Equal or less

Replace E} by B! 4———-,

4

]

Advance bus count

Greater

Set
k k
max AE "= IAEP |

p+l—=p

1




Form bus admittance matrix
Ypus

!

Assume bus voltages
E(O)
P
p=12...,n p¥s

i

Set iteration
count k=0

Calculate real and reactive bus powers

n
Pt = 2 leot (eg* Gpg + f* Bpg) + fok (fok G g —egk Byo) |

> q=1

Q= E {f‘uAI (e Gpo+ o Bpg) = et (£ qu—eq"qu)}

q=1

p=12...,n p*¥s

!

Calculate differences between
scheduled and calculated powers

APpk =L, (xcheduled)—Ppk
4Q,t= > (scheduted)™ @y
p=12...,n p*s

¥

Determine maximum change
in power max AP*and max AQ*
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For J4!
4Q .
3|E:| = |E,Y 5| sin (0, + 8, — 3) qg#*p
a n
3 gp = 2|E,Y 5| sin 6,, + z |EoY 5| sin (650 + 8, — &)
‘ PI q=1
Q%P

Then the equation relating the changes in power to the changes in the
voltage magnitudes and phase angles for the Newton-Raphson method is

AP J1 Ja Ad

AQ Js Ju AlE|

Approximations to Newton-Raphson method

In general, for a small change in the magnitude of bus voltage the real
power at the bus does not change appreciably. Likewise, for a small
change in the phase angle of the bus voltage the reactive power does not
change appreciably. Therefore, using polar coordinates, a solution for
the load flow problem can be obtained assuming the elements of the sub-
matrices J; and J; are zero (Carpentier, 1963). The simplified matrix
equation is

AP J1 0 Ad

AQ 0 Ju AlE|

Successful solutions can be obtained also by reevaluating the Jacobian
in only the first few iterations.

When using rectangular coordinates, a solution to the load flow
problem also can be obtained by neglecting the off-diagonal elements of
the submatrices Ji, J3, J3, and J, of the Jacobian (Ward and Hale, 1956).
This results in the following equations for the changes in real and reactive
power at bus p:

9P, B_P,, A

AP, =6—e,,Ae"+ o7, I»
= Aey(eGpp — foBrp + €o) + Afp(€pBop + f:Gpp + dyp) .
_ 00, ’
AQp = de, Aep + 37, Afp
= Aep(epBrp + foGrp — do) + Afp(—€sGpp + fpBrp + ¢5)

p=12...,n—1




Chapter 8 Load flow studies 285

Table 8.3 Scheduled generation and loads and assumed bus
voltages for sample system

Generation Load
Bus code Assumed
P bus voltage Megawatts Megavars Megawatts Megavars
1 1.06 + j0.0 0 0 0 0
2 1.0 + 0.0 40 30 20 10 e
3 1.0 + ;0.0 0 0 45 15 13
4 1.0 +30.0 0 0 40 5 es
5 1.0 +30.0 0 0

T e of, A%
a. The equations for t‘hiéﬁ\t 1 Sterative sng@g us
code numbers giv: ale
E, = é\, ? age
23

B = (EW — YLuE, — YL YLuEd — YLosEs
B = (Zf;* — YLuEy — YLuE: — YLoE

B = (;f)‘* — YLoES — YLoES — YLiE

ER = % — YLaE" — YLy E:H

In order to calculate the parameters for these equations, it is neces-
sary, first, to determine the elements of the bus admittance matrix from
the transmission line and line charging admittances with ground as refer-
ence. The transmission line admittances, obtained by taking the recipro-
cal of the line impedances, are shown in Table 8.4 along with the total
line charging admittance to ground at each bus. Since there is no
mutual coupling in the representation of the system, the diagonal ele-
ment of the bus admittance matrix for bus 1 is

Yu= Y12 + Yis + U
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Prior to initiating the iterative process it is necessary to calculate
the bus currents with the scheduled net bus powers and assumed initial
bus voltages. From the values given in Table 8.3, the net bus powers in
per unit are obtained and substituted in the equation

P, —3Q
It = 2l — uest

The currents for all buses, except the reference, are

0.20 — j0.20
1.0 — j0.0

1 2 SOERI 04 g %locm%xsoﬂoxﬁ A‘3€
[ = =940 +j0.05 55)(10 +]0 0) &Qﬂ- (9005

1.0 — oe)\',
o = % 0.0 + ]@@g 70.0) = —0.600 + j0.060

The first step in the iterative process is to calculate a new estimate of
the voltage for bus 2 by multiplying the first row of the bus impedance
matrix by the vector of bus currents as follows:

E'é” —E, = an(zm + Zzslgo) + ZuI;o) + Zzalko)

