1.0 CONCEPTS & FORMULAS
1.1 INTRODUCTION

Radian The angle subtended at centre of a circle by an arc of length equal to the radius of the circle is 1
radian

1°= ﬁ radian

0
1 radian = 180
T

Positive & A positive angle is measured in an A negative angle is measured in a
Negative anticlockwise direction clockwise direction
Angles

N
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Six Trigo me r'C sin9=ﬁ; cosf = — BC. ; tand = — AB

Functions A AC AC’ BC
AC

sing  AB
1 AC
cosf BC
1 BC
tand AB

cosecd =

secld =

cotl =

Important
Trigonometric
Ratios
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Sign of
Trigonometric
Functions

Sine positive
Cos negative
Tan negative

Quadrant
2 1

Quadrant  Sine positive
Cos positive
Tan positive

Sine negative
Cos negative
Tan positive

Quadrant Quadrant  Sine negative
3 4 Cos positive
Tan negative

Trigonometry
Identities &
Formulas

Basic Identities

Compound-Angle
Formulas

Double-Angle
Formulas

Factor Formulas
(Sum to Product)

Factor Formulas
(Product to Sum)

Trigonometry Functions

sin®0+cos?0 =1
sec?0 =1+tan’0
cosec’0 =1+ cot?0

sin(A+B) =sin AcosB +cos AsinB

sin(A—B) =sin Acos B -cos AsinB

cos(A+B)=cos AcosB-sin AsinB

cos (A-B)=cos AcosB+sinAsinB
tan A+tan B

tan(A+B)=————
1-tan Atan B

tan A—tan B
1+tan Atan B

tan(A-B) =

sin26 =2sin@cos 0

sinC +sin D = 2sin ; cosC;D

sinC—sinD=2cosC;DsinC;D

cosC+cosD=2cosC;DcosC;D

cos D—cosC=25inC;DsinC;D

2sin Acos B =sin (A +B) +sin (A-B)
2cos AsinB =sin (A +B)-sin (A-B)
2 cos Acos B =cos (A+B)+cos (A-B)
2sin AsinB =cos (A—B)—cos (A +B)




[ 11. [ Solve each of the following equations giving all solutions in the given interval

Suggested Solution

) 25c0s(9—73.74)=15. for 0° <0 <360°. b)  17sin(0-61.93) =14, for 0° <6 <360°.
Suggested Solution Suggested Solution
25c05(0 ~73.74) =15 17sin(9 - 61.93) =14
cos(6—-73.74)= 0.6 14
6—73.74° = 53.13°, 306.87° sin(¢ - 61.93) = o
0=53.18" +73.74’, 0 - 61.93 = 55.44,)180 — 55.44)
0 0 0
(306.87" +73.74° - 360°) 0 =55.44+61.93, 124.56 + 61.93
6= 20.6°,126.9° (Answer) 0=117.4°,186.5° (Answer)

©  13sin(x+67.38) =11, for 0° <9 <180° V26 cos(6+11.31) =4, for 0° <6 <360°

Suggested Solution Suggested Solution

13sin(x+67.38) =11 26 cos(9 +11.31) = 4

sin(x+67.38) = E cos(0+11.31) = 4

J26
X+67.38 = 57.8, 122.2 6+11.31=38.33, 321.67

X =—9.58,54.82 6 =27.0°,310.4° (Answer)
20 =54.82, (360 —9.58) Y
20 = 54.82,350.42

6 =27.4°,175.2° (Answer)

Note ‘ O
Since 0° < 9 <180° then 0° W\GM

-5\ |\| \ \
A
Givel \,Fﬂc ithout the a (U\e e%value of tana given that
EP nie+p)=4 @

b)  sin(a+ B) =3cos(a— B)

Suggested Solution
a)

tan(e + B) =4 sin(a + f) = 3cos(a — )
tana+tanf _, sin & cos 3+ cos a sin 3 = 3(cos a cos f3 +sin asin J)
l-tanatan g 1 . 2 1 2
tana + 2= 41— 2tana) ﬁsmtﬁﬁcosa:{ECOSOHES"WJ
tana +2=4-8tana sina+2cosa  3c0S a +65in

Otana =2 J5 B J5

-5sina =cosa

tana =— (Answer)
9 1
= tana = (Answer)
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Prove the identity
cos3x = 4cos® X —3cos X

Prove the identity
sin3x = 3sin x —4sin® x

Suggested Solution

= cos 3x

= C0S(2X + X)

= c0s 2x cos—sin 2xsinx  (Note)

