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Class Notes 3

3 Circuit Analysis in Frequency Domain

We now need to turn to the analysis of passive circuits (involving EMFSs, resistors, capaci-
tors, and inductors) in frequency domain. Using the technique of the complex impedance,
we will be able to analyze time-dependent circuits algebraically, rather than by solving dif-
ferential equations. We will start by reviewing complex algebra and setting some notational
conventions. It will probably not be particularly useful to use the text for this discussion,
and it could lead to more confusion. Skimming the text and noting results might be useful.

3.1 Complex Algebra and Notation

Let V be the complex representation of V. Then we can write

V=R(V)+13(V) =Ve? = V]cosf +sin b

where 12 = /—1. V is the (real) amplitude: u\k
V=\Vve=| é/g\e CO‘
d

where * denotes complex conjugatlon Th ete mining the amplitude of a

complex quantity is called tak{\% he ph 6
\e\N 0 = tap ﬁ_@/ aT
So for &@\’example 1 e have a real part of 5 volts and an imaginary part

of 3 volts. Then V = 5 + 31 =%/34ettan"" (3/5)

Note that we write the amplitude of V, formed by taking its modulus, simply as V. It is
often written |V|. We will also use this notation if there might be confusion in some context.
Since the amplitude will in general be frequency dependent, it will also be written as V' (w).
We will most often be interested in results expressed as amplitudes, although we will also
look at the phase.

3.2 Ohm’s Law Generalized

Our technique is essentially that of the Fourier transform, although we will not need to
actually invoke that formalism. Therefore, we will analyze our circuits using a single Fourier
frequency component, w = 2mf. This is perfectly general, of course, as we can add (or
integrate) over frequencies if need be to recover a result in time domain. Let our complex
Fourier components of voltage and current be written as V = Ve @H¢1) and [ = Je!@it+é2),
Now, we wish to generalize Ohm’s Law by replacing V' = IR by V=1IZ , where Z is the
(complex) impedance of a circuit element. Let’s see if this can work. We already know that
a resistor R takes this form. What about capacitors and inductors?
Our expression for the current through a capacitor, I = C'(dV//dt) becomes
d
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This, of course, yields the same V.| as we found before in Eqn. 6 of Section 3.3. But now
we also have included the phase information. The “real” time-dependent solution is then
just the real part of this:

V;ut (t) = §):E(‘/out) = ‘/out COS(Wt + ¢)

where ¢ is given by Eqn. 15.

3.7 Power in Reactive Circuits

Recall that for DC voltages and currents the power associated with a circuit element carrying
current [ with voltage change V' is just P = V I. Now, for time-varying voltages and currents
we have to be more careful. We could still define an instantaneous power as the product
V(t)I(t). However, it is generally more useful to average the power over time.

3.7.1 General Result for AC

Since we are considering Fourier components, we will average the results over one period
T =1/f =2n/w. Therefore, the time-averaged power is \4
<P>= — / u
T \e CO ’

where the brackets indicate the time avera ge and current be out of phase

by an arbitrary phase angle ¢. So V 0 and I(t) = Iycos(wt + ¢).
f T <P dggp

We can plug these into the ex @ using the followmg cos(wt +

= cos(wt) cos eN = 0; and (1/7) J sin?(wt)dt =
iGN\ W@:

<P>= —VOIO cos ¢ = VrmsIrms €Os ¢ (16)

In the latter expression we have used the “root mean squared”, or RMS, amplitudes. Using

voltage as an example, the RMS and standard amplitudes are related by
e, 1/2 e, 1/2
s = [ [ v0n] = |3 [ Vo] = 1i/ve (1)
0 0

3.7.2 Power Using Complex Quantities

Our results above can be simply expressed in terms of V and I. Equivalent to above, we
start with V() = Vo™ and I(t) = l,e"“*%). By noting that