(0.0168751 + j0.0505714)(0.200 — ;j0.285)

+ (0.0125714 + 50.0377143)(—0.450 + 50.095)
+ (0.0134286 -+ ;0.0402857)(—0.400 — 70.005)
+ (0.0157143 + ;j0.0471429)(—0.600 + 70.060)
—0.00888 — j0.05399

1(20) =

— (0.0 + j0.085)(1.0 + j0.0) = 0.200 — 6{65&\6

Since the voltage at the reference bus has been specified, as given in
Table 8.3,

E® = (—0.00888 — j0.05399) + (1.060 + 50.0)

1.05112 — j0.05399

o

The new current for bus 2 is

Py, — 5Q
I;h = (ZE(zl))* : — yZE(zl)
0.20 — j0.20

- — (0.0 + j0.085)(1.05112 — j0.05399
105112 + jo.05399 ~ (00 +J0.085)( J )

0.17544 — j0.028887
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The basic loop incidence matrix is

N A B c
1 -1} -1]|~1
2 -1} —1
3 —1
C= 4 1 1 1
5 1
6 1
7 1

The loop admittance matrix is

A

B

9

A

1.07143 — 73.21429

—0.47619 + ;j1.42857

—0.23809 + j0.71429

Yroor = B

—0.47619 + j1.42857

1.06349 — j3.19048

—0.30159 + j0.90476

(o}

—0.23809 + j0.71429

—0.30159 + j0.90476

0.68254 — j2.04762

which was obtained by first forming the loop impedance matrix by singu-
lar transformation and then taking its inverse.
matrix can be derived also from the bus impedance matrix by using the
algorithm described in Sec. 4.5.

The first step in the iterative process is to calculate the bus currents
with the scheduled bus powers and assumed initial bus voltages. The

currents in per unit for all buses except the slack are determined from the

equation
Py, — Qs
I} = “EH yoE

The loop admittance
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The new link currents from the equation
W= if_x + I_IZOOP

are

5| 0.24286 — j0.04786

7% = 6| 0.27429 — 70.04029

7| 0.53714 — j0.06014 J"es‘a,\e

The new currents in all elements are, then, O
0.39572 — j0.001 "( Om N O“ Agce
2 @v@;&;}ma\l\é age ?)20

\
3| 0.06286 + j0.00014

J—t

1™ = 4| 0.85428 + j0.13671

5| 0.24286 — ;0.04786

6| 0.27429 — ;0.04029

7| 0.53714 — j0.06014

These values replace the previous estimated flows.
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and the diagonal elements are
3| B,
ofy
The change in the square of the voltage magnitude at bus p is
AlEH? = {|Ep|seneaunear}2 — |Eg*|?
If sufficient reactive capability is not available to hold the deswed
A

= 2fza

magnitude of bus voltage the reactive power must be fixed at a limit.
this case the bus is treated as a load bus with fixed reactive o
In the Gauss-Seidel method using Zzys a correcti {;,

bus power can be calculated in order to provntﬂt—:l sghduted volt Ag%
(Brown, Carter, Happ, and Person.‘ the Gerfo %

equation, the voltage at bué
PP

e;‘,‘” +jf1;+1 ? p ..
The curre& at Bus p can be correPi to obtam

ey + jfp = ZplII{+1 o Zpp Ik 4 ALY - ZpalaE

where ¢, and f), satisfy the equation (8.6.2). Subtracting the two voltage
equations,

(ep + Jfp) — (e’;;+1 + jf:+l)

k E—

Al Z.,

or

Al J = (el;+1 +jf:+1) { e, + if» _ ll
’ Zpp et 4 it

Assuming that the phase angles of the scheduled voltage and E%*' are
equal, then,
(e:*‘l + ]flz‘:+l) [IEP1(schcduled) _ ll
Zpp |E5

The corresponding correction in the reactive power is
AQ = —Im{ (E:+l)*Aka}
If the new reactive power
Q' = @t + 2@,
is within the capability limits of the reactive source, then the new bus
current is
P, — @3’

(E’;+1)*

AL} =

I =
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Substituting for 4 from equation (8.7.7) and solving for C,

Equating the current from equations (8.7.2) and (8.7.5) and substituting

for A from (8.7.7), e
(Ep — aE, %’z‘q = (E, — E,) y;” + E,B Otesa-\
Solving for B m N ABE
’ (O \
oz G 30 ©

I
Q=
N
R =

|

—
N’

s

2

The equivalent = circuit with its parameters expressed in terms of the
turns ratio a and the transformer admittance are shown in Fig. 8.12¢.