= (2cos” x —1) cos x — (2sin x cos x)(sin x)
=2c0s® x —os x — 2sin® xcos X

=2c0s® x —cos x — 2¢os x(1L— cos? x)
=2c0s° X —C0S X — 2¢0S X + 2¢0s° X

= 4c0s® x —3cos x (Shown)

Note:  Use Compound-Angle Formula

cos(A+B)=cos AcosB-sinAsinB

Suggested Solution
=sin 3x
=sin(2x + X)
=sin 2xcos X + cos 2xsin x  (Note)
= 25in xcos xcos X + (1— 2sin? x)sin x
= 2sin xcos® X +sin x — 2sin® x
= 2sin x(1—sin? x) +sin x — 2sin® x
= 2sin x —2sin® x +sin x — 2sin® x
= 3sin x — 4sin® x (Shown)

Note:  Use Compound-Angle Formula

sin(A+B) =sinAcosB+cosAsinB

Prove the identity
cos4x +4cos2x =8cos* x —3

Suggested Solution

= C0S4X +4c0S 2x

= C0S(2X + 2X) + 4(2cos® x —1)

= C0S 2X C0S 2X — Sin 2Xsin 2x +8cos® X — 4

= (2cos® x —1)(2cos? x —1) — (25|nxcosx25|nxco

=4c0s* x—4c0s? x+1—4sin? x cos? (6
= 4c0s* X — 4c0s? x+1 wos X( +8co

oY Sa0e

Z’Z

teﬁa
of A2

Prove the identity

sin? xcos® x = %(1—cos4x)

Suggested Solution

=sin® xcos? x
_ (1— cos ZXJ(COS 2X +1) (Note)
2 2
_ €OS2X +1-C0s’ 2X — COS 2X
4

_ 1-cos’ 2x
4

= Let2x=A

_(c032A+1
1-cos® A

Note

c0s 2x = 2cos’—1
2c0s® X = cos 2X +1

2 C0S2X+1
COs“ X = 2

c0s2x =1-2sin? x
2sin? x =1-c0s 2x
_, 1-cos2x
sin? x=—->""=

4 4 I T
= %(1—cos4x ) (Shown)

2 ) _2-c0os2A-1 1-cos2A 1-cos4x

8 2
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Express 8sin@—15co0s@ in the form Rsin(@ —a) , where - | Express 5sin x +12cos X in the form Rsin(x + &)
where R >0 and 0° < ¢ <90°, giving the value of ¢ correct
to 2 decimal places.

R>0 and 00 <o <90° , giving the exact value of R and
the value of «. correct to 2 decimal places

Suggested Solution Suggested Solution

Let 5sinx+12cos x = Rsin(X + a)

5sinx+12cos X = Rsin xcosa + Rcos xsina
Equate the coefficientsof cosx and sinx

Let 8sin@ +15c0s 8 = Rsin(6 — )
8sin@+15c0sf = Rsindcosa —Rcosdsina
Equate the coefficients of cosé and siné

= Rcosa =8

= —Rsina =15

= Rcosa =5
= Rsina =12

= (1) +(2)%:
= {R?cos? a = 25+ {R?sin’ o = 144
= R?*=25+144 =169 = R =13 (Answer)

=12 +(2)7%:

= {RZ cos’a = 64}+ {R2 sina = 225}

= R? =64+ 225 =289 = R =17 (Answer)
= Replace Rin (1): = Replace R in (1):

5
= cosa =2 —oosa=13
17

=Sa= cos‘I% = 67.38° (Answer)

oW

=a=cos’ % =61.93° (Answer)

t‘\\ y ‘C

Express 505 @ —Sin @ in the form Rcos(9+a), where . in @522 cos @ in the form Rsin(ﬁ—a), where
R>0and 0° < & <90°, giving the exact yalue af 90°, giving the exact value of R and the
value of ¢ correct to 2 decimal placeg. eCT'to 2 decimal places..

-
Suggested Solu;:f' n( e\, \e 5uggested Solution

Let 5¢c0s6 -sind = Rcos(6 + «) Let 9siné -12cosé = Rsin(6 — «)

5c0s8 —sin@ = Rcos&cosa — Rsindsina 9sind —12cosd = Rsindcosa — Rcos&sin o
Equate the coefficients of cos@and sind Equate the coefficients of cosg and sin@
= Rcosa =9

= Rsina =12

= Rcosa =5
= Rsina =1

= (1)*+(2)7*:
= {R?cos?a = 81}+ {R?sin’ o = 144
= R? =81+144 = 225 = R =15 (Answer)

= (1) +(2)*:
= {R?cos? & = 25}+ {R?sin’ & = 1
= R? =25+1=26 = R = /26 (Answer)