R(V*I) = R (Volo(cos ¢ + 1sin ¢)) = VoI cos ¢

we identify an expression for average power which is equivalent to Eqn. 16 :

<P>e %?R(f/*]) = SROVT) (18)
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3.9 More Filters
3.9.1 Combining Filter Sections

Filter circuits can be combined to produce new filters with modified functionality. An ex-
ample is the homework problem (6) of page 59 of the text, where a high-pass and a low-pass
filter are combined to form a “band-pass” filter. As discussed at length in Section 1.5, it
is important to design a “stiff” circuit, in which the next circuit element does not load the
previous one, by requiring that the output impedance of the first be much smaller than the
input impedance of the second. We can standardize this inequality by using a factor of 10
for the ratio | Zin|/| Zout|-

3.9.2 More Powerful Filters

This technique of cascading filter elements to produce a better filter is discussed in detail in
Chapter 5 of the text. In general, the transfer functions of such filters take the form (for the

low-pass case):
~1/2

T(w) = [1+an(f/f)>]
where f. is the 3 db frequency, «, is a coefficient depending upon the type of filtgr, and n is

the filter “order,” often equal to the number of filtering capacitors. O u
3.9.3 Active Filters Sa\

Filters involving LC circuits are very w n the imple RC filters, as discussed
above. Unfortunately, induct @ ctice no d circuit elements and are
difficult to fabricate. M(ﬁf ters maﬁ“% orn passive elements tend to have
a lot of atte ﬁj Mthese reas ers are most commonly used where good
filterin x"cﬁ These ty? operatlonal amplifiers (which we will discuss later),
which can be configured to béhave like inductors, and can have provide arbitrary voltage
gain. Again, this is discussed in some detail in Chapter 5. When we discuss op amps later,
we will look at some examples of very simple active filters. At high frequencies (for example
RF), op amps fail, and one most fall back on inductors.

4  Diode Circuits

The figure below is from Lab 2, which gives the circuit symbol for a diode and a drawing of
a diode from the lab. Diodes are quite common and useful devices. One can think of a diode
as a device which allows current to flow in only one direction. This is an over-simplification,
but a good approximation.

Figure 13: Symbol and drawing for diodes.
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A diode is fabricated from a pn junction. Semi-conductors such as silicon or germanium
can be “doped” with small concentrations of specific impurities to yield a material which
conducts electricity via electron transport (n-type) or via holes (p-type). When these are
brounght together to form a pn junction, electrons (holes) migrate away from the n-type
(p-type) side, as shown in Fig. 14. This redistribution of charge gives rise to a potential gap
AV across the junction, as depicted in the figure. This gap is AV ~ 0.7 V for silicon and
~ 0.3 V for germanium.

%
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Figure 14: A pn junction, forming a Volta%@axgthe junction.

When a diode is now conﬁ e@m exte e511s can effectively increase or

decrease the po 3 S gives rlse erent behavior, depending upon the
polarit g volt g@ he typical V-I plot of Fig. 15. When the
diode is§™re¥erse biased,” he figure, the gap increases, and very little current

flows across the junction (untll eventually at ~ 100 V field breakdown occurs). Conversely,
a “forward biased” configuration decreases the gap, approaching zero for an external voltage
equal to the gap, and current can flow easily. An analysis of the physics gives the form

I=1Is[eV/M —1]

where Ig is a constant, V' is the applied voltage, and kT'/e = 26 mV at room temperature.