When the off-nominal turns ratio is represented at bus p for a trans-
former connecting p and ¢, the self~admittance at bus p is

Y 1/1
S T
a a\a

Y
_a%g""*_ylm

=Yt yp "+

The mutual admittance from p to ¢ is

The self-admittance at bus ¢ is

1
Yoo =ya - - +—y‘“’---+yqn+(l——>y,,,
a a

=Ya ' T Yp "t Yan

and is unchanged. The mutual admittance from ¢ to p is



Chapter 8 Load flow studies 321

——— AN ——— Fig. 8.13 Element added to network to reflect
bzpy change in transformer tap setting

Solving for bz,,,

bzpy = — a(a :;Aa) Zpq a\e

The change in tap setting of any transformer L very
element of the Zzys matrix be recomputed se exte sxv 3%

calculations an alternative equlvalﬁ ,

impedance is made equa transfor %‘ the
shunt elements v;@ c rrespond Gupta and
Humph vé

Lettfig A = y,, and equa? espondmg terminal currents
from equations (8.7.2) and (8.7.59 for the transformer and its equivalent,
respectively, then

(Bp — EQypq + EoB = (E, — aEy) y—"i’

Solving for B,
v 1
{(E —aB) ¥ (&, - E)y} x
1 1 E'
-1G-) —(a-l)EJ o
1 1 E,
Cles)-E

Similarly, equating the terminal currents I, from equations (8.7.4) and
(8.7.6) with A = yy,,

(Eq = Bp)pn + BoC = (aBy — Bp) 22
Solving for C,
1
{(aE - B2 — (&, - p>ym} —
E,

ypqu
=[(1 —2)Ir=r 8.7.9
< a) E, ( )
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The shunt admittances, (8.7.8) and (8.7.9), at buses p and ¢, respectively,
are a function of the voltages E, and E,. The bus loading equations are,
then,

_Pp_an 1 l E
1= 22— = (L= ) {(G+1) - 5 ot

P, — 50 1
I, = G_E*_q — Yy B, — (1 - ;) YpaEp

q

Phase shifting transformers

A phase shifting transformer can be represented in load flow studies by
its impedance, or admittance, connected in series with an ideal auto-
transformer having a complex turns ratio, as shown in Fig. 8.14. Then
the terminal voltages E, and E, are related by

E
E_':’ = a, + jb, (8.7.10)
Since there is no power loss in an ideal autotransformer,
E}i. = E}iy, (8.7.11)
It follows from equations (8.7.10) and (8.7.11) that
B
te Ep
_ 1
@, — jb,
Since
lag = (El - Eq)ypq
then
= E'
o= ( q) b.

Substituting for E, from equation (8.7.10),

or = {Ep — (a0 + jb)E} — 2+bz (8.7.12)

@ @a+;b1®

I ¢ I Fig. 8.14 Phase shifting trans-
qu

former representation.
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8
; I/
Yi00p Z pys
Gauss Gauss - Seidel
3]
g /
4
B
S Ypus
Newton - Raphson
2
7/

Yaus
Gauss - Seidel
0 —-——{'_——T—’_——— Fig.8.16 Time periter-
0 40 80 120 ation for load flow
Number of buses methods.

The rate of convergence of the Gauss-Seidel method using the bus
admittance matrix is slow, requiring a relatively greater number of
iterations to obtain a solution than the Newton-Raphson method and the
methods using the bus impedance or loop admittance matrices. In
addition, the number of iterations for the Gauss-Seidel method increased
directly as the number of buses of the network, whereas the number of
iterations for the other methods remained relatively constant, inde-
pendent of system size. A significant increase in the rate of convergence
can be obtained for the Gauss-Seidel method using the bus admittance
matrix by applying acceleration factors.

The optimum values of acceleration factors for a load flow solution
are difficult to calculate; however, they can be determined empirically.
The selection of values for a and B, the acceleration factors for the real
and imaginary components of voltage, depends on the characteristics of
the network and the method of solution. The effectiveness of different
acceleration factors on the rate of convergence for the principal methods
presented is shown in Fig. 8.17. A system of 30 buses and 41 lines was
used for this analysis.

The tolerance required to obtain a solution varies with the different
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and removal of lines and transformers require that the network matrix
be modified.

When the bus admittance matrix is used, it is necessary to recompute
only those elements of the matrix that are associated with the terminals
of the lines or transformers that are being changed. Because relatively
few matrix elements are associated with any one bus, network changes
can be effected simply and quickly. However, in order to modify the
bus impedance matrix it is necessary to use the algorithm. Network
changes that result in adding a new link make it necessary that all ele-
ments of the network matrix be modified. An algorithm would have to
be developed in order to provide a means of modifying the loop admittance
matrix. :

The selection of initial values for bus voltages can have a marked
effect on solution time. When a series of load flow calculations are per-
formed, the usual procedure is to use the final calculated bus vo'tages of
each case as the initial voltages for the next case. This tenc: to reduce
the number of iterations, particularly when there are only minor changes
in system conditions.

