LIMITS AND CONTINUITY (CONTINUED)

THE EPSILON-DELTA (€ — ) DEFINITIONS OF LIMITS AND CONTINUITY

Limits: lim,_,, f(2) = L if and only if for every & > 0, there exists some 6 > 0 such that
whenever « is within § of a, f(x) is within € of L (that is, |z — a| < § implies that
[f(z) = L] <o)

Continuity: Function f(z) is said to be continuous at = « if and only if for every £ > 0,
there exists some d > 0 such that whenever z is within d of a, f(z0) is within € of f(a)
(that is, |29 — a| < & implies that | f(z0) — f(a)| < &).

Equivalently, f(z) is continuous at = @ if lim, ., f(x) exists and is equal o f(a).

LIMIT LAWS

Suppose f(x) and g(x) are two functions, a is a point (possibly 00) near which both
f(z) and g(x) are defined. (These are only true if both lim,, ., f(z) and lim,_., g(x) exist
and at least one of them is finite!)

lim (f(2) £ g(x)) = lim f(x) + lim g(z)
lli% (cf(z) = (t}iinlf(.’l;)

Sum:

Scalar multiple: Here, c is any real.

Product:

lim f(@)g(x) = (Jim f(2)) (1im g(z))

‘)
limg_, f(z
If lim g(x) # 0, then lim f(z) img ., f(z
@—a b2

Quotient: —_—
—a g(z)

lim, ., g(

The Squeeze Theorem:
If f(x) < g(x) < h(x) nearx = a, and lim f(z) = lim h(z) = L,

then hm g(x) exists and is equal to L.

The cldsslc application of this theorem establishes that lim,,_.¢ sine _ 1.

Frequently-encountered limits:

hm sine _

z—0

lim &
0

lim z"e * =0 for all n

z—00
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INTUITION

If a and b are two points in the domdm of f(z) then the average rate of change of f(z)
on the interval [a, b] is f<b) , ameasure of how fast f(x) has increased or decreased
over the interval. This is also the slope of the line through the points (a7 f(a)) and
(b, f(b)) on the graph of f(z).

The derivative of f(x) at a point 2 = a is the instantaneous rate of change, a measure
of how fast f(z) is increasing or decreasing at a. Equivalently, the derivative is the slope
of the tangent line to the graph of f(z) at the point 2 = a—the unique line through the
point (a«, f(a)) that touches the graph at only that point near x = a.

We compute the derivative f’(a) by looking at the average rate of change of f(x) on the
interval [a, @ + h| and taking the limit as / goes to 0. Equivalently, f’(a) is the limit as
h — 0 of the slope of the line through (a. f(a)) and (a +h, fla+ h)).

DEFINITION

If the limit limy, ¢ M
the limit is the derivative of f(x) at 2 = a, denoted by f'(a).

The function f/(z) = limy,_, NTL
defined whenever f(r) is deﬁned thenj T

i at a. The converse is Mot Jrue:
nhob . There are two cases wi hls occu

a funchon can be contin i
angent: Ex: f(z)
( function is continuous at 4

lim, o+ |z| = lim, -

but the derivative f/(0) is undeﬁned
since the left-hand slope limit,
limy, o~ M —1, does not equal
the rlgl‘lt‘hand slope  limit,

limy_ o+ 5 = 1.

exists, we say that f(z) is differentiable ot 7 = (1 an

is the derivatj

2. Vertical tangent: The slope of a
vertical line is “undefined.” If f(x)
has a vertical tangent at z = a, then
the derivative f’(a) is undefined and

METHODS AND TRICKS

Assume that f(z) and g(x) are two differentiable functions.

(@) % 9(a) = /@) £/

L (er@) =es'@)

L (f@(@) = f @) + @) @)

MNEMONIC: If f is “hi” and g is “ho,” then the product rule is “ho d hi plus hi d ho.”

Sum and Difference:

Scalar Multiple:

Product:

Quotient:

dy dy du
iz T dudz
IMPLICIT DIFFRRENTIATION

gfeftiation uses the product and chain rules to find slopes of curves when it is

c t or impdssible to express y as a function of «. Leibniz notation may be easiest

ifferentiating 1mp11c1t1y Take the derivative of each term in the equation with
respect to . Then rewrite la =y and §£ ’i' = 1 and solve for y/'.

Exla?+y? =1

Implicitly differentiating with resped to x gives the expression 2x : +2y 'I’/ = 0, which
simplifies to 2 + 2yy’ = 0 ory’ = 7—, The derivative can now be found for any point on
the curve, even though it is not actually a function. You will gef the same result if you first solve
for y = 4v/1 — 2 and keep track of the =+ signs in different quadrants.

=3z
obtain

Ex 2: xcosy — ;/2
’ dr/ _ qdz
dr = Sz

Differentiate  fo first ; cosy + x B2 and  then

cosy — xsinyy’ — 2yy’ = 3. Finally, solve for y = 2=

DERIVATIVES OF BASIC FUNCTIONS

d(c)

the graph of f’(z) will have a verti-
cal asymptote at z=a. Ex:
f(z) = /x has a vertical tangent at
the point (0, 0). The derivative func-
tito(l;, fl(z) = ?17\/,7’ goes to infinity
ai .

/'(0) undefined '(0) undefined

NOTATION

=0 A constant function is always flat.

dx

d(mx +0b)

Li d
inear: i

The line y = ma + b has slope m.

Powers: True for all real n # 0.

d(ap,z™ + - - 2 T
(ana™ + -+ + a2x® + ayx + ap) "1y 4 %a0s 4 ay

Different notations for the derivative function are useful in different contexts. The most

common notations in calculus are f'(z), ', 2 4z f (), and dJ . The last two are in Leibniz
Ay _ change in y

notation; & d Y evolved from = or slope. The expressions dy and dz rep-

Aa — change inz?
resent infinitesmal changes in y and .
(.. 1
 Higher-order derivatives can be written in pnme notatlon (@), f(z), f"(x),
dy Ay & dy dly
dx? d:tf2 dz3 da*
© The derivative at a particular point a is most often expressed as f’(a) or 4::

F®(z), or in Leibniz notation:

= na,T

dx
dee”) _ .

Exponential: =e

d This is why e is called the “natural”
lx

logarithm base: Ae” are the only func-
tions that are their own derivatives.

d(a™)
dx
d(lnz)
de
d(log,z) 1

dzx " zlna

'r]nll

=a"lna When in doubt, convert a” to €

Logarithmic: Found using implicit differentiation.

‘When in doubt, convert
N Inx
log, = to o
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