Thus, when reverse biased, the diode behaves much like an open switch; and when forward
biased, for currents of about 10 mA or greater, the diode gives a nearly constant voltage
drop of ~ 0.6 V.
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Class Notes 7

5.7 Transistor Differential Amplifier

Differential amplifiers are in general very useful. They consist of two inputs and one output,
as indicated by the generic symbol in Fig. 24. The output is proportional to the difference
between the two inputs, where the proportionality constant is the gain. One can think of
this as one of the two inputs (labelled “—") being inverted and then added to the other
non-inverting input (labelled “+”). Operational amplifiers (“op amps”), which we will soon
study, are fancy differential amplifiers, and are represented by the same symbol as that of
Fig. 24.

inl O +
—CO out

O— -

in
Figure 24: Symbol for a differential amphﬁer or op @0 UK
This technique is commonly used to mltﬁ@xglcku or example, a signal which

is to be transmitted and subj Ql up can ﬁﬁ icated and inverted. This
“differential pair” is th i and by a differential amplifier. Any

noise pickup l\z% mately fzawo inputs, and hence will not appear in
the outg fée erential @3 1s “common mode” noise is rejected. This is often
quantifidd by the common-mdde rejection ratio (CMRR) which is the ratio of differential

gain to common-mode gain. Clearly, a large CMRR is good.

5.7.1 A Simple Design

The circuit shown in Fig. 25 represents a differential amplifier design. It looks like two
common-emitter amplifiers whose emitters are tied together at point A. In fact, the circuit
does behave in this way. It is simplest to analyze its output if one writes each input as the
sum of two terms, a sum and a difference. Consider two signals v; and vy. In general, we
can rewrite these as v; =<v> +Av/2 and v3 =<v> —Av/2, where <v>= (v; + v2)/2 is
the average and Av = v; — vy is the difference. Therefore, we can break down the response
of the circuit to be due to the response to a common-mode input (< v >) and a difference
(Av) input.

Let’s analyze the difference signal first. Therefore, consider two inputs v; = Av/2 and
vy = —Awv/2. The signals at the emitters then follow the inputs, as usual, so that at point A
we have v4 = vg| + Vgo = v; + vy = 0. Following the common-emitter amplifier derivation,
we have voy1 = —icRe, where ic = ip = vg/Rp = vy /Re. Hence, vou1 = —(Ro/Re)vr
and vou2 = —(Re/RE)vy. We define the differential gain Ggg as the ratio of the output to
the input difference. So

Gaifi1 = Vou1 /AV = —(Re/REg)v1/(2v1) = —Re/(2RE)
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Hence, variations in ( are attenuated by the factor 4 1. So this represents a good design.
The variation in the output of this current source resulting from the Early effect can be
evaluated similarly:

Al . 1 dij AVig 1x107*

- = AVgg = — = AV,
I,  IpdVeg "0 Ve—Veg Vi—Veg "

which can be evaluated using the compliance range for AV¢g.

Temperature dependence can now be estimated, as well. Using our current source, again,
to exemplify this point, we see that temperature dependence can show up both in Vgg and
(. The former effect can be evaluated using the chain rule and the result from the previous
paragraph:

d[L o dIL dVBE . 2.1 mV/OC
AT~ dVeg dT ~  Rg

Therefore, we see that temperature dependence is o 1/Rg. As before, Rg is in general
replaced by the sum Rp + r.. In the case where the external resistor is omitted, then the
typically small . values can induce a large temperature dependence (cf problem 7 at the
end of Chapter 2 of the text). Similarly, using previous results, we can estimate the effect

of allowing 3 = B(T):
dl, _dlpdj _ I (uw Ou\k

AT~ dB dT ~ B+1 \3dT (‘,
where the term in parentheses, the fractional gain tx?% pendence is often a known
e tex

parameter (cf problem 2d at the end of ha

£ ot Y of o
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pad
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2. The inputs draw no current.
( This is true in the approximation that the Z;, of the op-amp is much larger than any
other current path available to the inputs.)

When we assume ideal op-amp behavior, it means that we consider the golden rules to be
exact. We now use these rules to analyze the two most common op-amp configurations.

6.2 Inverting Amplifier

The inverting amplifier configuration is shown in Fig. 30. It is “inverting” because our
signal input comes to the “—” input, and therefore has the opposite sign to the output. The
negative feedback is provided by the resistor R, connecting output to input.