The actual computer time required for a load flow solution is depend-
ent also on the speed of the digital computer and the efficiency of the pro-
gram. The time units used in the comparison, therefore, would differ
considerably from one digital computer to another. In general, however,
each time unit is equal to about 1 sec for a medium size computer and to
0.1 sec or less for a large-scale computer.

8.10 Description of load flow program

Large-scale load flow computer programs incorporate many automatic
features to facilitate their use in power system planning, operating,
and interconnection studies. The principal objectives of these features
are to make maximum use of the computer’s capability and to minimize
the number of manual operations required by the engineer in specifying
and maintaining system data for the initial and subsequent load flow
cases.

The American Electric Power Load Flow Program consists of an
integrated set of computer programs to perform load flow calculations
and associated data processing. The principal components of this
program are:

Input

The input program provides the ability to read into the computer the
power system data for a load flow calculation. This data is converted
to the proper computer representation and stored in memory in the
specified locations.
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8.2

8.3

Computer methods in power system analysis

tolerances of 0.01 per unit for the changes in real and reactive
bus powers

¢. Gauss-Seidel using Zpys with voltage tolerances of 0.01 and 0.01
per unit

With tolerances of 0.01 per unit for the changes in real and reactive

bus powers, obtain a load flow solution for the sample system shown

in Fig. 8.23 using the following methods:

a. Newton-Raphson wusing Ypys in rectangular coordinates.
Assume the off-diagonal elements of the submatrices J1, J2, J3,
and J4 of the Jacobian to be zero.

b. Newton-Raphson using Y sys in polar coordinates.

¢. Newton-Raphson using Yjpys in polar coordinates. Assume
the submatrices J, and J; of the Jacobian to be zero.

Compare the convergence characteristics of these techniques and

that of the method used in Prob. 8.1, part b.

Add to the sample system shown in Fig. 8.23 a second circuit from

bus 1 to bus 3 with an impedance of 0.02 + 70.06. Assume a fixed

reactive generation of 25 megavars at bus 2 instead of maintaining

voltage at that bus. Using the data given in Tables 8.19 and 8.20,

obtain a load flow solution by the Gauss method using Yio0p. Let

the loop voltage tolerances be 0.01 and 0.01.

Table 8.19 Impedances for sample
system for Prob. 8.1

Bus code Impedance Line charging
¢ 2o Ype/2
1-2 0.08 + j0.24 0
1-3 0.02 + j0.06 0
2-3 0.06 + j0.18 0

Table 8.20 Scheduled generation and loads and assumed bus
voltages for sample system for Prob. 8.1

Generation Load
Bus code Assumed
P bus voltage Megawatts Megavars Megawatts Megavars
1 1.05 + ;0 0 0 0 0
2 1.0 +40 20 0 50 20
3 1.0 +30 0 0 60 25
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8.4 The sample power system shown in Fig. 8.24 is composed of a tap
changing under load transformer with an impedance of 0 + 70.03.
The load at bus 2 is 200 megawatts and 100 megavars. Let bus 1
be the slack and its voltage be 1.0 4 jO per unit. Assume an initial
tap setting of 1.0 and determine the required tap setting to hold a
voltage magnitude of 1.0 per unit, within +0.005 per unit, at bus 2.
Use the Gauss-Seidel method with Ysus and a 3¢ percent step per
iteration for the tap change.

\e
ese
@——I—EH—‘ Fis. 0.4 m wastem {,r Acgcé

8.5 The v% Ar%e sa &xown in Fig. 8.25
is givid in¥Tables 8.21 and ? o tage magnitude at bus 2

is to be held at 1.0 per unit by means of the synchronous condenser
at bus 3. The maximum and minimum reactive power limits of the
condenser are 50 and —10 megavars, respectively. With bus 1 as
the slack, use the Gauss-Seidel method and the bus admittance
matrix to obtain a load flow solution. Use voltage tolerances of
0.001 and 0.001 per unit and acceleration factors of 1.4 and 1.4.

®
@ 1

1+
@ @ Fig. 8.25 Sample power system
for Prob. 8.5.