. Replace R in (1):
= Replace R in (1): = Rep @

9
=C0sa=—
15

5
= C0SQ = —
/26
> a= cos‘1i
26

Sa= cosY — 5313 (Answer)
=11.31° (Answer) 15 ——
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Prove the identity

sec? X +secxtanx =

1-sinx

Suggested Solution

= sec? X +Sec X tan x
1 1 sinx
—+ .
COS“ X COSX COS X
1 sin X
2 + 2
COS“ X C€O0S” X
1+sinx
cos? x
1+sinx
1-sin3x
1+sin x
(1+sin x)(1—sin x)

= 1 (Shown)
1-sinx

Prove the identity
Cot X — Cot 2X = cosex2x

Suggested Solution

= cot X — cot 2x
1 1

tanx  tan2x

1 1-tan®x

@_ 2tan x
_ 2tanx —tan x(1 - tan” x)
- 2tan® x
_ 2tanx—tanx +tan® x
- 2tan? x
_tanx +tan® x
~ 2tan’x
_l+tan’x
~ 2tanx

(Shown)

1 1
Show that tan? x + cos? x = sec? x+Ecoszx—E

Show that, 1 45'” X |snreg Ofor\}hfx

1- 4gosx

Suggested Solution

=tan2 X + €0s% X

=sec’ x—1+= cost+—
2 2

=sec’ X + %cos 2X — % (Shown)

a\c-
e
2 oEAL

(1+2cos? x)(1—2cos? x)
(1—cos 2x) cos 2x
(cos 2x +1)(—cos 2x)

(1—cos 2x)
14008 2x
(1-(2cos? x-1))
1+ (2cos? x—1)
2-2c0s* x
2008 x
2(1—cos? x)
~ 2cos?x
sin? x
~ cos® x
= —tan? x

2sin® x =cos 2x—1
2c0s? X = cos 2x +1

Since tan? x > 0 for all x,
_1-4sin* x

. .— < 0 forall x (Shown)
1-4cos” x
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Prove that
sin? 26(cosec?0—sec? 6)= 4cos 20
) solve for 0° < @ <180°the equation
sin? 26(c05e026 —sec? 9)=
ii)  Find the exact value of
cosec?15° —sec? 15°

Show that the equation
tan(60° + ) + tan(60°
written in the form

(24/3)1+ tan” 6) = k(1 3tan’ 6)
Hence solve the equation

tan(60° +6) + tan(60° — 0) = 34/3

—60) =k canbe

Suggested Solution
8 =sin?26(cosec?0 —sec? 6)

—SIHZHSIHZH( 1 —Lj
sin?@ cos’ @

29 _cin?
— (2sin 9 cos 6)(2sin fcos §)| 2 0 —SIN" 0
sin“ @gcos‘ @

=4sin? @ cos? 9(

cos’ §—sin’ @
sin® @cos’® 9 j

= 4(cos? 0 —sin 0)

= 4¢0s 26 (Shown)

b) i)  4cos20=3
c0s20 =0.75
20 = 41.4,318.6

6 =20.7°, 159.3° (Answer)

i) sin? 20(cos ec20 — sec? 6)= 4 cos 20
4cos 20
sin? 26

SEE

cosec?d —sec? 0 =

cosec?15° —sec?15°

=83 (Answer)

giving all solutions in the interval 0° < 9 <180°

Suggested Solution

i)

= tan(60° + &) + tan(60° — 0) =

- tan60+tan6' tan60 —tan @
1-tan60tan@d 1+tan60tan9
f+tan€ V3 -tang
1-V3tnd  1+3tnd
(f+tan9)(1+ftan9)+(f tan6)(1— /3 tan6)

(1-+/3tan@)(1+3tans)
zf +2+/3tan?0
1-3tan?6
= 2./3(1+tan?@) = k(1-3tan’6) (Shown)

=k

ii)
tan(60° + 6) + tan(60° — 0) = 3+/3
From part(i), k = 33

= 24/3(1+tan’ ) = 34/3(1— 3tan
= 2(1+tan?éd @\(
g \ée

~ o eﬁz
5Aﬁ§+ﬁ

= 60=16.8°,163.2° (Answer)

WO

Given the following triangle. Prove that
tan A+tanB+tanC =tan AtanBtanC,

Suggested Solution

= A+B+C =180
= A=180-(B+C)
tan180 —tan(B + C)
1-tan180tan(B + C)
0-tan(B+C)

1
=tanA=-tan(B+C)

tanB+tanC

1-tan Btanc}

= tanA=

=tanA=

:>tanA=—[

= tanA(l-tanBtanC) =—-tanB—tanC
= tanA—-tan AtanBtanC =—-tanB —-tanC
= tan A+tanB+tanC =tan AtanBtanC (Shown)
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