R

ook 1S\
Flgure_é% @mg phﬁer Cﬁﬁ%&ﬂ.

? rules to a L% cu1t Smce input + is connected to ground, then
by rule X, input — is also at‘g)'und or this reason, the input — is said to be at wvirtual
ground. Therefore, the voltage drop across Ry is vy, — v_ = v, and the voltage drop across
Ry 18 vouy — V- = vou. S0, applying Kirchoft’s first law to the node at input —, we have,

using golden rule 2:
_ = O = iin -+ iout - Uin/Rl + Uout/RQ

or

G = Uout/Vin = —Ra/ Ry (34)

The input impedance, as always, is the impedance to ground for an input signal. Since
the — input is at (virtual) ground, then the input impedance is simply Rj:

L = Ry (35)

The output impedance is very small (< 1 Q), and we will discuss this again soon.

6.3 Non-inverting Amplifier

This configuration is given in Fig. 31. Again, its basic properties are easy to analyze in
terms of the golden rules.

R }
Ry + Ry

Vin = V4 = V- = Vout {
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Therefore, the efect of the closed loop circuit is to improve both input and output
impedances by the identical loop-gain factor 1 + AB ~ AB. So for a typical op-amp like a
741 with A = 103, R; = 1 M, and R, = 100 Q, then if we have a loop with B = 0.1 we get
Zin = 100 M) and Z,, = 1 €.

6.6.3 Examples of Negative Feedback Benefits

We just demonstrated that the input and output impedance of a device employing negative
feedback are both improved by a factor 1 + AB ~ AB, the device loop gain. Now we give a
simple example of the gain equation Eqn. 42 in action.

An op-amp may typically have an open-loop gain A which varies by at least an order
of magnitude over a useful range of frequency. Let An.. = 10* and A, = 103, and let
B =0.1. We then calculate for the corresponding closed-loop gain extremes:

Gmax = 0 10(1 —107°
max — m ~ ( - )
3
Grmin = LU 10(1 —1072)
1+ 102

Hence, the factor of 10 open-loop gain variation has been reduced to a 1% VMH. This
is typical of negative feedback. It attenuates errors which appear Wlt@ dback loop,
either internal or external to the op-amp proper. \

In general, the benefits of negative feedpa %@ﬁ op gain factor AB. For most
op-amps, A is very large, starting at > 100 e gain G can be achieved
with large A and relatively smﬁ @expe e oﬁ oorer performance relative

e Wthh will ry good stability and error compen-

to a smaller gain, la\la
sation trem

consistiNg o¥ a non-inverting
case, B=1, giving G = A/(1+ A) = 1.

Another interesting feature of negative feedback is one we discussed briefly in class. The
qualitative statement is that any signal irregularity which is put into the feedback loop will,
in the limit B — 1, be taken out of the output. This reasoning is as follows. Imagine a small,
steady signal v, which is added within the feedback loop. This is returned to the output with
the opposite sign after passing through the feedback loop. In the limit B = 1 the output
and feedback are identical (G = 1) and the cancellation of vg is complete. An example of
this is that of placing a “push-pull” output stage to the op-amp output in order to boost
output current. (See text Section 2.15.) The push-pull circuits, while boosting current, also
exhibit “cross-over distortion”, as we discussed in class and in the text. However, when the
stage is placed within the op-amp negative feedback loop, this distortion can essentially be
removed, at least when the loop gain AB is large.

he latter choice is the “op-amp follower” circuit,
Iae see Fig. 31) with Ry = 0 and Ry removed. In this

6.7 Compensation in Op-amps

Recall that an RC filter introduces a phase shift between 0 and 7/2. If one cascades these
filters, the phase shifts can accumulate, producing at some frequency w, the possibility of
a phase shift of 7. This is dangerous for op-amp circuits employing negative feedback, as
a phase shift of m converts negative feedback to positive feedback. This in turn tends to
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