Table 8.21 Impedances for sample
system for Prob. 8.5

Bus code Impedance  Line charging
P Zpe Yne/2
1-2 0 + j0.05 0
1-3 0 + 50.10 0
2-3 0 + j0.05 0
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Table 8.22 Scheduled generation and loads and assumed bus
voltages for sample system for Prob. 8.5

Generation Load
Bus code Assumed
P bus vollage Megawalts Megavars Megawatls Megavars
1 1.03 + 30 0 0 0 0
2 1.00 + 50 0 0 200 100
3 1.00 + jO 0 0 0 0
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Table 9.4 Solution by Milne’s method

Current Current
Time Voltage (predicted) (corrected)
n tn en in i, n

4 0.100 0.500 0.02418 0.47578 0.02419
5 0.125 0.625 0.03748 0.58736 0.03748
6 0.150 0.750 0.05353 0.69601 0.05353
7 0.175 0.875 0.07226 0.80161 0.07226
8 0.200 1.000 0.09359 0.90395 0.09358
9 0.225 1.000 0.11742 0.87772 0.11639
0.87888 0.11640%

10 0.250 1.000 0.13543 0.85712 0.13755
0.85464 0.13753%

11 0.275 1.000 0.16021 0.82745 0.15911
0.82881 0.15912¢

12 0.300 1.000 0.17894 0.80387 0.17898
0.80382 0.17898%

t Second corrected value obtained by iteration.

by substituting this corrected value in the differential equation to obtain
i, = 0.87888. This in turn was used in the corrector formula to obtain
the second estimate for 73 = 0.11640, which checks the previous cor-
rected value. An iteration was performed in all subsequent steps to

assure the desired accuracy.

e. The equation used for Picard’s method to generate an approximating

function for 7, near ¢, = 0, is
P= i+ [} O — i — 39 dt
Substituting e(t) = 5¢ and the initial value 7, = 0,

t2
W = ﬁ)‘ 5tdt = %

Then, substituting ® for ¢ in the integral equation,

2 tﬂ
i = (5t - §2t— - 3785 >dt
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method of the first type. The methods of Euler, Runge-Kutta, and
Milne are examples of the second type.
The principal difficulties that arise from methods approximating y
by a function, such as Picard’s method, occur in the repeated explicit
integrations that must be performed to obtain a satisfactory function.
Hence these methods are impractical in most cases and are seldom used.
The methods of the second type require simple arithmetic operations
and thus are applicable for a computer solution of differential equations.
In general, the simpler relations require the use of smaller intervals for
the independent variable whereas the more complex methods can em a\e

relatively larger intervals without sacrificing the accuracy f
Euler’s method is the simplest, but unless a very S allw sed 1t %
is too inaccurate to be practical. Th hod of Euler is 3
s1mple to apply and has the additi nwi % hat s at1 ﬁ‘;
ing is inherent in the pro 'EXN mproved rﬁ is
method is of li owever, a % use of small
intervals ? pendent gﬂ Runge-Kutta method
requires aVarger number of arl tions, but the results are
more accurate.

Milne’s predictor-corrector method is less laborious than is the
Runge-Kutta method and has comparable accuracy of order 2°. How-
ever, Milne’s method requires four starting values for the dependent
variable that must be obtained by some other method, such as the
modified Euler or Runge-Kutta method, that is self-starting. For a
computer application this requires programming a numerical method
for starting the solution as well as Milne’s method for continuing the
solution. The use of different formulas for predicting and then correcting
a value of y provides a systematic process for checking as well as cor-
recting the initial estimate. If the difference between the predicted and

corrected values is significant, the interval can be reduced. This capa-
bility in the Milne method is not available in the Runge-Kutta method.

Problems

9.1 Solve the differential equation

dy

=12—-—
dz y

for 0 < 2 < 0.3, with the interval equal to 0.05 and initial values
2o = 0 and y, = 1, by the following numerical methods:

a. Euler’s

b. The modified Euler

c¢. Picard’s



chapter 10
Transient stability studies

VA
e\N
10.1 Prxcte}!n\ ? age

Transient stability studies provide information related to the capability
of a power system to remain in synchronism during major disturbances
resulting from either the loss of generating or transmission facilities,
sudden or sustained load changes, or momentary faults. Specifically,
these studies provide the changes in the voltages, currents, powers,
speeds, and torques of the machines of the power system, as well as the
changes in system voltages and power flows, during and immediately
following a disturbance. The degree of stability of a power system is an
important factor in the planning of new facilities. In order to provide the
reliability required by the dependence on continuous electric service,
1t is necessary that power systems be designed to be stable under any
conceivable disturbance.

The ac network analyzer was used for transient stability studies to
obtain the operating performance of the power network during a disturb-
ance. The step-by-step calculations describing the operation of the
machines were performed manually. The use of the digital computer to
perform all computation for both the network and the machines was a
natural extension of the digital load flow studies that proved so successful.

The performance of the power system during the transient period
can be obtained from the network performance equations. The perform-
ance equation using the bus frame of reference in either the impedance
or admittance form has been used in transient stability calculations.

In transient stability studies a load flow calculation is made first to
obtain system conditions prior to the disturbance. In this calculation
the network is composed of system buses, transmission lines, and trans-
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10.4 Power system equations

Representation of loads

Power system loads, other than motors represented by equivalent cir-
cuits, can be treated in several ways during the transient period. The
commonly used representations are either static impedance or admittance
to ground, constant current at fixed power factor, constant real and reac-
tive power, or a combination of these representations.

The constant power load is either equal to the scheduled real and
reactive bus load or is a percentage of the specified values in the case of a
combined representation. The parameters associated with static
impedance and constant current representations are obtained from the
scheduled bus loads and the bus voltages calculated from a load flow
solution for the power system prior to a disturbance. The initial value
of the current for a constant current representation is obtained from

Io0 = Pry — jQL»
p0
E,

where P, and @, are the scheduled bus loads and E, is the calculated
bus voltage. The current I,, flows from bus p to ground, that is, to
bus 0. The magnitude and power factor angle of I,, remain constant.

The static admittance ypo, used to represent the load at bus p, can
be obtained from

(E b Eo)ypo = Ipo

where E, is the calculated bus voltage and E, is the ground voltage, equal
to zero. Therefore

I 50
== 10.4.1
Ypo E, (104.1)
Multiplying both the dividend and divisor of equation (10.4.1) by E}
and separating the real and imaginary components,
PLp QLp

—— d bpo = ————
eyt + fp? an ” eyt + fpt

gpo =

where

Ypo = gpo — Jbpo

Network performance equations

The network performance equations used for load flow calculations can
be applied to describe the performance of the network during a transient
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Subsequent voltages for these buses are calculated from the differential
equations describing the performance of the machines.

During the iterative calculation the magnitudes and phase angles of
the bus voltages behind the machine equivalent admittances are held
constant. If a three-phase fault is simulated, the voltage of the faulted
bus is set to zero and held constant.

If the bus impedance matrix is used for a transient stability study,
ground is usually taken as reference because all network bus voltages,
except at the faulted bus, change during the transient period (Brown \e
Happ, Person, and Young, 1965). To eliminate the need to
bus impedance matrix for a change in the reference pus %

also as reference in the prefault load flow calcul E

When ground is used as referenc m Iculatlon a hAg
loads are represented solely as jﬁ he bus r1x
will include only the Wac or, and lin %% nts to
ground. \J S 1mpeda onditioned and
converge' so ution us Wwd On the other hand,
if the loads are represented so ances to ground to improve
the convergence characteristic, then these impedances and the bus
impedance matrix must be modified during the iterative solution for
changes in bus voltages. To overcome this difficulty only a portion
of each bus load is represented as an impedance to ground. The remain-
ing portion of the load can be represented as a current source which varies
with the bus voltage so that the total bus current satisfies the scheduled
load power.

After the load flow solution is obtained, the bus impedance matrix
must be modified to include the new network elements representing the
machines and to account for changes in the representation of loads.
These modifications can be made by using the algorithm described in
Secs. 4.2 and 4.3. Each element representing a machine is a branch to a
new bus, and each element representing a load change is a link to ground.

The iteration formula for the performance of the network during the
transient period using ground as reference is

n+m
E”;+‘=ZZNI, p=1,2...,n
a=1 p*f

where 7 is the number of network buses, m is the number of buses behind
the equivalent machine impedances, and bus f is the faulted bus. The
current vector I, is composed of load currents from either the constant
current or constant power representation and the currents obtained from
machine equivalent circuits.

In the application of the bus impedance matrix, only those rows and
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simplified machine representation, are determined from

A5{(¢+At) = }{5(]915 + 2k2i + 2k + ku)
Awieran = Y6l + 20 + 205 + 1y) 1=1,2 ...,m

The £’s and I’s are the changes in §; and «;, respectively, obtained using
derivatives evaluated at predetermined points. Then,

5i(t+At) = 1(!) + é(kh + 2k2z + 2]03; + k.n)
10.5
Wi(t+AL) = Wity + /6(111 + 2121 + 213; + [41) ( o 3) \e

The initial estimates of changes are obtained fro
k1= (wiy — 27f) At & _‘ Ag%
where ? d \L‘% ma, a@@d 3gap powers at time ¢.

f (sz — Puiw) At \N “2‘
The secfnd %et of estimates o : and w; are obtained from

kz,' = {(w,'(” + %) - 27Tf} At

)

i

(P,,.f—P“’)At i=1,2...,m

where Pg’ are the machine powers when the internal voltage angles are
diy + (k1/2). Thus, before ly; can be calculated, new components for
the voltages for the internal machine buses must be calculated from

ki
a1 ! i
e = |El| cos( it +

ki .
iV = |E] sin( w + 1) i=1,2...,m

Then, the network equations are solved to obtain bus voltages for the
calculation of machine powers P().
The third set of estimates are obtained from

IL‘3¢ = {(w;(z) + l21> - 27rfJ At

ly; = f(Pz—Pif))At 1=1,2...,m

where P{? are obtained from a second solution of the network equations

with the internal voltage angles equal to &y + (k2:/2) and the compo-
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Using the bus admittance matrix and the Gauss-Seidel iterative method
for the solution of the network equations and the modified Euler method
for the solution of the swing equations:

a. Determine the effects on the sample power system shown in Fig.
10.8 of a three-phase fault on bus 2 for a duration of 0.1 sec.
b. Determine the effects of the fault on bus 2 for a duration of 0.2 sec.

Solution

The results of the load flow calculation prior to the fault are given in
Table 10.1. The inertia constants, direct-axis transient reactances, and
equivalent admittances of the generators at buses 1 and 2 in per unit
on a 100,000 kva base are given in Table 10.2.

Table 10.1 Bus voltages, generation, and loads from load flow
calculation prior to fault

Generation Load
Bus code Bus voltages
P E, Megawatts Megavars  Megawatts Megavars
1 1.06000 + j0.00000 129.565 —7.480 0.0 0.0
2 1.04621 — j0.05128 40.0 30.0 20.0 10.0
3 1.02032 — j0.08920 0.0 0.0 45.0 15.0
4 1.01917 — 70.09506 0.0 0.0 40.0 5.0
5 1.01209 — ;0.10906 0.0 0.0 60.0 10.0




Chapter 10 Transient stability studies 391

where the bus voltage is obtained from the load flow solution and is
given in Table 10.1. The line parameter Y Ly, is

—5.00000 + ;15.00000

11.01562 — 533.17281
—0.45235 — 70.00052

The Y L,/ s for all elements are given in Table 10.3.
The voltages behind the equivalent admittances representing the

machines are obtained from the equation \e

E, = Eu + jajlu i=n+1,n4+2 ... Sa

where N Ag%
e £

I; = E*] L \N "( 2 O

and n is gx@e uses of @ A is the number of

machines machine at? 6‘

1295 5—%]007480
1.06 — j0.0

YLZI =

Es L%+mo+m%

1.04236 + 70.30558

Table 10.3 Line parameters for
transient stability representation
of sample system

Bus code
P YL,

!

|
D W N

—0.67074 — j0.03560
—0.16769 — j0.00890
—0.16383 + j0.04512
—0.45235 — j0.00052
—0.15078 — ;0.00017
—0.15078 — j0.00017
—0.22618 ~ ;0.00026
—0.01810 + j0.00601
—0.09625 + j0.00089
~0.12833 + j0.00119
—0.77000 + j0.00711
—0.12866 + j0.00115
—0.77198 + j0.00687
—0.09650 + j0.00086
—0.65236 + j0.02866
—0.32618 + j0.01433

P PerPeRPeTIT Y
LU A A SN

|
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Similarly, for the machine at bus 2,

(0.0 + 1.50797)

88, 0y = 0.32097 + 0.02

= 0.32097 + 0.01508
= 0.33605

The internal voltage angles in degrees at ¢t + At = 0.02 are

180

8§(b.0n = 0.28598 (—) = 16.38540°
™

and
180

.00 = 0.33605 (T) = 10.25420°

At ¢+ At = 0.02 the final components of voltages behind the
machine equivalent admittances are

€™ = 1.08623 cos (16.38540)

= 1.04212

2 = 1.08623 sin (16.38540)
= 0.30641

and

ex? = 1.58426 cos (19.25420)
= 1.49564

1~ 1.58426 sin (19.25420)
= 0.52243

Then the network equations are solved to obtain the final system voltages
at ¢+ At = 0.02. The voltages obtained from this calculation are
given in Table 10.5.

Table 10.5 Bus voltages of sample
system at t + At = 0.02

Bus code Bus voltage
Y4 E,
1 0.19258 + j0.00353
2 0.0 + 0.0
3 0.04815 — j0.00114
4 0.03845 — j0.00133
5 0.01249 — 3j0.00097
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Fig. 10.10 Internal voltage angle of machine with respect to time for a fault
duration of 0.1 sec.
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X

Fig.10.17 Operating characteristic of distance
relay plotted on an RX diagram.

circuit breaker operations to disconnect the faulted equipment. The
design of a protective relaying system must assure proper operation so as
not to disconnect additional equipment that would aggravate the effects
of the disturbance and it must assure that the faulted equipment is cleared
sufficiently fast to mitigate the effects of the fault. In addition, the
relaying system must not limit the design capability of the generation
and transmission facilities.

An important type of relay that is used for high-voltage transmission
line protection is the distance relay. This relay responds to the ratio of
measured voltage to measured current which can be expressed as an
impedance. A convenient means of showing the operating characteristic
of a distance relay is with an RX diagram on which a circle is drawn with
the radius equal to the impedance setting as shown in Fig. 10.17. When
the value of the impedance seen by the relay falls within the circle, the
relay will operate.

To provide adequate primary and backup protection, distance relays
have three units. The operating characteristic of each unit can be
adjusted independently. Furthermore, the proper functioning of dis-
tance relays requires the capability to distinguish direction. This is
provided by either a directional unit, as in the impedance-type distance
relay, or is inherent in the operating characteristics, as in the mho-type
distance relay. The operating characteristics of these two relays are
shown in Fig. 10.18. The circles associated with the three units are
labeled zone 1, zone 2, and zone 3.

When a fault occurs and the value of impedance seen by the relay
falls within zone 1 and above the characteristic of the directional unit of
the impedance type, the zone 1 contacts will close and trip the circuit
breaker immediately. In this case all three units will operate because
zone 1 is the smallest circle. When the impedance falls only within
zones 2 and 3, or zone 3, the contacts of the associated units will close
and energize a timer. At a specified time setting, the timer will close a
second set of contacts associated with zone 2. If the first set of contacts
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Fig. 10.19 Trajectory of apparent impedance during a
power swing.

to operate. The operation of the relay system can be tested for various
system disturbances by calculating during the step-by-step transient cal-
culations the apparent impedance, that is, the impedance seen by the
relay. The apparent impedance calculated at each time increment can
be compared to the operating characteristics of the relay. A convenient
means of making this comparison is to plot the impedance values on the
RX diagram of the relay as shown in Fig. 10.19.

The apparent impedance is calculated from the final results obtained
from the network solution at time ¢t + At. First the current in a specified
transmission line p—q is calculated from

Ioe = (Ep — EQYne
Then, the apparent impedance for bus p is

E
Z, ===
T I
or in complex form,
. ep + ifp
R, +jX, = 2%
p IS Gpq + Jbpe
b
where R, = %"——’-_L’;—’f
a?ﬂ + bPI
Solpq — €xbpq
X, ="—7F73—
T et b,



Incidence matrices, element-node, 31,
61
three-phase, 126, 138
Incident, 28
Induction machines, equivalent
circuits for transient stability, 372
Inertia constant, 368
Inverse matrix, 16, 19, 235-237, 239
Iterative methods for solution of
algebraic equations, 223, 240, 248,
253
Gauss, 242, 245
Gauss-Seidel, 242-247
Newton-Raphson, 249-253
relaxation, 244-248
(See also Load flow, solution

techniques) " W
Jacobian, g e\,
in load flogr studies, 271-276,

294-299, 313-315
Kirchhoff’s laws, 43, 46, 258

Line flow equations, 260
Line-to-ground fault, 176, 181-185,
195-199, 204
Line-to-line fault, 176, 204
Line-to-line-to-ground fault, 176
Linear algebraic equations, 21, 224
solution of, direct methods, 223-240,
248, 253
iterative methods, 223,240-248,
253
multiple sets of, 235-237
Link, 29
Load bus, 257
Load flow, bus loading equations, 260
comparison of methods, 325-332
computer program, 2, 332-337
line flow equations, 260
network performance equations, 259
solution techniques, Gauss, 261-265,
277, 279-281, 283, 303-312, 327-
331
Gauss-Seidel, 265, 277-279, 283-
292, 300-303, 312, 315, 327-331

Index 425
Load flow, solution techniques, Newton-
Raphson, 270-277, 283, 292-299,
313-315, 327-331
relaxation, 265-269, 313, 327
statement of problem, 257-259
tie line control, 324
transformers, 317-324
voltage controlled buses, 312-316
Loads, representation of, for load

flow, 260, 377
for transient stability, 374 \
Loop, 29 a
basic, 29 “es
open, 39 Q
Loop atiéitmat ix,\3,"48, 56, Ag
"n‘g ow studies 9- ‘
303-311 3
Loop fra refA 7, 43
%e matrix, 43, 46,
61, 69, 71

1n short circuit studies, 201-215

Matrix, addition and subtraction, 14
adjoint, 13
augmented, 21, 236
coefficient, 8, 224
column, 8
conjugate of, 10
diagonal, 9
elements, 7
diagonal and off-diagonal, 8
Hermitian, 10
identity, 9
incidence (see Incidence matrices)
inverse, 16, 19, 235-237, 239
Jacobian, 250
lower triangular, 9
multiplication, 14-16
network (see Network matrices)
nonsingular, 17
notation, 7
null, 9
orthogonal, 10
partitioning, 18
rank of, 20
row, 8
singular, 17
skew-Hermitian, 10
skew-symmetric, 10



